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1. Introduction

Index numbers play an essential role in the measurement of various economic
phenomena. Studies on index numbers have a long history and include early classical
works of Fisher (1922), Koniis (1924), and Frisch (1930, 1936) to mention a few.! In
this paper, we contribute to this literature by introducing the quadratic-mean-of-order-
r indexes of output, input and productivity and showing that each coincides with the
corresponding Malmquist index under some mild conditions.? The Malmquist indexes
were introduced by Caves et al. (1982), and have been used and popularized in many
studies since then (e.g., see Fére et al. (1994), Kumar and Russell (2002), Henderson
and Russell (2005), Diewert and Fox (2010)).2 On the other hand, the application of the
quadratic-mean-of-order-r index has been limited to the cost of living index, as
examined by Diewert (1976) and Hill (2006).

Index numbers are widely used to measure the economic variables such as price,
quantity and productivity in the general situation of multiple products. There exist two
types of index numbers: the theoretical index number (simply, theoretical index) and
the empirical index number formula (simply, empirical index). The former is
constructed by making use of general aggregator functions such as revenue, cost and
distance function. It conceptualizes the measurement of changes in economic variables,
based on consumer and producer theory.* On the other hand, the latter is a formula of
prices and quantities observed in the two periods. It summarizes the price (quantity)
change of different goods by taking into account the information of the corresponding
quantities (prices).

A large number of empirical indexes have been proposed and a variety of formulae such
as the Laspeyres, Paasche, Fisher and Tornqvist indexes, are still widely used for
constructing various official statistics for observing important economic phenomena
(inflation, economic growth, etc.) as well as being used to facilitate academic research.®
There has been an on-going debate regarding the appropriate choice of empirical
indexes. As recently emphasized by Hill (2006), the approach to this problem should
not be unique.® We focus mainly on the economic and the axiomatic approaches.

The economic approach attempts to find the empirical index that is exactly equal to the
theoretical index under two conditions: optimizing behaviour of a household or a firm,
and a certain functional form for the aggregator function.” If, such an empirical index
exists, it is called an exact index.® By showing that an empirical index coincides with a
theoretical index, one can clarify what it really captures. However, this coincidence

! See Diewert (1993) for a review.

2 Thus, the quadratic-mean-of-order-r output index coincides with the Malmquist output index, the
quadratic-mean-of-order-r input index coincides with the Malmquist input index and the quadratic-
mean-of-order-r productivity index coincides with the Malmquist productivity index.

3 Now the Malmquist indexes are widely adopted by many empirical applications as well as theoretical
studies. See Balk (1998) and Fére et al. (1998), and more recently Diewert and Fox (2014).

4 For example, the Koniis cost of living index intends to capture inflation by measuring the change in
minimum cost of reaching a given level of utility. See Koniis (1924) and Diewert (1976).

5 The history of empirical index goes back to the beginning of the 19th century.

® Diewert (1993) summarized the past studies on this problem into five approaches.

" By optimizing behaviour, here we mean the household’s utility maximizing or cost minimizing
behaviour, and the firm’s cost minimizing or revenue maximizing or profit maximizing behaviour.

8 Koniis and Byushgens (1926) is the first study that showed various empirical indexes are exact indexes.



between two indexes is valid only when the assumed functional form is an appropriate
representation of the underlying preferences or technology.®

A superlative index is a special case of exact indexes which coincides with a
corresponding theoretical index under the assumption of a flexible functional form for
the aggregator function.® Thus, the coincidence between superlative indexes and
corresponding theoretical indexes is robust to the specification of underlying
preferences and technology.!! Therefore, by showing that an empirical index is a
superlative index for a reasonable theoretical index, one effectively justifies the
particular empirical index on grounds of economic theory. As a result, it is usually
recommended to use superlative indexes.?

So far, it is known that there exist two superlative indexes for output, input and
productivity. They are the Torngvist and the Fisher indexes. Caves et al. (1982) show
that the Toérngvist indexes of output, input and productivity are superlative indexes in
the case of perfect competition, which Diewert and Fox (2010) later extend to the case
of monopolistic competition. On the other hand, Diewert (1992) shows that the Fisher
indexes of output, input and productivity are also superlative indexes.®® All the above
studies show that, under general conditions, the Toérnqvist and the Fisher indexes of
output, input and productivity coincide with the corresponding Malmquist indexes.**
The Malmquist indexes are the representative theoretical indexes for measurement of
output and input change and productivity growth, which are defined with the help of
distance functions.®®

The axiomatic approach is another popular approach to the selection of empirical
indexes. It proposes a set of axioms that an empirical index should satisfy and evaluates
competing empirical indexes on the basis of the axioms that each index satisfies or fails.
As Fisher (1922) and more recently Diewert (1992) and the International Labour Office
et al. (2004) advocate, the Fisher index satisfies the largest number of axioms. While
the Tornqvist index does not satisfy all the axioms that the Fisher index does, it satisfies
several important axioms such as the time reversal test. The Laspeyres and the Paasche
indexes, which are still widely used for official statistics, do not satisfy the time-reversal
test. Thus, both the Térnqvist and Fisher indexes are often deemed more desirable than
the Laspeyres and Paasche indexes under the axiomatic approach.

® Here, the assumption of optimizing behaviour needs to be valid as well. Otherwise, it is necessary to
estimate underlying technology or preferences to implement theoretical indexes.

10 The concept of a ‘superlative index’ is first introduced by Diewert (1976).

11 The flexible functional form can approximate the true function to the second order (e.g., see Lau (1986)
and Chambers (1988)).

12 See International Labour Office et al. (2004).

13 Caves et al. (1982) employ the translog functional form and Balk (1998) calls it the Diewert distance
function.

14 The Hicks-Moorsteen productivity index, which is defined by the ratio of the Malmquist output and
input indexes, is another important theoretical productivity index. Mizobuchi (2017a) also show that the
Torngvist productivity index is a superlative index for the Hicks-Moorsteen productivity index.

15 Balk (1993, 1998) and Grifell-Tatjé and Lovell (2016) also explore the relationship between the Fisher
and the Malmquist indexes. While their approach has the advantage of assuming weaker regularity
conditions on underlying technology, the Fisher and the Malmquist indexes do not necessarily precisely
coincide with each other under their specification of technology. Since we are primarily interested in the
conditions that theoretical indexes turn out to be exactly equal to empirical indexes, we follow a different
approach from these studies.



There also exist other empirical indexes that are justifiable from the axiomatic approach
such as the Walsh and implicit Walsh indexes. These two indexes satisfy several
important axioms (such as the time reversal test, which the Laspeyres and the Paasche
indexes do not satisfy) as well as some monotonicity axioms (such as monotonicity in
quantities, which the Térnqvist index does not satisfy).'® Thus, when we merely apply
the existing results in the economic approach, the Walsh and implicit Walsh indexes,
which are considered better than the Térngvist index from the axiomatic approach, are
at risk of being discarded.’

The main purpose of this paper is to show that from the standpoint of the economic
approach, we can justify a much larger number of empirical indexes, which include
some empirical indexes that satisfy many desirable axioms yet are so far believed not
to be justifiable from the economic approach.

In this paper, we introduce the quadratic-mean-of-order-r indexes of output, input and
productivity, which are empirical index number formulae of observed prices and
guantities. We show that these indexes coincide with the Malmquist indexes of output,
input and productivity, provided that a firm engages in optimizing behaviour and the
aggregator function has a newly introduced flexible functional form.'®

Since there are no restrictions on the parameter r of the productivity index, the
quadratic-mean-of-order-r index can be regarded as a family of empirical indexes. Thus,
our result is interpreted as showing all indexes that belong to this family are superlative
indexes for the Malmquist indexes. Two important special cases of the quadratic-mean-
of-order-r indexes include the implicit Walsh indexes (for r = 1) and the Fisher
indexes (for r = 2). Therefore, by generalizing the result of Diewert (1992), we explore
the possibility of approximating theoretical indexes by employing a variety of empirical
indexes including the implicit Walsh indexes, which satisfy many desirable axioms.

The counterpart of our result is found in the literature of the cost of living index. Diewert
(1976) shows that the quadratic-mean-of-order-r price index (which is a family of
empirical indexes) is a superlative index for the Konis cost of living index, which is a
theoretical cost of living index. While being a fundamental result in itself, it does not
guarantee that a similar conclusion holds in the context of the indexes of output, input
and especially productivity, because three additional complications come into play in
those cases. Indeed, constructing a productivity index is somewhat more complicated
than constructing a price index for a household. While the latter is simply the
aggregation of price relatives, the former involves the aggregations of quantity relatives
for outputs as well as inputs. Moreover, measuring output (input) changes is also more
complicated than constructing price changes for a household. While the latter
aggregates price relatives conditioning on a single index of utility, the former
aggregates quantity relatives for outputs (inputs) by conditioning on multiple inputs

18 For example, there is a possibility that the Tornqvist index detects output growth even though the
quantity of all outputs decreases.

17 More precisely, International Labour Office et al. (2004), which explores the axiomatic properties of
the Walsh index rather than the implicit Walsh, concludes that “The remaining two indexes, the Walsh
and Torngvist indexes, both satisfy the time reversal test but the Walsh index emerges as being ‘better’
since it passes 16 of 20 tests whereas the Torngvist only satisfies 11 tests.” As we show, this argument
holds for the implicit Walsh. While it mainly focuses on price index, all the analysis can be translated
into quantity index, which includes output and input indexes.

8 We introduce the flexible functional form based on the quadratic mean of order r that generalizes a
functional form adopted by Diewert (1992).



(outputs) and technology. Furthermore, the underlying aggregator functions need to be
able to reflect technical change, possibly a non-neutral change allowing for greater
improvement in use of some inputs or in producing more of some outputs relative to
others. Meanwhile, change in consumer’s preferences is rarely considered in the cost
of living index.*®

The paper is organized as follows. Section 2 illustrates the model of production and
introduces the definitions of various index numbers. Section 3 compares the axiomatic
properties of a variety of empirical indexes with special attention to the implicit Walsh
indexes. Section 4 introduces a family of functional forms for the output and input
distance functions and shows that they are flexible functional forms. Section 5
demonstrates that the quadratic-mean-of-order- r indexes of output, input and
productivity are all superlative indexes. Finally, Section 6 gives concluding remarks.

2. Two Types of Indexes

This section introduces a collection of index numbers. They are classified into two types
of indexes: theoretical index number and empirical index number formula. Later we
explore the exact relationships among several important indexes of these two types.

2.1. Theoretical Index Numbers

While the cost of living index, which is a theoretical index for consumer price, is
constructed based on consumer theory, theoretical indexes for measuring changes in
output, input and productivity are constructed based on production theory. Below we
summarize some key results of production theory that are needed for further
derivations.?

Suppose that a firm produces outputs y = (yy,...,yy) € R¥ from inputs x =
(x4, ..., xy) € RY. The technology set Tt, which is the set of all feasible combinations
of inputs and outputs, characterizes the firm’s technology available at period t. It is
defined as:

Tt = {(x,y) € RY*M: x can produce y in period t}. (1)

We assume that the technology satisfies the following regularity conditions: 2* (T.1) no
free lunch: (Oy,y) € T* for any y # 0,; (T.2) inaction is possible with any input:
(x,0p) € Tt forany x > 0; (T.3) strong disposability of inputs and outputs: if (x,y) €
Tt, then (x*, y*) € Ttfor any x* > x and any y* < y; (T.4) Tt is closed; (T.5) the
output set Pt(x) = {y € R¥: (x,y) € Tt} is bounded for any x € R¥; and (T.6) the
production function f*(y_q,x) = max,, {y;: (x,y,,y-1) € T'} is twice continuously
differentiable. These conventional axioms on the technology (T.1)-(T.5) guarantee that

19 Balk (1989) is a rare exception which disentangles the effect of preference changes from the cost of
living index.

20 See Fare and Primont (1995) for more details, which we follow here.

2L Vector notation: y > y' indicates y,,, > vy,, for any m; y » vy’ indicates y,,, > y,, for any m;y >y’
indicates y,,, = y,, for any mand y # y'; 0,, and 1,, denotes M dimensional vector of zeros and ones,
respectively; and x_; = (x5, ..., Xy).



the distance functions introduced below are well-defined.?? The boundary of the
technology set T is called the production frontier of period t. The last property (T.6)
indicates that the production frontier is smooth enough for the corresponding distance
function to be twice continuously differentiable.??

The period t technology is alternatively represented by either the output set or the input
set, which is the subset of the technology set. They are defined as:

P'(x) = {y e RY: (x,y) € T'}; )
() ={xeRl:(x,y) €T ©)

The boundaries of these sets are called by either the output isoquant or the input
isoquant that constitutes the production frontier. They are defined as:

Isoq P*(x) = {y € P!(x): Ay & P'(x) forany A € (1, +)}; (4)
Isoq L*(y) = {x € L*(y): Ax ¢ L*(y) forany 1 € (0,1)}. (5)

The period t output distance function D{: R¥+N — R, U{+oo} characterizes the
technology of period t.2 It is defined as:

Di(x,y) =inf{8 > 0:y/0 € Pt(x)}. (6)

It measures the radial distance from outputs y to the output isoquant of period t by the
minimum contraction of outputs y. Therefore, the following equation is a necessary and
sufficient condition for outputs y to be on the output isoquant of Pt (x):

D5(x,y) = 1. (7)

By definition, the output distance function is linearly homogeneous in outputs, so that:

ADE(x,v) = DE(x, Ay) forall A > 0. (8)

22 \We follow the regularity conditions given by Fare and Primont (1995). The regularity conditions
proposed by Diewert and Fox (2010) can also be used.

23 \We can also impose differentiability on the production frontier by adopting the input requirement
function rather than the production function. Or we can alternatively impose differentiability on the
distance function itself. The distance function does not need to be twice continuously differentiable for
defining productivity indexes, but its twice continuous differentiability appears to be indispensable for
implementing the exact index number approach.

24 See Shephard (1970).



Throughout this paper, we assume that the technology exhibits constant returns to
scale.?® Under this condition, the output distance function is homogeneous of degree
minus one in inputs, so that:

A™1DE(x, y) = Di(Ax,y) forall 2 > 0. (9)

Thus, under constant returns to scale technology, the output distance function is a
homogeneous function with respect to outputs as well as inputs. By applying the Euler’s
theorem on differentiable homogeneous functions, we can derive the next lemma,
which play a key role in deriving the exact relationship between theoretical and
empirical indexes.

Lemma 1 (Diewert 1976): Suppose that the technology exhibits constant returns to
scale and the output distance function D, is twice differentiable at (x*,y*). Then, D,
satisfies the following equations:

— SN PEE e = D, (¢, ), (10)

Sy TR = 2R fory = 1, N, (11)
zﬁﬂ%x; = —2C P form = 1,.., M, (12)
%=1%;y*)y& = D, (x*, y"), (13)
Zﬁil%yj =0fork=1,..,M, (14)
%=1623111(;;::) - aDoa(;C:y*) forn=1,..,N. (15)

The period t input distance function Df:RY*N - R, U{+oo} is another
characterization of the technology of period t. % It is defined as:

D} (y,x) = sup{6 > 0:x/6 € L:(y)}. (16)

It measures the radial distance from inputs x to the input isoquant of period t by the
maximum contraction of x. Therefore, the following equation is a necessary and
sufficient condition for inputs x to be on the input isoquant of Lt (y):

Di(y,x) = 1. (17)

By construction, the input distance function is linearly homogeneous in inputs, so that:

2 Technology exhibits constant returns to scale if (x,y) € T* implies (Ax, Ay) € T forall 1 > 0.
26 See Shephard (1953).



ADE(y, x) = DE(y, Ax) for all 1 > 0. (18)

Since we assume constant returns to scale technology, the input distance function is
homogeneous of degree minus one in outputs, so that:

A71D!(y, x) = Df(Ay,x) forall 2 > 0. (19)

Thus, under constant returns to scale technology, the input distance function is a
homogeneous function with respect to outputs as well as inputs. By applying the Euler’s
theorem on differentiable homogeneous functions, we can derive the next lemma,
which is the counterpart of Lemma 1 for the input distance function.

Lemma 2 (Diewert 1976): Suppose that the technology exhibits constant returns to
scale and the input distance function D; is twice differentiable at (x*,y*). Then, D;
satisfies the following equations:

S P = Dy x), (20)
z{y:l%x; —0foru=1,..,N, 1)
zﬁzlaz’cg;:) X5 = "’Dﬁ;"*) form=1,..,M, 22)
— S Py = Dy, x), (23)
Zﬁil% j =2 fork = 1,.., M, (24)
%zl% ;:—%;’x*)fornz 1,..,N. (25)

Distance functions are convenient tools for characterizing the underlying technology
and are the key instruments for constructing theoretical indexes related to producers.
Caves et al. (1982) introduce the Malmquist indexes of input, output and productivity
by utilizing distance functions.?’

The period t Malmquist output index compares the radial distances of the output
vectors in two periods, relative to the technology of the period t, conditional on the
input vector of the period t for t = 0, 1, and is defined as:

mort = 2oy (26)

DE(xt,y0)’

The period t Malmquist input index compares the radial distances of the input vectors
in two periods, relative to the technology of the period ¢, conditional on the output
vector of the period t fort = 0, 1, and is defined as:

27 It is possible that for some (x,y) € T*, we have D}(x,y) = 0 or Df(y,x) = 0 or D} (x,y) = +oo or
Df(y,x) = 4+o0. We rule out these extreme cases so as to ensure that the distance functions are well-
defined.



t =
MII* = DE(yEx0)

(27)

The output-oriented period t Malmquist productivity index (the period t Malmquist
productivity index, hereafter) compares the radial distances of the output and input
vectors in two periods, relative to the technology of period ¢ for t = 0, 1.28 It is defined
as:

Dg(xl,yl)

t =
MPI" = DE00)

(28)

In the single input-single output case, productivity is the ratio of output over input and
the productivity growth between two periods is measured by the firm’s output ratio
divided by its input ratio. The Hicks-Moorsteen productivity index, which is another
popular productivity index formulated by Bjurek (1996), directly generalizes this ratio
by utilizing the Malmquist output and input indexes.?® The period t Hicks-Moorsteen
productivity index is constructed by the period t Malmquist output and input indexes
fort =0, 1. It is defined as:

HMPIt = MOIt/MII. (29)

All these theoretical indexes are defined for the reference technology t. Since periods
0 and 1 are both reasonable candidates as the reference, Caves et al. (1982) and Bjurek
(1996) follow Fisher’s approach and adopt the geometric mean of period 0 index and
period 1 index to avoid the arbitrary choice of the reference technology.* The
Malmquist output index (MOI), the Malmquist input index (MII), the Malmquist
productivity index (MPI) and the Hicks-Moorsteen productivity index (HMPI) are
defined as follows:

MoOI =VMOI° - MOI. (30)
MII = VMII® - MII*. (31)
MPI = VMPI° - MPI. (32)
HMPI = VHMPI® - HMPI1, (33)

28 While Caves et al. (1982) define the input-oriented Malmquist productivity by Df (x°, ¥°)/Df (x*, y1),
Fare and Grosskopf (1996) define it by Df(x*,y)/Df(x° ¥°). Our result on the output-oriented
Malmquist index is directly applicable to the input-oriented Malmquist productivity index, no matter
which definition is adopted. We focus on the output-oriented Malmquist productivity index to avoid
unnecessary repetitions.

29 The idea of measuring productivity growth by the ratio of the Malmquist output and input indexes is
originally proposed by Diewert (1992).

%0 Diewert and Fox (2017) show that the geometric mean such as MOI, MII and HMPI is the only
homogeneous mean that does not violate the time reversal test.



All these theoretical indexes are defined by arbitrary distance functions, which are
typically unobserved and unspecified. Thus, we often need to assume a certain
parametric form and estimate the parameters for the underlying distance functions in
order to implement these indexes. On the other hand, the indexes in the next sub-section
are empirical index number formulae of prices and quantities of inputs and outputs.
Thus, they are directly computable from price and quantity observations without
estimating distance functions.

2.2. Empirical Index Number Formulae

An empirical index number is a formula of prices and quantities of outputs and inputs.
Once price and quantity observations are available, they are directly computable.
Consider that outputs y = (yq, ..., yy) € R, are sold at prices p = (py,...,Py) €
RY, and inputs x = (x4, ...,xy) € RY, are purchased at prices w = (wy, ...,wy) €
RY, (all strictly positive).

The present paper deals with the quadratic-mean-of-order-r output index, which is a

quantity index introduced by Diewert (1976). It is defined for arbitrary non-zero real
number r as:

sM PV
J=17j7]

Yin
Y
sM_ (_Pmym_)(vm
TN py ] )\

(34)

QMOI, =

Since we can freely choose r, this is a family of output indexes, which embraces many
well-known indexes in the literature of index number theory. In particular, it yields the
implicit Walsh output index (IWOI) for r = 1 and the Fisher output index (FOI) for
r = 2.3 Two more indexes can be covered as limiting cases. Letting r — 0 makes it
converge to the Térngvist output index (T0OI) and letting |r| — oo makes it converge to
the geometric mean of maximum and minimum output relatives (GMOI). These indexes
are defined respectively as follows:

_ =1 DY / M (o) ok
IWOI = OMOI, = . 35
Q 1 (E%=1P$ny'21) <Z7I\,’I,L=1(3/'313/,1,1)1/2;)21 ( )
_ (M Py Mo phyi 36
FOI'=QMoI, = (E%ﬂp?ny% Zi‘fl:lp%ly%) ' (36)

TOI = QMOI, = [T _, (v /y0 s Pryh/Eia vy +ohvk/Eiavjyf) - (37)

NP

GMOI = QMOl,, = QMOI_,, = ( min (y’}”) meraa}?gM] (%)) . (38)

me[1,+,M] \¥m Y

The term ‘implicit output Walsh index’ comes from the fact that IWOI equals the
revenue ratio between two periods deflated by the Walsh output price index

31 See Allen and Diewert (1981) for more on the latter.
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M Oy i)Y 2ph /S M (v yk)1/2p8 . The Walsh output index (WOI) is the direct
index counterpart of IWOI. 1t is defined as follows:

1/2 1
wor = < =u(pnph) 5 ) (39)
Zm 1(pmpm ym

Similarly, the present paper also deals with the quadratic-mean-of-order-r input index.
It is defined for arbitrary non-zero real number r as:

N (—W“"" )
QMIl, = Sy whd (

X3

20

Xn

o () ek
1

1,1 51

2:u 1 WuXy

(40)

Since we can freely choose r, this is a family of input indexes, which incorporates many
well-known indexes in the literature of index number theory. In particular, the implicit
Walsh input index (IWII) and the Fisher input index (FII) can be regarded as special
cases of this family. Similarly, the Térnqvist input index (T'11) and the geometric mean
of maximum and minimum input relatives (GMII) can also be regarded as its limiting
cases. These indexes are defined respectively as follows:

— _ Yn=1WnXn Yn= 1(x xn)l ? T]i
IWII = QMII, = (Eg_lwn) / <2n ) (41)
— Th=1WaXh Zn 1 WnXn 12 42
FII = QMII, = (zﬁ Le . A 1W711x$1) . (42)
TI = QMIly = [Tz, (eb /xQ2 WA /Dl wibaowhoxd/Bl wiad) - (43)
1/2
oMl = Qi = QW11 = in, () s, () 9

The term ‘implicit input Walsh index’ comes from the fact that IW I equals the cost
ratio between two periods deflated by the Walsh input price index

N OxDHYV2wr/eN_ (xOx)Y2w? . The Walsh input index (WII) is the direct
index counterpart of IW11. It is defined as follows:

N 0,,1)1/2
WII = Zn=1(Wan)1/2x111>. (45)
T (wid) T

Generally, productivity index is defined as the ratio of output index to input index. Thus,
we can introduce the quadratic-mean-of-order-r productivity index, which is the ratio
of the quadratic-mean-of-order-r output index to the quadratic-mean-of-order-r input
index, for arbitrary non-zero real number r. It is defined as:

11



(46)

Again, since we can freely choose r, this is a family of productivity indexes, which
incorporates many well-known indexes in the literature of index number theory. In
particular, the implicit Walsh productivity index (IWPI) and the Fisher productivity
index (FPI) can be regarded as special cases of this family. Similarly, the Térngvist
productivity index (TPI) and the ratio of the geometric mean of maximum and
minimum output relatives to the geometric mean of maximum and minimum input
relatives (GMPI) can also be regarded as its limiting cases. These indexes are defined
respectively as follows:

<<Z%=1 p%ny%n>/(2%=1(y ) p%n))
M 0,0
Ym=1PmYm M 1% ym) P?n

IWPI = QMPI, = o (o) (47)
<<Zn 1ngg>/ (zn 9y ))
<Zm 1pmym Zm 1pmym>1/2
FPI = QMPI, = Z;" ﬂ:yxm zm 1;’;'3’”1 - (48)
Gawesarie)
TPI = QMPI,
_ M /v )Z(Pm Y/ 290+t v /2L p)yT) (49)
11 e /03O R N o/ whorh)
Yin AN
GMPI = QMPI,,, = QMPI_,, = (me?}l M](ym) mei. M]( 9")1) o (50)

(oetingGB) s )

As the case of output and input indexes, we can define the Walsh productivity index
(WPI), which is based on the Walsh output and input indexes (WOI) and (WII), as
follows:

1/2
(Zrl\;lz 1) / 3’1ln>

1/2_,
Zm 1 (PP Y

.. 4
<2n=1( an) x%)
SN (wqwd) %9

WPI = (51)
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3. Axiomatic Properties and Implicit Walsh Index

All the empirical indexes of output and input introduced above are quantity indexes.
Axiomatic properties for a variety of price and quantity indexes have been examined in
the literature of index number theory. The International Labour Office et al. (2004),
also referred to as ‘CPI Manual’, is the standard reference source for the consumer price
index in terms of theory and practice. It deals with the following 20 tests (axioms),
which have been proposed in the past in the literature of the index number theory.%

We denote an arbitrary output index by 01(p°,pt,v°, y1), so as to emphasize that the
empirical output index is a function of price and quantity vector of two periods being
compared. Every test for output index in this list has a direct counterpart for input,
which we omit to avoid unnecessary repetition.

T1. Positivity: 0I(p°, pt,y°,y1) > 0.
T2. Continuity: 0I(p°,pt,v°, y1) is a continuous function of its arguments.
T3. Identity or constant quantities test: 01(p°, pt,y,y) = 1.
T4. Fixed basket or constant prices test: 0I(p, p,y% y1) = XX _ ooyt / XM Dy 2.
T5. Proportionality in current quantities:
0I1(p° pt,y° Ayt) = 201(p°, pt,y°, y1) forall 1 > 0.
T6. Inverse proportionality in base period quantities:
0I1(p° pt, 2y°, y1) = 27 101(»° pt, y°,y1) forall 2 > 0.
T7. Invariance to proportional changes in current prices:
01(p°, Apt,y°,y1) = 01(p°,pt,y°, y1) forall 2 > 0.
T8. Invariance to proportional changes in base prices:
0I1(Ap°,pt,y°, y1) = 01(p°,pt,y°, y1) forall 1 > 0.
T9. Commodity reversal test: 01(p°",p'",y°",y'") = 0I1(p°,p*,y°,y*) where pt’

denotes a permutation of the components of the vector pt and y*~ denotes the same
permutation of the components of y¢ for ¢t = 0, 1.

T10. Invariance to changes in the units of measurement:
O1(a1p?, ..., APy A1DL,s wovs A Pags AT YT woes A Vi AT V1, v, Cag Vit)
=0I(P?, ..o, i, . DX VY, o Vi VR, yiy) Torall a = (ayq, ..., ay) > 0.
T11. Time reversal test: 0I1(p°, pt,y°, y1) = 1/01(p%,p° y1,y%)
T12. Price reversal test: 0I(p°, pt,y°%, v1) = 01(p%,p° y° y1)
T13. Quantity reversal test:

32 Also see Diewert (1992), which International Labour Office et al. (2004) follow.

33 We sometimes adopt this type of notation for a specific index. For example, the Fisher, the implicit
Walsh, the quadratic-mean-of-order-r and the Malmquist output index applied to observations in periods
0 and 1 can be denoted by FOI(pt,p° y° y1), IWOI(p° pt,y° ¥1), QMOIL.(p° pt,v° y*) and
MOI(x% x1,y° y1), as an arbitrary output index denoted by 0I(p°, pt, %, y1).
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(Eh=1 PinYin/Em=1 Pmym) _ (Et=1Phym/Em=1 Pm¥m)
o1(p°ptyQy1) o01(p%ptyty®)

T14. Mean value test for quantities:

min(iﬁ—%,. ,y0)<01(p ,pL,y° y1)<max(y ) ,;’—’(}f)

M

T15. Mean value test for prices:

1
min (P1 o ) (Z 1PmYm/2n; 1pm3/'m) < max (P1 — p_l(\)/])
2 ey o1(p%pLy°y1) Py Pym

T16. Paasche and Laspeyres bounding test: output index OI(p°,p?t,y° yl) lies
between the Laspeyres and Paasche indexes so that either Zm POYE /I oyl <

01(p° p y 1) < Xin=1 PmYm/ L= 1pmym or T=1DPmYm/ Lin=1 PmYm <
OI(p°,p" ¥, ¥") < Zrm=1Pm¥m/Lm=1Pm¥m holds.

T17. Monotonicity in current quantities: 0I(p°, pt,v°% y1) < 0I(p° pt,y° v?) if
yh <y

T218. Monotonicity in base quantities: 01(p°, pt,y°, y1) > 01(p°, pt,y%, y1) ify° <

y-.

T19. Monotonicity in current prices: (Z lpmym/zm 1pmy,‘r’l)/OI(pO,pl,yo,yl) >
(E=1 PrYm/ Zm=1PmYm) /01(0°, p%, y°, y*) if p' < p?.

T20. Monotonicity in base prices: M _ pLyt /M _ p9v2)/01(p° pt,y° y1) <
=1 PmYm/ Zm=1Daym) /01 (0%, pt, y°, y1) if p? < p°.

The International Labour Office et al. (2004) contains extensive discussions on the
axiomatic properties of several commonly used indexes, such as the Laspeyres, Paasche,
Fisher, Torngvist and Walsh indexes. However, it does not deal with the implicit Walsh
index. To the best of our knowledge, no studies have comprehensively examined the
implicit Walsh in terms of the axioms or tests that it satisfies. Thus, we fill the gap in
the literature by examining its axiomatic properties below.

Proposition 1: The implicit Walsh output index /W OI satisfies the following 16 tests:
T1,T2, T3, T4, T5,T6, T7, T8, T9, T10, T11, T13, T14, T15, T19 and T20. However,
it does not satisfy the remaining 4 tests: T12, T16, T17 and T18.

Proof of Proposition 1: Below we show that the implicit Walsh output index satisfies
the following three key tests. The proofs for the remaining tests are omitted here. 3*

M 0.,1 1/2 1
IWOI(p°,pt,y°, y1) = (Zm 1pmym)/<2m=1(ymym) me> _

Si=1PmYm Z%:l(y;)ny}n)l/ Py
1/ (zm 12hot) / s 0880 ) ) _ 1 /701 (1, 0, 91, y9)
Ym= 1pm)’m ZnM1=1(y Ym)l/z E ’ ’ ' -
Thus, IWOI(p°,pl,y°, y1) satisfies T11.

3 See Appendix A for the complete proof.
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(CM=1 PhYh/S=1PmYm) _ ( = 1pmym) / (Zm 1pmym) / S () v =
woI(p®pty°y?) Sm=1PmYm Sm=1PmYm M_ (yOya) " pS,
(Zm 1Pm3/m) m 1PmYm <2m 1(3’m37m)1/2 1) — (Zm 1(Ym3’m)1/2 1) =

1/2 1/2
Zm 1pm3’m m 1pmym 1(ymym) 9 1(Ym3’m) ”
1/2
(Zm 1mem) m 1meVm Zm 1(3’m3/'m) 1 —
Si=1PmYm/ \Zm= 1pmym M 1(ymym)1/2 0

(Zm 1pmym) / (2m=1pmym) / M (vSyh)" ok _ (S DY/ Sii=1 Phym)
Zm 1pm3’m Z%:lp;)nyrln 1(ymym)1/2 0 wol(p®ptyly°®) )
Thus, IWOI(p°,pt,v°, y1) satisfies T13.

M 1.1 M 0 1/2

WOl 0’ 1, 0’ 1y — Ym=1PmYin 1(3/m3’m) —
®°p"y°y7) (ZnMizlpgiy%) (50 o oL

1/2

1 2 1 -2
M pmym yin'\2 M pmym yin) 2
(ot 2 (maggioh (2)7) )
Thus, IWOI(pO,pl,yo,yl) can be considered as the geometric mean of the weighted

mean of order 2 and the weighted mean of order —2. As Hardy et al. (1934) verify, both

of them are ranged from the minimum output relative to the maximum output relative
102

1 1N\7 A
so that mm(zl,..,z—’ff)ﬁ< = 12_15mym (y?)> <maX(Y1""y_ﬁd) and

1 M 1p]y] Ym yl Ym

1. —2
1 1 1\ 75 1 1
min(y—ﬁ,,...,—y’g) <(XM_ 1—,5’””" (y;") ’ Smax(y—%,, ,y—’(‘f)
Y1 Ym LiLipiy} \om Y1 Ym

Therefore, IWOI(p°,pt,y°, y?1) satisfies T14. QED.

Table 1 compares five widely used indexes as well as the implicit Walsh index in terms
of 20 tests. It also reports the number of tests each index satisfies. It summarizes the
analysis of International Labour Office et al. (2004) on these five indexes as well as our
analysis on the implicit Walsh index.

[Place Table 1 approximately here]

As Diewert (1992) initially shows, the Fisher index can be regarded as the best among
all popular indexes since it satisfies all 20 tests. 3> Although two most commonly used
indexes of the Laspeyres and Paasche satisfy 17 out of the 20 tests, they fail to satisfy
the essential time reversal test. While the Torngvist, Walsh and implicit Walsh indexes
satisfy a smaller number of tests than the Fisher index, they satisfy the time reversal

% It is worth noting that within the axiomatic studies on empirical index, there exist different points of
view. If we regard an empirical index as a function of prices and quantities, the Fisher index can be
regarded as ‘the best’. If we regard an empirical index as a function of prices and expenditures, or
quantities and expenditures, the Térnqvist index can be regarded as ‘the best’. If we focus on the
empirical index that appropriately average the basket quantities or prices when aggregating price or
quantity relatives, the Walsh index can be regarded as ‘the best’. See International Labour Office et al.
(2004).
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test. While the Walsh and implicit Walsh indexes satisfy 16 tests, the Térnqvist index
satisfies 11 tests. Moreover, these two Walsh indexes satisfy all the tests which the
Térngvist index satisfies. Therefore, the Walsh and implicit Walsh indexes dominate
the Torngvist index in terms of the 20 tests.>®

Empirical index numbers are sometimes asked to satisfy the circularity test, which is
formulated as:

T21. Circularity test: 0I(p°,p?,y°,¥2) = 0I1(p°,p*,y°, y)OI(p', p? yt, v?).

As Funke et al. (1979) originally shows, the quantity index that satisfies this test T21
necessarily aggregates quantity relatives using fixed weight or fixed basket.*” It is likely
to lead to significant substitution bias.® This is apparently a reason why International
Labour Office et al. (2004) do not include this test in the above 20 tests and do not ask
the indexes to satisfy it.3° For the same reason, we also focus on only these 20 tests.
However, we will show later that the quadratic-mean-of-order-r indexes also can
satisfy it under some mild conditions.

4. Flexible Functional Form

As we mentioned before, theoretical indexes are defined by using arbitrary distance
functions and thus, it is necessary to specify these functions so as to implement these
indexes. Many empirical applications assume a certain functional form and then
econometrically estimate its parameters.

It is desirable to adopt the functional form that is sufficiently flexible. If we adopt a
restricted functional form for distance functions in our case, the pattern of substitutions
among inputs and outputs would be severely limited a priori. Then, it would prevent us
from capturing the underlying technology accurately, leading to a biased measure of
output and input change and productivity growth.*® A functional form that has a second
order approximation property is conventionally referred to as a ‘flexible functional
form’.*! It nicely allows for many types of substitutions among inputs and outputs.

Suppose a functional form f is a flexible functional form for the output distance
function. It means that f can approximate an arbitrary output distance function D, to
the second order at an arbitrary point at which f is twice continuously differentiable.
More specifically, the value, and the first and second derivatives of f can coincide with
those of D, at an arbitrary point, by choosing parameters of f appropriately. In addition,

3 International Labour Office et al. (2004) concluded by saying “The remaining two indices, the Walsh
and Tornqvist price index, both satisfy the time reversal test but the Walsh index emerges as being “better”
since it passes 16 of the 20 tests whereas the Torngvist only satisfies 11 tests.” The same argument can
apply to the implicit Walsh index as well.

37 Also see Diewert and Fox (2014) for the issue of the circularity test.

3 Most notably, Boskin et al. (1996), also referred to as ‘Boskin report’, provide clear evidence of
substitution bias in the fixed-weight price index.

%9 See page 282 in International Labour Office et al. (2004).

40 This paper adopts the index number approach to implement theoretical indexes. However, even when
we switch to the econometric approach, it is desirable to impose less restrictions on functional forms for
output distance functions.

41 The concept of ‘flexible functional form’ is first introduced by Diewert (1973,1974).
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f also needs to satisfy (8) and (9), the homogeneity conditions which the output
distance function must satisfy by construction. Translog, generalized Leontief and
normalized quadratic functional forms are known to be flexible functional forms for the
output and input distance functions.*?

The present paper introduces the following family of functional form g, based on the
quadratic-mean-of-order-r for the output distance function.*® It is defined for arbitrary
non-zero real number r:

9r(x,y)
[/ M M N N -1
= Z z a2y’ (Z Z Cuv 5/2x5/2>
j=1k=1 u=1v=1 (52)
M N M N 1/7‘
(2 et ) (Y pm ) (3 omarkl” )
m=1 n=1 m=1n=1
where
aj’k = ak_j fOI'j,k = 1,...,M, (53)
Cyup = Cpy foru,v=1,...,N. (54)

It is worth noting that g, is linearly homogeneous in outputs y and homogeneous of
degree minus one in inputs x (i.e., assuming a constant returns to scale technology).
The functional form g,. generalizes the one proposed by Diewert (1992) and is reduced
to that for r = 2.% The functional form g, coincides with the generalized Leontief
functional form for r = 1.%° Also, if a;, = 0 for all j # k, ¢, = 0 for all u # v,
@, = 0 forall m, g, = 0 for all n, and b,, , = 0 for all m and n, g, is reduced to the
constant-elasticity-of-substitution (CES) functional form.*® However, the limits (as r
goes to zero or infinity) of g, are unknown unlike the case of the quadratic-mean-of-
order-r indexes such as QMOI,., QMII, and QMPI,.*" The following proposition
shows that this functional form g,. is a flexible functional form, irrespective of the value
of r.

Proposition 2: Let D; be an arbitrary output distance function and let (x*, y*) € RY{M
be an arbitrary point on the production frontier. Suppose that D} is twice continuously

42 Diewert (1971) shows the generalized Leontief functional form as a flexible functional form. The
translog functional form is originally introduced by Christensen et al. (1973). Diewert and Wales (1987)
introduce the normalized quadratic functional form and show that it is a flexible functional form.

43 Quadratic-mean-of-order-r function goes back to McCarthy (1967) and Kadiyala (1972). They adopt
it for production function with a single output.

4 Balk (1998) calls it the Diewert output distance function or simply the Diewert form.

4 A variety of functional forms for output distance function based on the generalized Leontief functional
form are possible with multiple outputs and multiple inputs. The functional form g, is an example of one
of these.

46 See Hasenkamp (1976) for the CES functional form with multiple outputs and multiple inputs.

47 Diewert (1980) and Hill (2006) derive the limit of the aggregator function based on the quadratic mean
of order r, as r converges 0 or infinity. However, since they only deal with a simpler functional form
than g,., we cannot deduce the limit of g, from their results.
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differentiable at (x*,y*). Then for any a,,, form=1,..M and B, forn=1,..N
satisfying
o1 @y /2 # 0 and TN, Buxn T2 # 0, (55)

there exist a; forjand k =1, ..., M, ¢, foruand v = 1, ..., N and b, , form =
1,..,Mandn = 1,...N such that

M Ly Y=t aj, ky]*r/zy;;r/z =r1/2, (56)
ZN 1 2p=1 Cup XXy =1/2, (57)

M by /? =0forn=1,..,N, (58)
YN bpaxi?=0form=1,..,M, (59)

and g, defined by (52)-(54) can provide a second order approximation to D; at
(x*,y").%
Proof of Proposition 2: This proposition claims that even under the restrictions of (55)-

(59), g, can approximate any arbitrary output distance function D, to the second order
at (x*,y*). Stated differently, the following equations are satisfied:*°

0.6,y = D3y = 1, ()
agrgﬁ;:y*) _ aDza(z:ly)forn =1,..,N, (61)
agr(x*,y*) _ 0Dg(x",y™) —

50 oilrrgn e o o

ity _ oty |

aéngOJ/k - 0y 0yk forjk =1,... M, ()
e s

We define the parameters in g, as follows:*
1-1/2_ «1-r/2 [0*Dy(a* y*) N O aD:;(x*y*)]
Gk = Vi Yk [ 0y;0yk —(-n 9y; vk (66)
forj,k=1,..,M; j #k,

i = 35 [ 1y (Y () 1]

63/1271 0ym 0ym Ym (67)
form=1,..,M,
=y 1T/2, *1 r/Z[ 9%D5 (x*,y*) 0Do(x*y*) 0Do(x*y*)]
Cup = Xu 0xy,0% +@+7) dxy (68)

foru,v 1,..,N; u#v,

= 23277 [~ EBE (g 4 ) (M)2 -(1-3) —aDga(i:y*)xi;] (69)

ax2 Oxn
forn=1,...,N,
b =t y:n;” MG [_ ?D5(x"y") | aDs(x"y") aDs(x*,y*)]
’ (ZJ 1“]3’}k )(Z =1 Buxy T/z) 0ym0xn 0ym Oxn (70)

form=1,..,M,n=1,..,N.

48 It is worth noting that this proposition can apply to the distance functions which are not differentiable
in some domains, such as the case of a piece-wise linear functional form.

% For simplicity, we adopt the notation such as agr;i ) 69;)(:"” = yoy®
n n

%0 This specification of parameters is just an example. There might exist an alternative specification
which guarantees the second order approximation property.

throughout this paper.
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First, we show that these parameters specified by (66)-(70) satisfy the restrictions (56)-

(59). By summlng a]k multiplied y*r/z over k, we can derive the following equation.

«T/2

Zk:lajky —qutjaj,kyk +a”)’jr

*1 r/2 « [0?Dg(x*y") . 0D5(x"y") aD5(x"y")

2

«2-1/2 [0*Dg(x*y") o 0Dy (x"y") _r\oDo(x"y") 1

Yj [ oy} ¢ T‘)( 0y; ) +(1 2) oy 3’;]

from (66) and (67),
_ sl-r/2gm [92DsGy) . eqODG(x"y") 9D5(x",y") ]
=y PRy - (1) PEED D |
_ T\ *1-7/2 9D (x"y")

(1 Z)y] ayj

—(—c1- 1\, +1-7/2 905 (x"y")

_( (1 r)+(1 2))3/] %]

from (7), (13) and (14),

«1/2 _ (T . «1-1/2 0D5(x"y")
= Shevamyn’® = ()0 (71)
Then, it implies (56) as follows:
M M «T/2 *r/Z «7/2 (T . «1-1/2 0D5(x*,y™)
=1 Xk=1 %KY} =2y (5) yj oy,
_yM (TN, *9Do(x"y") _ r
_ijl(Z) j ay D (x y)_z
from (7) and (13).
By summing c,, ,, multiplied x*r/2 over v, we can derive the following equation.
Ily 1 Cu Ux;r/z Zv:&u Cu UX*r/Z + Cqu*r/Z
«1-1/2 _« [ 0%2D5(x*y") ODo(x* y*) 0Dg(x*,y")
- Z'”tu XU[ 0x,0xy + (1 + ) 0xy ] +
«2-1/2[_ 0*D5(x"y") aD5(x"y") _r\aDg(x"y") 1
Xu [ ax2 +(1+ )( dxy ) (1 2) dxy x;]
from (68) and (69),
X /2 9?Dg (x*y* ) aDo(x*y*) D (x"y") 4] _
Zv 1[ 8xy,0%y + (1 + ) 0xy xv]
_ T\ «1-1/20D5(x"y")
(1 2) Xu 0xy
—(_(_>\ _ (1 _TY) x1-7/29Dg(x",y")
_< -2)-a+n-(1 2))xu =
from (7), (10) and (11),
_ (T ,*x1-1/20D5(x"y")
= - (5w 72)
Then, it implies (57) as follows:
+7/2,57/2 _ «7/2 «1-1/2 D5 (x",y")
Zu 121; 1 CupXy i r/ g 1xur/ (2) xul i Oaxu

=-34, () x% = —Ix (=D;(x",y") =1D5(x"y") =1
from (7) and (10).

By summing b, », multlplled Ym "/2 over m, we obtain (58) so as
«1-1/2
b * 1"/2 _ Xn X
=1 * * T
manm (21 1“13’1”2)(25 1 Bux %)
ym_ [ 925 (x*y™) D5 (x"y 6Do(x* y*)]
0ym0xn m 0Ym
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from (70),

4 x* 1-1/2 ODS(x* y*)
== - —m X (-1+1)———==0
T(Z?’Ila;y}‘ /2)(Zu 1 Buxy /2) dxn

from (7), (13) and (15).

By summing b,,, , multiplied x;;~"/% over n, we obtain (59) so as
« 1-1/2
b x —T/Z — 4’ Ym X
=1Ymn+tn (2941a1y;r/2)(zg=1ﬁuxz—r/2)
N [ 02Dy (x*,y*) X +0Do(X*y*) D5 (x"y") x*]
n=1 OYymdxn Xn OVm dxn n
from (70),
4 X172 aDg(x*,y™)
—= — X (—(-1)-1)———=0
(ZJ 1“]3’; /2)(2 =1 Buxy /2) 0xm

from (7), (10) and (12).
Second, we show that these parameters specified by (66)-(70) satisfy the equations for
the second order approximation (60)-(65).
As we show, (66)-(70) imply (56)-(59). Substituting (56)-(59) into (52), we obtain
g0, v) = [(r/2)/(r/2)]Y" = 1, which implies (60) along with (7).
The second-order derivatives of g, with respect to inputs x evaluated at (x*, y*) are
given by the following equations, using (56)-(59).%*

P (a-n (@) +e() ) x

73
x;r/z 1 r/2 1(271 1Cunxnr/2)(2n 1cvnxnr/2)_cuvx;r/2 1x;r/2 1 ( )
foru,v=1,..,N;u+# v,
2 * ok -2 -1
I ggﬁj‘z'“=((1—r)(§) +4(3) )xx,f (2 1cnux:;”2) +
(74)

-1
—Cn, nxr*lr : (1 B g) (g) x:lT/Z_Z(ZN 16n uxur/z)
forn=1,..,N.

Substituting (72) into (73) and (74), we obtain (63).

The second-order derivatives of g, with respect to outputs y evaluated at (x*,y™*) are
given by the following equations, using (56)-(59).
9%9r(x"y") _ (1-
6y,-6yk

&)y (Sl ) (Sl i) + (75)

«7/2—1 *r/z 1
aj kY;j Yk

forj,k=1, M j #k,

0%gr(x*,y*) «T=2 /2 «T=2
W:(l_r)() ymr ( j= 1amjy]r/) +ammymr +

G- @) (Saoni™) ™
form=1,.., M,

51 Without any restrictions on the parameters on g,., its second derivatives are too complicated to be
written down explicitly here. The restrictions by (56)-(59) cause their representation to be in much
simpler forms such as (73)-(77).
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Substituting (71) into (75) and (76), we obtain (64).

The second-order cross-derivatives of g, with respect to inputs x and outputs y
evaluated at (x*, y*) are given by the following equation, using (58) and (59).
2gr(x*y*) 1 r\ "1 "1
0Ymoxn - (_2 (; - 1) (E) -2 (_) ) X
y;;lr/z ! ;;T/Z ! ( 9/1 19m jy]*r/z) (Zu 1Cn uxur/z) (77)
()(21 1ajy]r/z)(Zu=1,Buxur/z)bmnyrjlr/z 1x;kl r/2-1
form=1,...M,n=1,..,N.

Substituting (70)-(72) into (77), we obtain (65).

Since D, and g, are linearly homogeneous in outputs y and homogeneous of degree
minus one in inputs x, (10)-(15) hold for both of them. Equations (11), (12) and (15)
guarantee that if the second derivatives of D, and g,- are the same, their first derivatives
are also the same. Therefore, (63) and (64) imply (61) and (62). QED.

Generally, it is possible that the restrictions of (55)-(59) limit the selection of the
parameters of g,- and thus, destroy its flexibility. However, the above proposition shows
that even under these restrictions, g, can approximate any arbitrary output distance
function D, to the second order at an arbitrary production plan (x*, y*) by choosing its
parameters in Equation (52) appropriately. Thus, g, is shown to be a flexible functional
form with these restrictions.> Moreover, since g, is the family of functional forms, this
proposition also implies that every functional form of this family is a flexible functional
form >3

Similarly, the present paper also introduces the following family of functional form h,
based on the quadratic-mean-of-order-r for input distance function. It is defined for
arbitrary non-zero real number r:

h (y,x)
_ Z Z a ky]r/z r/2 (Z z Cuvxr/Z ;/2>
j=1k= u=1v=
78
o (78)
M M N
(X o) (2 ) (30D b %)
m=1 =1 m=1n=1
where
@ = ajforjk=1,..,M, (79)
Cup = Cpy foru,v =1, ..,N. (80)

52 |t is worth noting that g,., defined by (52)-(54), is already a flexible functional form without imposing
any restrictions (55)-(58).

53 In the special case when r = 2, Proposition 2 coincides with Theorem 7 of Diewert (1992), where g,
was shown to be a flexible functional form.
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It is worth noting that h, is linearly homogeneous in inputs x and homogeneous of
degree minus one in outputs y. The functional form h,. generalizes the one proposed by
Diewert (1992) and is reduced to it for r = 2.5* It includes other popular functional
forms such as the generalized Leontief as well as the constant-elasticity-of-substitution
(CES) functional forms as special cases.>® The following proposition shows that this
functional form is a flexible functional form, irrespective of the value of r.

Proposition 3: Let D; be an arbitrary input distance function and let (x*, y*) € RYI™
be an arbitrary point on the production frontier. Suppose that D;" is twice continuously
differentiable at (x*,y*). Then for any a,,, form=1,..,Mand B, forn=1,..,N
satisfying

Sier @y "2 # 0and Th_, Brxi 2 # 0, (81)

there exist a;, for jandk =1,..,M, ¢, foruandv = 1,...,N and b,,,, for m =
1,..,Mandn =1, ..., N such that

MM ay P =12, (82)
a1 Zoer cul P = /2, (83)
Y by *=0forn=1,..,N, (84)
YN bpaxi* =0form=1,..,M, (85)

and h, defined by (78)-(80) can provide a second order approximation to D; at
(x*,y*).%®

Like Proposition 2, the above proposition also shows that even under these restrictions
(81)-(85), h, can approximate any arbitrary input distance function D; to the second
order at an arbitrary production plan (x*,y*).% Thus, h, is shown to be a flexible
functional form with these restrictions.>® Moreover, since h,. is the family of functional
forms, this proposition implies that every functional form of this family is a flexible
functional form. %°

How do these two flexible functional forms g, and h,. relate to each other? It is known
that when the technology exhibits constant returns to scale, then (and only then) the
output distance function is a reciprocal of the input distance function:®°

54 Balk (1998) calls it the Diewert input distance function or simply Diewert form.

% A variety of functional forms for input distance function based on the generalized Leontief functional
form are possible with multiple outputs and multiple inputs. The functional form h, is an example of one
of these.

%6 It is worth noting that this proposition can apply to the distance functions which are not differentiable
in some domains, such as the case of a piece-wise linear functional form.

57 Since the proof of Proposition 3 is similar to that of Proposition 2, we omit it here. See Appendix B
for its complete proof.

%8 Needless to say, h,., defined by (78)-(80), is already a flexible functional form without imposing any
restrictions (81)-(85).

59 In the special case when r = 2, Proposition 3 coincides with Theorem 5 of Diewert (1992), where h,,
was shown to be a flexible functional form.

60 See Fare and Primont (1995).

22



1
Di(y,x) (86)

Do(x:y) =

It is worth noting that while we assume constant returns to scale technology, both g,
and h,. do not satisfy (86). In other words, when we assume g, for the output distance
function, the corresponding input distance function has a functional form different from
h,.. Similarly, when we assume h,. for the input distance function, the corresponding
output distance function has a functional form different from g,.. Therefore, it is
inappropriate to assume g, for the output distance function and h, for the input
distance function at the same time.! Thus, we only assume either g, or h, but not both
in the results that will be obtained in the next section.

By dealing with the quadratic-mean-of-order-r functional forms similar to one used in
the present paper, Fare and Sung (1986) show that it belongs to the family of flexible
functional forms called the generalized quadratic functional form. %2 However, while
they only deal with the function being linearly homogeneous in all variables, we deal
with the function which is linearly homogeneous in all inputs and homogeneous of
degree minus one in all outputs, or linearly homogeneous in all outputs and
homogeneous of degree minus one in all inputs. In other words, while their result is
only applicable to the distance functions with a single output or a single input, our
results characterize the flexible functional form for the distance function in the more
general case of multiple outputs and multiple inputs.

5. Superlative indexes

Here, we show that the quadratic-mean-of-order-r indexes of output, input and
productivity such as QM OI,., QM1 and QM PI,. coincide with the Malmquist indexes
of output, input and productivity such as MOI, MII and MPI under the assumption of
optimizing behaviour as well as functional forms introduced in the previous section.
This generalizes the results by Diewert (1992) obtained for the Fisher indexes.

5.1. Output Index

We assume that a firm is engaged in revenue maximizing behaviour. Thus, outputs y*
observed in period t are considered as a solution to the following problem:

max{p* - y|Do(x",y) < 1. (87)

61 That is why we fail to derive the superlative index for the Hicks-Moorsteen productivity index from
the superlative index results for output and input index, unlike the case of the translog functional form.
See Mizobuchi (2017a) for more details.

62 This functional form has an advantage of being linear in the parameters, which is convenient for
estimation. However, both functional forms g, and h,. defined by (52) and (78) do not belong to this
family of functional form. Even if we transform g,. and h,. into (g,)" and (h,)", these functions (g,.)"
and (h,.)" are not linear in the parameters. See Chambers (1988) for more on the generalized quadratic
functional form.
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Two implications can be drawn from it. First, the revenue maximization motive
excludes inefficient use of inputs and outputs and induces production to take place on
the production frontier, which implies (7). Second, the above optimization problem
implies the following first-order conditions:

ODS(x", ")/ Oy = ph/ 2L pjyf form = 1,..., M. (88)

Equation (88) allows us to compute the derivatives of output distance functions without
estimating its parameters. This information on the derivatives plays a key role in
establishing the exact relationship between the quadratic-mean-of-order- » and
Malmquist output indexes, as stated by the next proposition.

We also assume that the period t output distance function has the following functional
form for t = 0, 1. This generalizes the functional form characterized in (52) by
allowing technology to change over time. It is also defined for arbitrary non-zero real
number 7.

9t(y, x)

-1

M M
e (zzc:;vx;ﬂ )

j=1k=1 u=1v=1 (89)
M N 1/r
(B ) ) (S B
m= 1n=1
where
Ajr = Ag,j for a”],k =1,..,M, (90)
chy=chyforallu,v=1,..,N. (91)

While a change in o affects the effective production of outputs and the effective use
of inputs evenly, a change in other parameters such as cf,,, af,, B5 and by, , has a
different impact on inputs and outputs. Thus, the technical change we consider is not
limited to Hicks neutral and a variety of types of biased technical change are allowed
here.

Proposition 4: The quadratic-mean-of-order-r output index defined by (34) is equal to
the Malmquist output indexes defined in (26) and (30), so that QMOI, = M0I° =
MOI* = MOI, if the following two conditions are satisfied:

(1) the firm is engaged in revenue maximizing behaviour during periods 0 and 1, so
that y* € RY, is a solution to the optimization problem (87) for t = 0, 1;

(2) the period t output distance function D{ has the quadratic-mean-of-order-r
functional form gt as defined by (89)-(91), so that D = gt fort = 0, 1 and its
parameters satisfy either the restrictions (92)-(93) or the restrictions (92), (94) and
(95):
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YN b0 x0T =0form=1,..,M, (92)

mnn

N Bkt T2 = 0; (93)
Zn 1mel ‘I:’ll T/Z =0f0|’m— 1""FM1 (94)
N BT =1, (95)

Proof of Proposition 4: The revenue maximization implies (7). Substituting either (7),
(92) and (93) or (7), (94) and (95) into (89), we obtain the following equation:

r/2 r/2\T J2 er/2\"UT
(Z] 1Zk 1a]k / ylgr ) ( 1217 1Cuvx1ttr xﬁr ) =1 (96)
fort =0, 1.

The first-order derivatives of g% with respect to output y,, are given by the following
equations for t = 0, 1, using (92) or (95) for g2 and (93) and (94) for g} along with
(96) for both g2 and g.:

oD;(x',y") _ 9gr(x",y")

0Ym 0Ym
oY @7)
2 2 2—1 /2
- y(zz%xw 7)Y o
u=1v= k=1

form=1,.., M.
Substituting (97) into (88), we obtain the following equations:

( p2yS )(y%)”z
apyy)) \om
o (98)

2 2 /2 /2
= (0" (ZZCuvxST/ or/ ) Xzamky%f v

u=1v= k=1
form=1,..,M,

/2
iviy;) \ vk
N N
= (o' <Z PR

u=1v=1

r/2 q1/2
X Z amky;r)l yl%
k=1

)‘1 M (99)

form=1,.. M.

Substituting (98) and (99) into (34), we obtain the following equation using (96):
QMOI,

r/2_or/2\" YT r/2 ar/2\UT
UO( 121; 1Cuvx0 x,? ) ( ﬂ'w=12k 1a]ky]1 yl(c) )

OT/Z 17 /2

-1/r 1/r
o1 (Sl T ot %) (S0 S a0 V) ooy

r/2 qr/2\Y7T
(Zﬂ”:@z?:la]ky]l Vi )

01"/2 01"/2

M M 1/r
(Zj=12k 14GkY; Vi )

Substituting (89) into M0OI° and MOI* defined by (26) and using either (92), (93) and
(96) or (94), (95) and (96) we obtain the following equation:

& QMOI, =
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r/2 q1/2 1/r
(Zﬂ‘ilZ%:laj,ky} Vi )

MOI® = MOI* = o (101)
( j=1 Zk=1 %Y pr/zylgr/z)
Thus, (100) and (101) implies the following equation.
QMOI, = MOI° = MOI* = MOI (102)

QED.

It shows that the two indexes coincide under several restrictions. Now, we examine
their implications. As Proposition 2 shows, while the restrictions (92) and (93) allow
g2 to approximate an arbitrary output distance function to the second order at (x°, y?),
the restrictions (94) and (95) allow g} to approximate an arbitrary output distance
function to the second order at (x*, y1). Thus, according to Proposition 4, the quadratic-
mean-of-order-r and Malmquist output indexes can coincide when we assume the
period 0 output distance function being flexible at (x° y°) or the period 1 output
distance function being flexible at (x1,y'). Moreover, since QMOI, is a family of
output indexes, this proposition also implies that every output index of this family is a
superlative index.®3

While QMOI, is a formula of prices and quantities, the proof of the Proposition 4 shows
that it can be transformed into a formula of quantities and parameters of the output
distance function only. This transformation has an un-expected implication of the
axiomatic property that QM OI, satisfies, as the following corollary shows:

Corollary 1 : The quadratic-mean-of-order-r output index QMOI, defined by (34)
satisfied T21 (circularity test), if the conditions (1) and (2) of Proposition 4 are satisfied.

Proof of Corollary 1: First, we substitute (100) into the following equation:

r/2 or/2\UT r/2 r/2\Y7T r/2 or/2\T
(Zﬁ-”il Yhe1@iky; Vi ) _ (294:1 Yhe1 @iy} Vi ) (2911 Y1 aiiy; Vi )

r/2 or/2 i/r = r/2 or/2 i/r r/2 q1/2 i/r
(Z?’il Tk ajiy) VR ) (Z?’Ll Theaajry) VR ) (294:1 D)y ajky} Vi )
Then, we obtain QMOL.(p°,p*,¥°%y?) = QMOL.(p°, p", ¥°, y1) X

QMOIL.(pt,p? y1,y?). Therefore, QMOI, satisfies T21. QED.

The conditions of Proposition 4 impose weaker restrictions on the underlying
technology as well as the type of technical change. Thus, Corollary 1 implies that while
QMOI, does not generally satisfy the circularity test, it could satisfy this test under
some mild conditions.%

8 In the special case when r = 2, Proposition 4 coincides with Theorem 8 of Diewert (1992), where the
Fisher output index was shown to be a superlative index.

64 Obviously, Proposition 4 and Corollary 1 imply that the Malmquist output index also satisfies the
circularity test.
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5.2. Input Index

Here, we assume that a firm is engaged in cost minimizing behaviour. Thus, inputs x¢
observed in period t are considered as a solution to the following problem:

min{w® - x|Df (y%,x) = 1}. (103)
X

Two implications can be drawn from it. First, the cost minimization motive excludes
inefficient use of inputs and induces production to take place on the production frontier,
which implies (17). Second, the above optimization problem implies the following first-
order conditions:

aDf(yt, xt)/ 0x, = wi/¥M  wixt forn = 1,..,N. (104)

Equation (104) allows us to compute the derivatives of input distance functions without
estimating its parameters. This information on the derivatives plays a key role in
establishing the exact relationship between the quadratic-mean-of-order- » and
Malmaquist input indexes, as stated by the next proposition.

We also assume that the period t input distance function has the following functional
form for t = 0, 1. This generalizes the functional form characterized in (55) by
allowing technology to change over time. It is also defined for arbitrary non-zero real
number 7.

hi(y, x)
M M 1N N
— Z Z a]tkyf/zy,:/z (Z Z Cun 1Z/z)ﬁ:/z)
j=1k=1 u=1v=1 105
o (105)
M N M N
' (Z afny;ﬂz) (Z ﬁ,sx:/z) (Z > by :/2>
m=1 n=1 m=1n=1
where
ajr = ag;forjk=1,..,M, (106)
chy=ctyforuv=1,..,N. (107)

Just like the case of g&, a variety of parameters of ht are allowed to vary across time.
Thus, the technical change we consider is not limited to Hicks neutral and a variety of
types of biased technical change are allowed.

Proposition 5: The quadratic-mean-of-order-r input index defined by (40) is equal to
the Malmquist input indexes defined in (27) and (31), so that QM 11, = MII® = MII* =
MI1, if the following two conditions are satisfied:
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(1) the firm is engaged in cost minimizing behaviour during periods 0 and 1, so that
xt € RY, is a solution to the optimization problem (103) for t = 0, 1;

(2) the period t input distance function D} has the quadratic-mean-of-order- r
functional form ht as defined by (105)-(107), so that D} = ht fort = 0, 1, and its
parameters satisfy either the restrictions (108)-(109) or the restrictions (108), (110)
and (111):

M byt =0forn=1,..,N, (108)
N alyi T =0 (109)

Mo bLoayh 2 =0forn=1,..,N, (110)
SN adyd " =0 (111)

It shows that the two indexes coincide under several restrictions. Now, we examine
their implications.®® As Proposition 3 shows, while the restrictions (108) and (109)
allow h? to approximate an arbitrary input distance function to the second order at
(x%,y9), the restrictions (110) and (111) allow hl to approximate an arbitrary input
distance function to the second order at (x1, y1). Thus, according to Proposition 5, the
guadratic-mean-of-order-r and Malmquist input indexes can coincide when we assume
the period 0 input distance function being flexible at (x°,y°) or the period 1 input
distance function being flexible at (x*, y). Moreover, since QMII, is a family of input
indexes, this proposition also implies that every input index of this family is a
superlative index.®

The proof of Proposition 5 allow us to draw an implication of the axiomatic property
that QMII,. satisfies, as the following corollary shows:

Corollary 2 : The quadratic-mean-of-order-r input index QMII, defined by (40)
satisfied T21 (circularity test), if the conditions (1) and (2) of Proposition 5 are satisfied.

As Corollary 1 claims for QMO1,., Corollary 2 also implies that QM11,. could satisfy the
circularity test under some mild conditions.®’

5.3. Productivity Index

Here, we assume that a firm is engaged in profit maximizing behaviour, which implies
revenue maximizing and cost minimizing behaviour at the same time. Thus, the
production plan (x¢,y%) observed in period t is considered as a solution to the
following problem:%8

% Since the proof of Proposition 5 is similar to that of Proposition 4, we omit it here. See Appendix C
for its complete proof.

% In the special case when r = 2, Proposition 5 coincides with Theorem 6 of Diewert (1992), where the
Fisher input index was shown to be a superlative index.

67 Obviously, Proposition 5 and Corollary 2 imply that the Malmquist input index also satisfies the
circularity test.

8 While the profit maximization problem (112) is formulated by the output distance function, it is
possible to define it by the input distance function.
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max{p’ -y —w" - x|D§(x,y) < 1}. (112)
x,y

Two implications can be drawn from it. First, the revenue maximization motive
excludes inefficient use of inputs and outputs and induces production to take place on
the production frontier, which implies (7). Second, the above optimization problem
implies the following first-order conditions:

ODS(x",y") ) 0ym = Pl /2L, piyf form = 1,.., M. (113)
aDE(xt, yY) ) 0x, = —wt/¥XM_ pLyt forn = 1,..,N. (114)

Along with (10) and (13), they lead to the following zero economic profit condition:

%:1 pﬁnyrgl = Zﬁ=1 Wﬁxrtl (115)

Equations (113) and (114) allow us to compute the derivatives of output distance
function without estimating its parameters. This information on the derivatives plays a
key role in establishing the exact relationship between the quadratic-mean-of-order-r
and Malmquist productivity indexes, as stated by the next proposition.

We also assume that the period t output distance function has the following functional
form for t = 0, 1. This generalizes the functional form characterized in (52) by
allowing technology to change over time. It is also defined for arbitrary non-zero real
number 7.

9r(x,y)
M M N N -1
=o' Z z a ky]T/ZyI:/Z <Z z Cup 17;/29(;‘/2)
j=1k=1 u=1v=1 (116)
M N M N ir
' (Z a ;“) (Z ﬁr’ix;m) (Z > b ;”2)
m=1 n=1 m=1n=1
where
ajr = ag;forjk=1,..,M, (117)
Cyp = Cyy fOru,v=1,..,N. (118)

Just like the case of g&, a variety of parameters of ht are allowed to vary across time.
Thus, the technical change we consider is not limited to Hicks neutral and a variety of
types of biased technical change are allowed.®

8 Unlike the case of gf, a parameter c{ ,, is fixed. However, a change in other parameters such as a,,
BE and b, , has a different impact on inputs and outputs. Thus, it is possible to deal with the biased
technical change under a functional form gt.
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Proposition 6: The quadratic-mean-of-order-r productivity index defined by (46) is
equal to the Malmquist productivity indexes defined in (28) and (32), so that QMPI,. =
MPI° = MPI' = MPI, if the following two conditions are satisfied:

(1) the firm is engaged in profit maximizing behaviour during periods 0 and 1, so that
(x%, yY) € RY*M js a solution to the optimization problem (112) for ¢t = 0, 1;

(2) the period t output distance function D has the quadratic-mean-of-order-r
functional form gt as defined by (116)-(118), so that D¢ = gt fort = 0, 1, and its
parameters satlsfy either the restrictions (119)-(124) or the restrictions (119) and
(125)-(130):

YN b2 x0T =0form=1,..,M, (119)
M by =0forn=1,..,N, (120)
M alys P IN BT = 0, (121)
% Labyh? =0, (122)

N Bk =0, (123)

N bL P = 0; (124)

N bt axtTP=0form=1,..,M, (125)
M bl oy 2 =0forn=1,..,N, (126)
M ahyy PN BT = 0, (127)
M adyl? =0, (128)

TN BT =0, (129)

M YN by T = 0, (130)

Proof of Proposition 6: The profit maximization implies (7). Substituting either (7)
and (119)-(124) or (7) and (125)- (130) we obtain the following equation:

/2 /2 /2 _gr/2\ YT
ot (Z‘I}/Izl 29(,/1=1 a;, ky]tr ylir ) (Zu 1 Zv 1Cy, vxlir xltﬂr ) =1 (131)
fort =0, 1.

The first-order derivatives of g& with respect to output y,,, are given by the following
equations for t = 0, 1, using (119) or (129) for g° and (123) or (125) for g} along with
(131) for both G2 and g}:
oD (x",y")  0gi(xt,y")
0Ym aYm

2 2 2— /2 (132)
= (a%)" <Z Z Cupxt 2 xt’’ ) X Z Ayt 2 yE

u=1v= k=1
form=1,..,M.

Substituting (132) into (113), we obtain the following equations:

04,0 1\7/2
< 5m%(r)1 0> <ym) (133)
j=1DjYj Y
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N N -1 M
r/2_or/2 r/2 or/2
- (XY et ) Y it
u=1vrv=1

k=1
form=1,..,M,
/2
( phYh )(%%)r

-1 M
1\T 17"/2 17'/2 01‘/2 17"/2 (134)
= (o) Cuvxu X AmkYm Yk

u=1v= k=1
form=1,..,M.

The first-order derivatives of g& with respect to input x,, are given by the following
equations for t = 0, 1, using (120) or (128) for g2 and (122) or (126) for g} along with
(131) for both g2 and g}

oD;(x',y") _ 9gr(x%y")

d0x, 0x,
M M N N —2
r/2 +1/2 2 2
=—(o)" Zza]k i vk (ZZCuvxﬁr/ 7/ ) 135
j=1 k=1 u=1v=1 (135)
N
% z Cnvxrtlr/z 1x5r/2
v=1

forn=1,..,N.
Substituting (135) into (114), we obtain the following equations:

(”%>@Yz
> 1Wuxu &) X
N N B
_ 0r/2 Or/z r/2 or/2
- _(O-O)T Zl kz a] ky] (z z Cu sz(,)t 0 > (136)
]:

u=1v=1
N
r/2 or/2
X Z CnpXn X0

v=1

u=
M N N
_ r/2 qr/2 r/2 q1/2
SRt O () W R

j=1k=1 u=1vrv=1
N

r/2 41/2
X Z CnpXy Xy

v=1

forn=1,..,N.

Substituting (133), (134), (136) and (137) into (46), we obtain the following equation
using (131):

31



1/r

r/2 or/2 r/2 r/2 i/r
O'O( 5:1217 1Cuvx3 0 ) ( la]kyjl 0
N ; 2 N~/ r/2 r/2 1/T /
( 1217 1Cuvx111r/ 1/ ) ( k 14, kyjo 1
r/2 q1/2 r r/2 or/2 ir
o0 (S0 s eyt Py ) (zu L2 el )

ol r/2 ogr/2\" /T 2 2\~ T
( 9/1=1211ZI 1a] kyjo yl(c) ) ( 1217 1Cuvx&r/ 1T/ )

1/r
17'/2 OT/Z
( 1217 1Cuvxu xv

1/r
07‘/2 17"/2
( 121} 1 C’Ll.'Ux‘Ll. x'U

X

= QMPI,
/2 ar/2\1/T r/2 ar/2\" /T
( 121; 1Cuvx3r xor ) ( M—1ZII¥I—1aJ kyjo YI(c) )
2_41/2 /2 qr/2\" YT
( —1 2= 1Cuvx&r/ x%r/ ) ( Li2ie1 @, kyjlr i )
& QMPI, = 61 /0°. (138)

Substituting (116) into MPI° and MPI* defined by (28) and using either (119)-(124)
and (131) or (125)-(130) and (131), we obtain the following equation:

MPI® = MPI' = ¢/0° (139)

Thus, (138) and (139) implies the following equation:
QMPI, = MPI° = MPI* = MPI (140)

QED.

It shows that the two indexes coincide under several restrictions. Now, we examine the
implications of the first set of restrictions (119)-(124). As Proposition 2 shows, the
restrictions (119)-(121) allow g2 to approximate an arbitrary output distance function
to the second order at (x°,y®). The remaining restrictions (122)-(124) are imposed on
the parameters of g:.® Next, we examine the implications of the second set of
restrictions (125)-(130). As Proposition 2 shows, the restrictions (125)-(127) allow g

to approximate an arbitrary output distance function to the second order at (x1, y1). The
remaining restrictions (128)-(130) are imposed on the parameters of §2.”* Therefore,
there is a possibility that these remaining restrictions (122)-(124) and (128)-(130) might
limit the way the underlying technology changes.”? However, it is worth noting that
these remaining restrictions (122)-(124) and (128)-(130) disappear under Hicks neutral
technical change. It means that gt is allowed to capture some types of bias associated
with technical change, even under these remaining restrictions.

0 As Proposition 1 shows, since al, and B} for all m and n can be freely chosen without destroying the
flexibility of g3, the restrictions (122) and (123) are harmless.

1 As Proposmon 1 shows, since a2, and £ for all m and n can be freely chosen without destroying the
flexibility of g2, the restrictions (128) and (129) are harmless.

2 As mentloned in the previous footnotes, the restrictions (122), (123), (128) and (129) do not lose the
flexibility for g2 and g} to represent the underlying technology. Thus, only the restrictions (124) and
(130) may matter.
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Thus, as Propositions 4 and 5 show for QMOI, and QMI11,., Proposition 6 also indicates
that even in the existence of biased technical change, the quadratic-mean-of-order-r
and Malmquist productivity indexes can coincide when we assume the period 0 output
distance function being flexible at (x°, y°) or the period 1 output distance function
being flexible at (x*,y!). Moreover, since QMPI,. is a family of productivity indexes,
this proportion also implies that every productivity index of this family is a superlative
index.”

The proof of Proposition 6 allows us to draw an implication of the axiomatic property
that QM P, satisfies, as the following corollary shows:

Corollary 3 : The quadratic-mean-of-order-r output index QMPI, defined by (46)
satisfied T21 (circularity test), if the conditions (1) and (2) of Proposition 6 are satisfied:

Proof of Corollary 3: First, we substitute (138) into the equation ¢2/0° =
(61/06%)(6?/c1) . Then, we obtain QMPL.(w° w?,p°p?% x° x2,y% y?) =
QMPIT(WO,Wl,po,pl,xo,xl,yo,yl) % QMPIr(Wl,Wz,pl,pz,xl,xz,yl,yz)
Therefore, QMPI,. satisfies T21. QED.

As Corollaries 1 and 2 claim for QMOI, and QMII,, Corollary 3 also implies that
QMPI, could satisfy the circularity test under some mild conditions. *

6. Conclusion

The Fisher and Tornqvist indexes of output, input and productivity were known to be
only superlative indexes for the corresponding Malmquist indexes. The present paper
deals with the quadratic-mean-of-order-r indexes, which are families of empirical
indexes of output, input and productivity. We show that all indexes of this family
coincide with the corresponding Malmquist indexes under a new family of functional
forms based on the quadratic-mean-of-order-r, which is shown to be a flexible
functional form. Therefore, this generalizes the existing results of superlative indexes,
offering many more alternatives to practitioners.

The quadratic-mean-of-order-r index includes many important index numbers as
special cases. Most importantly, two indexes deserve a mention here. When r = 2, that
index is reduced to the Fisher index, which Diewert (1992) shows is a superlative index.
When r = 1, that index is reduced to the implicit Walsh index. Although the implicit
Walsh index has been recognized before, it has not attracted much attention and its
axiomatic properties are not well exploited. It seems especially, that productivity
measurement based on the implicit Walsh output and input indexes is theoretically
justified the first time by the present paper.

All propositions for superlative indexes need to impose several restrictions on the
parameters of underlying distance function. These restrictions specify the point where

73 In the special case when r = 2, Proposition 6 coincides with Theorem 9 of Diewert (1992), where the
Fisher productivity index was shown to be a superlative index.

4 Obviously, Proposition 6 and Corollary 3 imply that the Malmquist productivity index also satisfies
the circularity test. Thus, while Fare and Grosskopf (1996) and Mizobuchi (2017b) point out that the
Malmaquist productivity index satisfies the circularity test under Hicks neutral technical change, we show
that the Malmquist productivity index could satisfy the circularity test even under biased technical change.
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the distance function can approximate an arbitrary function to the second order. We
require either the period O distance function to be flexible at the period O observation
or the period 1 distance function to be flexible at the period 1 observation. These are
deemed as reasonable restrictions.

By finding an entire family of superlative indexes, we enrich the applicable instruments
for analysing output and input growth and productivity growth. On the other hand, it
naturally raises the question of which superlative index one should use? Diewert (1978)
shows that all quadratic-mean-of-order-r quantity indexes approximate each other to
the second order when price and quantity vectors are fixed over time. He suggests that
all these superlative indexes are similar when the changes in prices and quantities are
small between the two periods. Meanwhile, Hill (2006) demonstrates that the difference
among superlative indexes can be significant and sometimes even bigger than that
between the Laspeyres and Paasche indexes by using two data sets from US national
accounts and OECD. "™ Thus, some prices and quantities differ significantly over
periods or countries in reality, which may lead to the wider difference among
superlative indexes.

While the economic approach justifies the use of superlative indexes, it does not answer
the question of which superlative index one should use.”® To answer it, one may
evaluate superlative indexes based on the axioms they satisfy. The existence of a large
number of superlative indexes demonstrated by the present paper reminds us about the
limitation of solely relying on the economic approach and confirms the importance of
combining the economic and axiomatic approaches for selecting an appropriate
empirical index, as was also pointed out by Hill (2006) in the context of consumer
indexes.

7> Hill (2006) points out that as the parameter r increases in absolute value, the quadratic-mean-of-order-
r index becomes increasingly sensitive to outliers in the distribution of price and quantity changes. In the
range 0 < r < 2, these superlative indexes are relatively unaffected by outliers and the difference among
them almost never exceeds that between Paasche and Laspeyres indexes.

76 Selecting among superlative indexes is synonymous with selecting the parameter r in this case.
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Appendix A

Proof of Proposition 177

Since p° > 0, pt » 0, y1 > 0 and y! > 0, IWOI(p° pt, y° y1) > 0 by definition
(35). Thus, IWOI(p®, p?, y°, y1) satisfies T1.

By definition (35), IWOI(p°, pt,y° y1) is continuous in p°, pt, y! and y1. Thus,
IWOI(p®, pt,y° yt) satisfies T2.

IWOI(Y,pl,y,y) = (2%=1 p%nym)/(Z%ﬂ(ymym)l/zp%l) _

Z%=1 p-?nJ’m 2%:1(Ym3’m)1/2p$n

M 1 M 1
(2m=1 mem)/(Zm=1 PmYm) = 1. Thus, IWO[(pO' pl'_’yo,yl) satisfies T3.

M pYm M P Ym

M 1 M 0.1\1/2 M 1
Wol(p,p,y° yt) = (§E=1pm3/m)/<2m=1(ym3/m pm> _ (Zm=1 pmym) .

M=1Pm¥m Z%zl(yfny}n)l/zpm Shi=1Pm¥m

Thus, IWOI(p°,pt,y°, y1) satisfies T4.

1/2
Z%ﬂprlnlyrln) / <Z%=1(yﬁ’n7ty%q) p%) _

i 00 1/2
12 1/2
ATM _ phyi\ AN (k) k| 1 Th=1 Py /[ Zm=a(mym) o\ _ A X
ZM p°y° oM 0o 11720 | = ZM poyo M 0.1 \1/2 o | —
m=1PmYm A 2m=1(ymym) Pm m=1EmIm Zm=1(Ym3"m Pm

IWOI(p° pt,y° y1). Thus, IWOI(p°, pt,y° y1) satisfies T5.

WoI(®, p*,y°, 2y") = (

M_ 1.1 M_ (340 1)1/2p1
I I 0,1 0,1y — Ym=1PmYm /Zm—l( YmYm m | _
wolw®, ' 4"y = (Geiete) /G oot ot
1/2

1/2
(Z%ﬂ DYk ) / (ll/ 2y =1 (VY p%n) =1 (Z%=1 p%ny%l) / <2%=1(y31y%1 prln> _
M 0 .,,0 1/2 - M 0 ,,0 1/2 -
AYm=1PmYm/ [ \AY2ZM_ (yovd) " v Zm=1PmY¥m/ [ \ZM_ (vhyh) P

A~HwoI(°, pt, y°% y1) . Thus, IWOI(p°,pt,y°, y1) satisfies T6.

M 1.1 M 0.1\1/2, 1
IWoI(®°, Apt,y°,y1) = (Zm=1/1pmym)/<2m=1(ymym) Apm> _

M 0 .0 1/2
M P M () P
12 1/2
2 Zm=1APhyh AZ%ﬂ(y&y%n) P\ _ (Zm=12APiyvin) /[ Em=amym) oh | _
ZM o > 011/20_ZM 0 .,0 M 0.1\1/2 o | —
m=1PmYm 2m=1(3/m3’m) DPm m=1PmVm 2m=1(mem) Pm

IWoI(p®pt,y% yb). Thus, IWOI(p°,p, y°, y1) satisfies T7.

" Proofs of T11, T13 and T14 are omitted here, because they are already covered by the original proof
in the main text.

38



/2
0 1 .0 1y — [ Zr=1PmYh / M (k) ok \
WoIrtp%p.y"y’) = (z%zlngiypn) M (i) ek

1/2 1/2
( 11 =1 prlnY71n) / < 11 =1 (Y y) ' p%) _ (Z%ﬂp%n%) / <Z%=1(3’$n3/11n) . p%) _
M 0 ,,0 1/2 M 0 ,,0 1/2
Ym=1PmYm M (avh) % Lm=1Pm¥m/ [ \ZM_ (y9rk) " "p%

IWOoI(p° pt,y° y1). Thus, IWOI(p®,pt, y°, y?) satisfies T8.

M1 phoh) /([ SMaaOhok) vk
IWOI(R, p', y°, y") = (Z=ibn )/( 1(mym) i) _

M 0 ,,0 1/2
Em=1Pm¥m/ [ \ZM_ (v9v&) " “p%

* ~1/2 *
(Z%qp}n*)’}n*)/(Z%:l(ﬁ” Vi ) p}n*> = IWOI(pO*'pl*’yo*’yu).

M 0*,0* w4 \1/2
Zm=1pm Ym ZnM’L=1(y19’L y%q- ) p?n

Thus, IWOI(p°,pl,y°, y1) satisfies TO.

IWOI(aypy, -, ApPHpy A1DLs oo s APy AL VD5 woes Ang Yy Q1 V1 woe, g Vig) =
(2%=1 amaalp%ny%l) M (it y et yi) " ampih
Thi=1 ¥m @ PmYm Z%ﬂ(a;nlyfna,‘nly}n)l/z Amby
(Z%qamp%m;}y%) / SM_ et am (Vi) ok | _ (Z%:ﬂ%qyrln) / N R A
=1 amPimam' v/ [ \$M_, antam(yys) 7% \Em=1phvm/ [ \sM_ (v0y2) p%)

IWoI(p° pt,y°y1). Thus, IWOI(p°,pt,y° y1) satisfies T10.

Let p° = (1,1,1), p' = (1.2,3,1.3), y° = (1.2,1,2), and p* = (0.7,1.1,3) . Then
IWOoI(p®,p',y°,y1) = 1.1373558 and IWOI(pt,p°, y?,y®) = 1.1475965 . Thus,
IwWoIl(p®pt,y% yH) # IWoI(pt,p° y° y1) . Thus, IWOI(p° pt,y° y!) does not
satisfy T12.

The second term of the inequality of T15 indicates the Walsh output price index so that

1/2
(Ehi=1 Pyi/Ti=1 Pmym) _ [ =1 (mym) v Let Pmin — min (P_% @) and
woI(p®pty®y?) M (v d)* vl min .
1 1 1 M 0.,1\1/2 1
Pmax _ max (p—; p—’(‘f) . By definition, we can derive (Zz‘l(y’:ym m”?) >
Pmax D1 1974 Zm:l(ymyrln) Pm

1/2 1/2 1/2
<z%=1(y&y,%1) p:nm> _ Phun g <z%=1(y31y%1) p;n> < (z%ﬂ(y&ym p%m> _ thas
1/2 ) 1/2 1/2 -
=1 (mym) i Pmin Sm=1(vmym) P S (i) Phax

It implies the inequality of T15. Thus, IWO0I(p°,pt,y°, y1) satisfies T15.

0 -
Pmax

Let p° = (1,1,1), p* = (1.2,3,1.3), y° = (1.2,1,2), and p® = (0.7,1.1,3) . Then

M PV SN pyd = 11428571, YM_ phyl/YM_ plyd = 1.1420455

and  IWoI(p° pt,y%y') =1.1373558 .  Thus, IWOI(p°pty°%yY) <

N DY/ Y oy <YM pSyk /YN pSyS . Thus, IWOI(p° pt,yv° y1)

does not satisfy T16.
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Let p° = (1,1,1), p* =(0.8,1.1,3), y° = (1.2,1,2), y! =(0.01,12,0.00004) and
y2 = (0.101,12.000001,0.000041) . Then IWO0I(p°,p*,y° y1) = 2.8704594 and
IWoI(°,pt,y°, y?) = 2.870441 . Thus, IwWoI(p®,pt,vy°,y) >
IWOoI(p° pt,y° v?). Thus, IWOI(p°, pt, y°, v1) does not satisfy T17.

Let p° = (1,1,1), p* = (0.1,0.5,10), y° = (0.5,10,2), y* = (0.6,0.002,0.0005) and
y2 = (0.5001,10.0001,2.0001) . Then IWOI(p° p',y° y1) = 0.00861570 and
wWoI®°, pt,y2 y') = 0.00861590 . Thus, IWoI(p®,pt,y° y1) <
IWOoI(p° pt,y2,y1). Thus, IWOI(p®, pt, y° y') does not satisfy T18.

M t .1 /yM s .0 M 0.,1\1/2 ¢

Since Zm=1PmYin/Sm=1Piyi) _ Zm:l(mem)l/zpm is the Walsh output price index,
WoI(*pty®yh) Sz (ym)” P

we denote it by WOPI(pt,p5,y° y?1) in the proof of T19 and T20 below. a‘;;‘i” =

0.,1\1/2
( M(ymj—ml 7 ) >0 form = 1,..., M. Thus, IWOI(p°, p*,y°, y*) satisfies T19.
S (vev}) RS

1/2
oworr _ | IM.(vPv}) pt

oPm M (y0,1\Y2 s i
<Z,~=1(y,-y,-) pj)

form =1,..,M. Thus, IWOI(p° pt,v°, y1) satisfies T20. QED.

Adopting the notation of Proof of T19, Yoy >0
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Appendix B

Proof of Proposition 3:”® This proposition claims that even under the restrictions of
(81)-(85), h, can approximate any arbitrary output distance function D;" to the second
order at (x*,y*). Stated differently, the following equations are satisfied.

he(y*,x7) = D; (y",x") = 1, (141)

ahr((;:c;, x") _ 0D ;ynx ) forn=1,..N. (142)
ahréi;x ) _ 9D; a(ymx ) form=1, ..M (143)
"’Z‘;jfg}j") = azjxiyax:*) foruv=1,..,N, (144)
63,5%;: ) :ag;,(-?;: Horjk = 1., M, (145)
T = T o = 1 Nm = 1 M. (146)

We define the parameters in g, as follows:"
«1-1/2_«1-r/2| 82D} (y*x") 1 aD; (y*,x*) dD; (y*x*)]
Ajk = Yj Yk [ Y0y + (147 ay; Ay
forj,k=1,..,M;j #k,

(147)

TR i )

+(1+ )(aD (;/;x*)) ( 1 _g) 6D{3(;/;x*) yim ] (148)

form=1,..,M,
32D} (y*x* oD (y*x*) aD; (y* x*
T o -y R0
u v u v
foru,v=1,..,N;u # v,

«2—1 [0%2Df (y*,x*) aD; (y* x*) 2 r\ D (y*x*) 1
o = [P (1 =) (P) +(1-) _*] (150)

1-r/2 _ x1-1r/2
Cup = X5, /2y r/[

(149)

Oxn Xn
forn=1,...,N,
P yin T 2t [_aZD;(y*.x* +aD;‘(y*.x*)aD;‘(y*,x*]
T (S, gy ”2)(2 iBuxyP) L dymdn 0ym O (151)

form=1,.,.M,n=1,..,N.
First, we show that these parameters specified by (147)-(151) satisfy the restrictions
(82)-(85). By summing a;, multiplied y*r /% over k, we can derive the following
equatlon
*7/2 *7/2

*T'/
=1 @Y T = Tk QY+ Y;
02D} (y*,x*)

x1— -1r/2 aD; (y*.x*) aD; (y* x*)
a Zki] Yk [ 0y;j0yy +(@+7) 0yj 0yk ] +
«2-r/2 [ 8*Df(y*x") <6D (y*x*)) r\ D] (y*,x*) 1
; ———"—4(1+ —t 1—-)————
Y] [ oy} 1+7) 0y, ( 2) ayj  yj

8 This proof is similar to the proof of Proposition 1. We provide it for completeness.

™ This specification of parameters is just an example. There might exist an alternative specification
which guarantees the second order approximation property. All the specifications are reduced to those
adopted by Diewert (1992) for r = 2, except for (151). Equation (87) in page 233 of Diewert (1992)
- Vi 8%D{ (x*y*) |, aD;(x*y*) aD; (x*y*) _ _
lndlcates bm,n = (Z?/Iq“jy] )(Zu 1!3uxu [— 3ymdxn + ym 9%n ] fOfm = 1, ...,M and n=
1, ..., N. Itis not true. The right hand side of the equation needs to be multiplied by two as (151) suggests
for the case r = 2.
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from (147) and (148),

_ . x1-1/2 *Di (X"  « oD} (y*x") aD; (' x") .|

=Y k= 1[ “oy,ar Yk +(1+7) %, v k]
Yy e1or/2 90i AT

—( _r_o\ _ _ _r +1-1/2 0D; (y*,x*)

= (- -+ - (1)) e

from (17), (23) and (24),

_ (T, #1-1/2 0D (¥ x")
==y (152)
]
Then, it implies (82) as follows:
* /2 . 2 _ v /2 (T\ _ «1-1/2 0D{ (¥*x*)
T T ey P = -y (5) i oy,
_ M ™« ODI(YX) T sk a T
= XL (5)y 5 = 5D =5
from (17) and (23).
By summing c,, ,, multiplied x*r/2 over v, we can derive the following equation.
g 1 Cu vx;r/z Zv:tu Cu vx;r/z + Cu LLX*T/2
«1-1/2 % [02D] (y*x*) _ oD; (y*x*) aD; (y*,x™*)
= DveuXu Xv[ 0xy 0%y -a-n dxy xy ] +
v2-1/2 [0°D{ (" x) | (D] (y"x)? _Tr\9D{(y'x) 1
Yu [ ox2 ¢ T')( 0xy ) + (1 2) dxy x;]
from (149) and (150),
+1-1/2 ’DiY"x") « _ rq _ 0D (y'x")OD] (y X")
= Xu v= 1[ 0x,0%y X = (1—71) dxy ]+
T\ x1-1/20D{(¥"x")
(1 ) Yu Oxy
_(_r1_ _r «1-1/2 0D; (", x*)
—( 1 r)+(1 2))xu T
from (17), (20) and (21),
_ «1-7/2 0D; (y* .x*)
= (5)nt (153

Then, it implies (83) as follows:
* * * * 1= an( *: *)
Zu 121; 1Cuvxur/2 7 = Zu 1 Xy r/2< )xul T/ —aiux
« OD{ (¥" x")
= N (5) PR = i (v =
from (17) and (20).

* —T/2

By summing b, ,, multiplied yy, over m, we obtain (84) so as
«1-1/2

—T/2 4 Xn
m=1 b nYm 772 7 X
(ZJ 1%V} )(Z =1 Buxy )
M [— O*D{ (" x") o DI x*) 0D (y*x*)
m=1 0ym0xn Ym 0Ym

from (151),

1-r/2
4 X /

_4 D] (y*.x*)
T (S a7 (Sl Bui )

0xn

x (1—1) =0

from (17), (23) and (25).

*xT/2

By summing b, , multiplied x;,"“ over n, we obtain (85) so as
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x 1+71/2
N b *T/Z 4 Ym v/
1

X X

e (Zm 1AmYm T/z)(Z =1 Bux :Lr/z)
N [_ 0%D] (y*,x*) X+ aD; (y*.x*) aD; (y*x*) x*]
n=1 0ymdxn n 0Yym Oxp n

from (151),

4 y:n1+r/2 oD (y*,x*)

_ 4 X(-1+4+1)—————
T (Z%zl amy;‘n_r/z)(z =1Bux ZT/Z) (= : 9ym

from (17), (20) and (22).

Second, we show that these parameters specified by (147)-(151) satisfy the equations
for the second order approximation (141)-(146).

As we show, (147)-(151) imply (82)-(85). Substituting (82)-(85) into (78), we obtain
h.(y*, x*) = [(r/2)/(r/2)]Y" = 1, which implies (141) along with (17).

The second-order derivatives of h, with respect to inputs x evaluated at (y*, x*)are
given by the following equations, using (82)-(85).%°
-2
0%h,(y* X _ (1- r)(f) 5

0x,0%y
xér/z 1 r/z 1(271 1Cunxnr/2)(2n 1Cvnx;1r/2)—cuuxﬂr/2 1 *r/Z 1 (154)

foru,v=1,. Nu;tv,

0%h,(y*,x*) - 2 2 2
gx ( T‘)( ) X xnr (Zu 1Cn, ux;r/ ) — Cp, nxr*lr -
n

(-9 5 St

=0

(155)

forn=1,..,N.
Substituting (153) into (154) and (155), we obtain (144).

The second-order derivatives of h, with respect to outputs y evaluated at (y*, x*) are
given by the following equations, using (82)-(85).

2 (a-n(®) +4) )

y]*r/z ' *T/Z 1(2m 14, myrtlr/z)(Zm 1akmy’k r/2) (156)
*T'/Z 1 *T/Z 1
aj kYj Vi
forj,k=1,..,M;j # k,
h (y*x*) _ r\ "2 !
o (a-n () +4(p) )
}’J*T/z ' *r/z 1(Zm 14j, my;zr/z)(zM lakmymr/z) (157)

aj, ky]*r/z 1y;r/2 1y (1 _ g) (g)_ y;;Lr/z 2 (ZM 1am]yj*r/2)
form=1,..,M.

Substituting (152) into (156) and (157), we obtain (145).

The second-order cross-derivatives of g, with respect to inputs x and outputs y
evaluated at (y*, x*) are given by the following equation, using (84) and (85).

80 Without any restrictions on the parameters on g,., its second derivatives are too complicated to be
written down explicitly here. The restrictions by (82)-(85) cause their representation to be in much
simpler forms such as (154)-(158).
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0%h,(y*x*) _
0Yymoxn

-2
—(5) T (B ) (B e %) - (158)

2

(5) (B4 a] ™) (S Buxi Yoy * ™72
form=1,.,M,n=1,..,N.

Substituting (151)-(153) into (158), we obtain (146).

Since D; and h, are linearly homogeneous in inputs x and homogeneous of degree
minus one in outputs y, (20)-(25) hold for both of them. Equations (22), (24) and (25)
guarantee that if the second derivatives of D; and h,. are the same, their first derivatives
are also the same. Therefore, (144) and (145) imply (142) and (143). QED.
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Appendix C

Proof of Proposition 5: The cost minimization implies (17). Substituting either (17),
(108) and (109) or (17), (110) and (111) into (105), we obtain the following equation:

r/2 cr/2\"UT /2 /2 \YT
at( o1 Zk=1 GkYj | Vi ) ( L X chpxl T ) =1 (159)
fort =0, 1.

The first-order derivatives of hf with respect to input x,, are given by the following
equations for ¢t = 0, 1, using (108) or (111) for A2 and (109) or (110) for A} along with
(159) for both A2 and h}:

aDf(y%,x") AhL(yt x?)

ox,  0xp
-1
M M N
T/2 +1/2 r/2—1 +r/2 (160)
7\ 2, 2 e AT ) et
j=1k=1 v=1

forn=1,..,N.
Substituting (160) into (104), we obtain the following equations:

ZN 1 Wuxu le

M M N
(161)
/2 or/2 2 or/2
= (o) Z z aj,kyjpr ylgr Z Cn, vxrltr/ xgr
j=1k=1 v=1
forn=1,..,N,
() (3)
n=1 Wixd ) \xn
-1
M M N
(162)
2 2 /2 2
= (Ul)r Zz aj,kyjlr/ yl%r/ Z nvxgtr X%T/
j=1k=1 v=1
forn=1,..,N.
Substituting (161) and (162) into (40), we obtain the following equation using (159):

OMII,
r/2 or/2\" YT r/2 or/2\Y7T
o’ ( 94:121]‘(/21 a;, kyjo )’18 ) ( 121; 1Cuvx1 xg )

r/2 41/2 i/r r/2 /2 1/r
01( ﬁlz% lalkyjl y; ) ( 121; 1Cuvx3 %r )

1/r
(Zu 1217 1Cuvx&r/2xz%r/2)

1/r
07'/2 07'/2
( 1211 1CupvXy Xy

Substituting (105) into M1I° and MII* defined by (27) and using either (108), (109)
and (159) or (110), (111) and (159), we obtain the following equation:

r/2 q1/2 1/r
(0o 2 eyt Pxd?)

r/2 or/2 1/r
( 1217 1 CypX 3 xt? )

Thus, (163) and (164) implies the following equation:

= QMIl, = (163)

(164)

MII® = MII* =
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QMII, = MII® = MII* = MII (165)
QED.
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Table 1: Axiomatic properties of six empirical index number formulae

Test Fisher Torqgvist Walsh implicit Walsh Laspeyres Paasche

T1 Positivity Yes Yes Yes Yes Yes Yes
T2 Continuity Yes Yes Yes Yes Yes Yes
T3 Identity or constant quantities test Yes Yes Yes Yes Yes Yes
T4 Fixed basket or constant prices test Yes No Yes Yes Yes Yes
T5 Proportionality in current quantities Yes Yes Yes Yes Yes Yes
T6 Inverse proportionality in base period quantities Yes Yes Yes Yes Yes Yes
T7 Invariance to proportional changes in current prices Yes Yes Yes Yes Yes Yes
T8 Invariance to proportional changes in base prices Yes Yes Yes Yes Yes Yes
T9 Commodity reversal test Yes Yes Yes Yes Yes Yes
T10 Invariance to changes in the units of measurement Yes Yes Yes Yes Yes Yes
Ti1 Time reversal test Yes Yes Yes Yes No No
T12 Price reversal test Yes No Yes No No No
T13 Quantity reversal test Yes No No Yes No No
T14 Mean value test for quantities Yes Yes Yes Yes Yes Yes
T15 Mean value test for prices Yes No Yes Yes Yes Yes
T16 Paasche and Laspeyres bounding test Yes No No No Yes Yes
T17 Monotonicity in current quantities Yes No Yes No Yes Yes
T18 Monotonicity in base quantities Yes No Yes No Yes Yes
T19 Monotonicity in current prices Yes No No Yes Yes Yes
T20 Monotonicity in base prices Yes No No Yes Yes Yes
Total 20 11 16 16 17 17
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