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Abstract

A natural multiplicative efficiency measure for the Constant Returns to
Scale Proportional Directional Distance Function (pDDF) is derived, relating its
associated linear program to that of the well-known output-oriented radial
efficiency measurement model. Based on this relationship, a Malmquist index is
introduced to show that, when it is based on the new efficiency measure
associated with the pDDF, rather than on a radial efficiency measure associated
with an oriented distance function, it becomes a Total Factor Productivity (TFP)
index. This constitutes a new result, because heretofore the traditional
Malmquist index has not been considered a TFP index. Additionally, a new
decomposition of the Malmquist index is proposed that expresses productivity
change as the ratio of two components, productivity change due to output
change in the numerator and productivity change due to input change in the
denominator. In an Appendix the efficiency measure is extended to include any

returns to scale pDDF.
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Distance Function and introducing a new Malmquist productivity index

1. Introduction

Data envelopment analysis (DEA) is a mathematical programming, non-
parametric techniqgue commonly used to measure the relative performance of a
set of homogeneous operating units, which use several inputs to produce
several outputs. These operating units are usually called Decision Making Units
(DMUSs) in recognition of their autonomy in setting their input and output levels.
DEA allows the estimation of technical efficiency scores?! for all assessed units
in a sample and, additionally, can be easily adapted for use in other contexts,
e.g. when a panel of DMUs is available and the objective is to estimate

productivity change over time.

In a general setting, a DMU is considered to be technically efficient if it is
not possible to expand some of its outputs without requiring an increase in
some of its inputs and/or to contract some of its inputs without requiring a
reduction in some of its outputs. The potential for augmenting some outputs
reflects output-oriented inefficiency, while the potential for reducing some inputs
reflects input-oriented inefficiency. The choice between input or output
orientation is contextual, depending on the situation being considered and,
indeed, there exist in the DEA literature different measures created for use in
these particular contexts. Moreover, when there is no specific reason to select
either orientation, it is natural to resort to an approach that includes both output-
expanding and input-saving components. In this case, the DEA models are

usually known as graph or non-oriented in contrast to the oriented ones.

1 The scores associated with any DEA model, that basically tell us if a specific DMU is efficient
or inefficient, and, in the latter case, how far it is from being efficient, are always called
“efficiency scores”. In contrast, the measures - and associated programming models - that give
rise to the efficiency scores are of two types: “efficiency measures”, when the scores belong to
the interval o,+1], and “inefficiency measures”, when the scores belong to[1,+ .



In the case of oriented measures, input and output distance functions
(Shephard, 1953, 1970) play the main role in most theoretical and empirical
analysis. Each Shephard distance function has an associated efficiency score
equal to the inverse of its value, that can be calculated, when dealing with a
finite sample of units to be rated, through a specific linear program that
corresponds to the so-called DEA CCR models (Charnes et al.,, 1978). The
distinguishing feature of these two specific efficiency scores is, besides being
oriented, that they are “multiplicative”, i.e., the projection of any point being
evaluated is obtained by multiplying either its input or its output components by
the corresponding input or output efficiency score. This is the key for the
estimation of productivity change, as we will show below.

In the case of non-oriented measures things are rather different even
though there exists a wide battery of tools. Examples of these are the Weighted
Additive Model (Lovell and Pastor, 1995), the Directional Distance Function
(DDF) (Chambers et al., 1998), the Range-Adjusted Measure (Cooper et al.,
1999), the Bounded-Adjusted Measure (Cooper et al., 2011) and the Enhanced
Russell Graph/Slacks-Based Measure (Pastor et al., 1999, Tone, 2001). In
particular, two specific DDFs are related to Shephard’s input and output
distance functions, when the analysis is forced to be oriented, and satisfy, at the
same time, several interesting properties. For example, and as opposed to
Shephard’s distance functions, a DDF implies a directional vector, thereby
allowing for a flexible choice of orientation in both output and input dimensions.
Additionally, being a distance function, the sign of the value of the DDF permits
to identify whether a point of input-output space is inside, on, or outside the
considered technology, a property that is useful, for example, when the aim is to
measure productivity change over time. Also as opposed to Shephard’'s
distance functions, the efficiency score derived from any DDF is additive rather
than multiplicative. Furthermore, Chambers et al. (1998) proved that the DDF
under variable returns to scale (VRS) has a dual relationship with the profit
function, allowing an additive decomposition of economic inefficiency into
technical inefficiency (the value of the DDF) and price or allocative inefficiency

in a natural way. Finally, in a DEA framework the DDF can be easily determined



from a computational point of view since practitioners only need to resort to

well-known and easy-to-use linear programming techniques.

In addition to the measurement of efficiency, DEA can be utilized for the
estimation of productivity change. The usual approach, in this sense, is what we
refer to as the Malmquist index (Malmquist, 1953), introduced by Caves et al.
(1982), which is based on Shephard’s output or input distance functions (but not
both). The Malmquist index may be multiplicatively decomposed into
components (see Fare et al. 1994 for an early attempt). More recently, and
linked to the DDF, which is additive in nature, Chambers et al. (1996b) defined
the Luenberger indicator, which is a difference-based indicator of directional
distance functions that accounts for both output expansions and input
contractions, and can be considered the first attempt to measure productivity
change over time resorting to graph measures. Mirroring the Malmquist index,
the Luenberger indicator also has been decomposed into components,
beginning with Chambers et al. (1996b), but in an additive way. The efficiency

scores associated with any DDF are additive

As it seems natural to expect, some attempts to compare and relate the
Malmquist index to the Luenberger indicator have appeared in the literature
since the introduction of the latter. Indeed, studying the relationship between
these two measures has been the focus of much recent research. Boussemart
et al. (2003), assuming Constant Returns to Scale (CRS), relate the Luenberger
indicator based on the Proportional Directional Distance Function (pDDF), see
Briec (1997), to the Malmquist index, based on Shephard’s input distance
function. They further relate certain Malmquist indexes with certain Luenberger
indicators by means of first- and second-order approximations. Balk et al.
(2008), assuming strong disposability of outputs and efficiency in each time
period, establish a relationship between the Malmquist index and the
Luenberger indicator, both based on output distance functions. Finally, Briec et
al. (2012) provide a new relationship under the same assumptions as Balk et al.
(2008) and prove a specific equality between the logarithm of the output-
oriented Malmquist index and the output-oriented Luenberger indicator,
resorting to the unit directional vector on the output side and defined on the
logarithm of the original data.



Boussemart et al. (2003), Balk et al. (2008) and Briec et al. (2012)
compare two worlds (multiplicative and additive), i.e. the Malmquist index and
the Luenberger indicator, in a descriptive way. However, as far as we are
aware, there has been no attempt to mix the two approaches, taking advantage
of the good features of each. In this paper we do exactly that by defining, in a
first stage, a new efficiency measure associated with the pDDF, which is used,
in a second stage, for introducing and providing a novel decomposition of a new

Malmquist productivity index.

In the first part of the paper we find an interesting relationship between the
pDDF, in which the directional vector is defined as the actual input-output vector
of the assessed DMU, and its input- and output-oriented versions under CRS.
This relationship suggests how to associate a new multiplicative efficiency score
with the pDDF. In the second part of the paper we define and decompose new
Malmquist productivity indexes based on the new efficiency score. The indexes
are the standard Adjacent Malmquist index, the Global Malmquist index (Pastor
and Lovell, 2005) and the Biennial Malmquist index (Pastor et al., 2011),
respectively. The reason for considering all three is to highlight the advantage of
using any of them depending on the characteristics of the panel data being
analyzed. As we will show, each of these indexes can be decomposed into the
separate effects of output changes and input changes on productivity change,
from which it follows directly that each can be interpreted as a Total Factor
Productivity (TFP) index, which is a new, and perhaps controversial, finding for
Malmquist indexes. Regarding this issue, Ang and Kerstens (2017) repeat
O’Donnell’'s (2012) assertion that the CCD Malmquist index is not
“multiplicatively complete,” or, equivalently, is not a TFP index.>? More to the
point, they also claim that the Luenberger indicator is not “additively complete,”
and therefore not a TFP indicator. They also note that Briec and Kerstens
(2004) showed that the Luenberger-Hicks-Moorsteen indicator is additively

complete, and therefore a TFP indicator.

The remainder of the paper unfolds as follows. In Section 2 a new
measure of technical efficiency associated with the pDDF is derived under the

assumption of CRS. In Section 3 a new Malmquist index is introduced based on

2 This has prompted Peyrache (2014) to refer to the index as the Malmquist technology index.
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the new efficiency measure developed in Section 2. It is also shown that the
new Malmquist index can be expressed as the ratio of an aggregate index of
output change to an aggregate index of input change, and therefore interpreted
as a productivity index. We extend this demonstration from the Adjacent
Malmquist productivity index to its Global and Biennial versions, both of which
satisfy the circularity property but which heretofore have not qualified as
productivity indexes. Section 4 concludes with a summary of our findings, an
extension to a hyperbolic efficiency measure as an alternative foundation for a
Malmquist productivity index, and a suggestion of an important research
agenda for which our new Malmquist productivity index may be appropriate. An
Appendix extends the analysis of Section 2 to derive an inefficiency measure for

the pDDF under any returns to scale.

2. Deriving an Inefficiency Measure for the pDDF under CRS

First of all, let us introduce the notation and assumptions that will be used
in what follows. Additionally, some basic notions related to the production

possibility set will be introduced.

Let us consider n DMUs that use m inputs to produce s outputs, denoted
as (x,y;), j=1...n.Itis assumed that x; =(X,,....X,;) R, j=1...,n, with at
least one strictly positive component and y,; = (ylj,...,ysj ) eR?, j=1...,n, with at

least one strictly positive component.3
The relative efficiency of each DMUo in the sample is traditionally
assessed with reference to a technology, also called production possibility set,

which is defined as follows:

3 These requirements are all we need for working with a pDDF. For working with a general DDF,
additional requirements are needed, the so-called “von Neumann conditions” considered in Fare
and Primont (1995).They state, additionally, that no input or output is allowed to be zero for all
units in the sample. In our particular case, if it fails, the corresponding input or output can be
deleted without generating any type of inconsistency. Moreover, our two assumptions assure
that we will keep at least one input and one output in the pDDF linear programming model. In
the general case, if any of the two additional conditions fail, the considered DDF turns to be a
program with infeasible restrictions whenever their associated directional vector components
are nonzero unless its optimal value is 0, which means that any unit will be rated as efficient
and, consequently, the considered DDF would not be useful at all, without any discriminatory
power.



T ={(xy)eR"*/ x canproduce y}. (1)

Assuming CRS, T is denoted as T., and can be empirically constructed

from n observations as follows (see Afriat, 1972, or Banker et al., 1984):
T = {(x,y) c R;“*S/ X2 AX, Yy <D Ay, A4 20,] =l...,n} . (2)
j=1 j=1

In order to determine in a DEA context the technical efficiency of a set of
DMUs, several measures have been proposed in the literature. One of them,
with relevant properties, is the directional distance function (DDF), defined as
follows (Chambers et al., 1996a, 1998)*:

D(%.Y:0.03 )= max j,

s.t.
;ﬂjoxij < Xio = BoDio» i=1....m )
Z/l,-oyrj 2 Y0+ 5000 r=1...,s
i1
A, >0, j=1....n

j0

in which g =(g5,95)eRI"xR?, g=0,,, is the considered directional vector

and g, timesg measures the degree of technical inefficiency in the full input-
output space of DMUo, identified through the vector (xo,yo) of inputs and

outputs. The DDF projects any input and output vector onto the technological

4 Luenberger (1992) introduced the concept of benefit function as a representation of the
amount that an individual is willing to trade, in terms of a specific reference commaodity bundle g,
for the opportunity to move from a consumption bundle to a utility threshold. Luenberger also
defined a so-called shortage function, which measures the distance in the direction of a vector g
of a production plan from the boundary of the production possibility set. In other words, the
shortage function measures the amount by which a specific plan is short of reaching the frontier
of the technology. Later, Chambers et al. (1998) redefined the benefit function and the shortage
function as efficiency measures, introducing to this end the DDF.
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frontier in a pre-assigned direction given by the directional vector. For example,

9=(95.93)=(%Y,) for assessing DMUo in the full input-output space

corresponds to the definition of the proportional directional distance function
(pDDF).

The pDDF was introduced by Briec (1997) and baptised in this way
several years later by Boussemart et al. (2003). The pDDF, as any DDF,

measures technical inefficiency. In this particular case, as Briec (1997) showed,

D(X,.Y0:95.93 ) =/ at optimum is bounded by zero and one. It allows defining
a corresponding technical efficiency measure simply as 1- £, , something that
does not happen for a general directional vector g :(gg,gg) since B, is not

necessarily upper bounded®. Because DDFs are additive in nature, both the

pDDF and its associated 1- g, are also of the same nature. This is the reason

why, in order to measure productivity change based on the pDDF, an (additive)
Luenberger-type indicator was defined in the literature instead of resorting to a
less well suited (multiplicative) Malmquist index.

However the Malmquist index continues to be the most widely used index
to measure productivity change over time when panel data are available,
despite the fact that, as currently formulated, it does not provide a measure of
TFP change. For this reason, it seems interesting to define a new technical
efficiency measure associated with the pDDF, and to convert it to a
multiplicative measure. This last procedure will allow us to define a new
Malmquist index based on the pDDF that does provide a measure of TFP
change.

In order to deduce a (multiplicative) efficiency measure for the pDDF, we
will show next that the linear program associated with the pDDF can be
reformulated so as to obtain a linear program that coincides with the efficiency

score of the radial CCR output-oriented model of Charnes et al. (1978)%. As a

5 It is not only the fact that g, is bounded but also that, in this particular case, g :(xo,yo).

Hence, g, works as a multiplicative efficiency score reducing inputs and augmenting outputs.

6 Although we are aware that a similar reasoning will allow us to relate the pDDF to the input-
oriented CCR model, and to the Shephard (1953) input distance function, we prefer our choice
because most frequently Malmquist indexes are built upon output-oriented models.
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by-product, we will relate the new efficiency measure to the corresponding
Shephard output distance function (Shephard, 1970).

We focus our attention on the output-oriented CCR model (Charnes et al.,

1978), or, equivalently, on the Shephard output distance function (Shephard,
1970), which in DEA has the formulation:

D(Xo'yo )71 = max ¢,

S.t.
T, Xi‘—xl’ |=l ,m
; [ 0 (4)
ZTjOyrj > $Y 0 r=1..,s
-1
70 20, j=1...,n

At optimum, ¢, >1. Additionally, as is well known, the efficiency score of
the CCR output-oriented model is exactly the inverse of the Shephard output

*

distance function, i.e. D(X,,Y, )_l =¢.

As for the pDDF’, the technical inefficiency associated with this particular
distance function is obtained from (3) after substituting (g;,93) by (X,.¥,) to

obtain

PDDF (X,,Y,)= max /Y

St

ﬂ’joxij < XiO _IB(;)XiO :(1_ﬁ0p)xi0’ i =1"'"m

2 (5)
z/ljoyr] 2yro-i_ﬁop>ll'0 :(1+ﬂ0p)yr0! r:lls

j=1

/110 >0, j=1...,n

It is worth mentioning at this point that (1- ") can be interpreted as the

technical efficiency score associated with the inputs, whereas (1+ ,BOP*) may be

understood as the technical efficiency score associated with the outputs.

7 Assuming CRS, Zelenyuk (2014) has related S} to @, (and to its reciprocally related input-
oriented measure). In particular, see his theorem at page 2187.
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Since (/3,4,) with 2 =0 and 4, =0°® is a feasible solution of model (5),
it follows that pDDF(x,,Y,)=/4" 20. We refer to " as the “proportional
technical inefficiency” associated with the pDDF at (xo,yo). It is well established
that (1— ﬂop*) >0 as a consequence of the assumptions made®. By dividing the

input and output constraints by (1— ﬂg’) in (5) and replacing the n initial scalars

A
4,020 with the new set of related scalars z;, :mZO, we obtain the
~Fo
equivalent linear program:
PDDF (X,,Y,)= max A
S.t.
D 70X < Xig, i=1..,m
= (6)
)
oY 27— Yo r=1..,s
& (1-p)""
7,020, j=1...,n

Let us now reformulate model (6) through the change of variable

o - (1+7)
(1-4)

. . oF -1
also express gy in terms of @}, i.e.fs? :q)?’—l' Hence model (6) can be
_|_
0

. This change of variable!? is reversible, in the sense that we can

rewritten as follows:

& Since DMUo corresponds to a specific point of the considered finite sample, we know that
there exists a certain k [1,n] such that(Xk,yk)= (xo,yo) .
 There exists an output constraint in (5) associated with a strictly positive output assuring that

Zij >0 and, consequently, any input constraint establishes that 0<ZA].OXij s(l— ﬂé’)xio,
=1 j=1

which finally implies that (1— ,Bop*) >0.
10 We have shown that 1> A7 > 0. Consequently, @ >1, and all the terms for rewriting model

(6) are well defined. By definition, A° =0 is equivalent to ®2" =1. Let us observe that A =0

if, and only if, at least one input (or output) cannot be reduced (or augmented), i.e., if, and only
if, the unit being rated belongs to the frontier of Te.
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Db +1
st
n -
Z;rjox” < Xig» i=1...m (7)
J:
n
7ioY5 2 PoYror r=>%..s
j=1
z'jOZO, j=1...,n

Consequently, the following relationship between the optimal value of @}

in (7), @Y, and the optimal value of g? in (6), B, holds:

RV
o = Q (8)
(1-47)
Model (7) is equivalent to model (6) and very similar to output-oriented
model (4). In fact the only difference is its objective function. Let us now change

model (7) slightly, by replacing its objective function.

max @}
s.t.
n -
ZTJOXU < Xio» I=1...m (9)
-1
n
zrjoyrj 2 DGy, r=1..s
=1
Tio >0, j=1...,n

Obviously new model (9) has exactly the same structure as the CCR
output-oriented model, expressed above as model (4). In order to relate all the

considered efficiency scores of the different considered models, starting with
model (5), it would be highly interesting if variable ®] achieves the same
optimal value in models (7) and (9). It is easy to realize that this is the case,

®p-1_, 2

because the objective function of (7) can be rewritten as =1- :
d) +1 Db +1

which is a strictly increasing function in ®f . Consequently, the optimal values of

model (4) and of model (9), which are the same, are coincident with the optimal

11



value of model (7). A first consequence is that ®)" =g, , and a second one is

that model (9) gives rise to the same Malmquist index as model (4). An
important property of model (9), which we exploit in Section 3, is that its

efficiency score, ®!"is a function of the optimal value of the pDDF, 5", as given

by equality (8).

The next result is a consequence of the equality ® =4, using the

original efficiency and inefficiency measures.

Proposition 1. The efficiency score associated with the output-oriented CCR
model (4), ¢,, and the proportional inefficiency under CRS in model (6), g, are

related as follows.

. (s
¢o = ﬁ . (10)

Consequently we have been able to derive a new efficiency measure, @ ,
for the pDDF under CRS. The value of @ is coincident with that of ¢,, the
efficiency score of the output-oriented CCR model, which means that ®! is a
well-defined dimensionless number. Moreover, ®} has exactly the same

properties as ¢, , which are listed next.

Proposition 2.

P1. ®F >111,

11 Property 1 tells us clearly that ®} corresponds to an inefficiency measure that can be

interpreted as an output-oriented inefficiency measure, even though it clearly corresponds to a
graph model, namely pDDF. That means that, when comparing two units, the one that gets a
larger efficiency score @ is more inefficient. As said before, it is also easy to get an input-
oriented efficiency measure associated to the pDDF under CRS. For the sake of brevity we will
not go further along this line.
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P2. ®f =1 classifies unit (x,,y,) e R as efficient.
P3. @ is units invariant'2.
P4. @ is weakly monotonic's.

Essentially, an additive efficiency score, gf in (5), which is a very
common specification in the literature, has been converted to a proportional
efficiency score, @} in (7), which is new, and which enables us to equate the
proportional efficiency scores ®; and ¢,. Of crucial importance to our

derivation of a new Malmquist productivity index, from (8) it follows that the new

proportional efficiency score ®f combines both output and input orientations,
whereas the traditional proportional efficiency score ¢, has an exclusively
output orientation.

In the next section, we apply the new measure of technical efficiency for

measuring productivity change over time.

3. New Malmquist productivity indexes associated with the pDDF

In this section we focus our attention on the definition of three new
Malmquist productivity indexes based on the new efficiency measure ®F

associated with the pDDF in the previous sections. Given that the adjacent
Malmquist index, as defined by Caves et al. (1982), is by far the most frequently

used Malmquist index, let us start with it.

Regarding the notation for denoting observations in different periods of

time, we will use hereinafter when needed (xryr) with h =t,t +1. Additionally,
D'(x5.ys ) and D; (xg,yg ) will denote the value of the Shephard output distance

functions calculated under CRS and VRS, respectively, when unit (xo,yo),

12 “Units invariant” means that changing the units of measurement of any input or any output
does not influence the value of ®".

13 “Weakly monotonic” means that if unit (io,)?o)is located closer to the frontier than unit

(Xo:¥o ) i€, if Xg < Xgandlor Y 2y, then ®F (X,,Y,) < D (X4, ) -

13



observed in period h, h=t,t+1, is projected onto the frontier of the reference

technology in period |, | =t,t+1. In the same way, we will use the notation
* p\/*l * *|
O (X3.¥5), Do (Xa.¥5). B (x5.y5) and g2t (xg.ye)-

The measurement of productivity change over time using frontier methods
has claimed considerable attention in the literature that centers on the
assessment of economic performance of DMUs. The most popular approach to
evaluating productivity change, when market prices are not available, is the
adjacent Malmquist index introduced by Caves et al. (1982) and popularized by
Fare et al. (1994), who made it empirically tractable in a DEA framework, also
allowing for the basic decomposition of productivity change into efficiency and
technical changes. The adjacent Malmquist index is a ratio-based index that
uses distance functions to represent technology and, in its most popular forms,
adopt either an output expansion or an input contraction perspective. Here we
are considering a completely different perspective, based on a graph measure.

Although the adjacent Malmquist index has been widely interpreted as a
measure of productivity change over time, it has not been defined rigorously as
a productivity change measure. In a multi-dimensional context, productivity is
defined as the ratio of an aggregate output to an aggregate input. This definition
naturally leads to productivity indexes that can be expressed in terms of the
ratio of an output quantity index over an input quantity index. Accordingly,
productivity change can be defined as the ratio of the corresponding productivity
level at period t+1 to the corresponding productivity level at period t.
Unfortunately, the adjacent Malmquist index cannot be expressed as a

productivity index following the above definition (O’Donnell, 2012).

With the aim of overcoming this theoretical weakness of the adjacent
Malmquist index, the Hicks—Moorsteen productivity index was introduced!®. The
Hicks-Moorsteen productivity index is defined as the ratio of an aggregate
output quantity index to an aggregate input quantity index. More precisely, it

measures the change in output quantities in the output direction using output

14 For the definition of the VRS inefficiency score and of the VRS multiplicative efficiency score
associated with the pDDF, see the Appendix.

15 The index was introduced by Bjurek (1996), who called it the Malmquist total factor
productivity index, but was attributed by Diewert (1992) to Hicks (1961) and Moorsteen (1961).
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distance functions and the change in input quantities in the input direction using
input distance functions, instead of exclusively adopting an output perspective
based on output distance functions or an input perspective based on input

distance functions as the adjacent Malmquist index does.

However as we will show, the adjacent Malmquist index can be

reformulated and interpreted as a TFP index.

3.1 The adjacent Malmquist productivity index

The traditional definition of the output-oriented Malmquist index is based
on the following ratio that utilizes the CRS technology of period |, | =t,t +1, as

reference (see Grifell-Tatjé and Lovell, 1995).

DI (X(t)+1,y(t)+l) B
Do) | =t,t+1. (11)

t+1 t+1) _

MI(X(t)’y(t)’Xo Yo

t+1 |, t+1

A value of M'(x5,Ye.Xs™hye™)>1 has usually been interpreted as an

improvement in productivity from period t to t+1, M'(xg,Ye.%™Ys?) <1 as a

decline and M' (xg,yg,xg*l,yg*l) =1 as stagnation, each from the perspective of

the technology prevailing in period 1.

We next introduce a new Malmquist productivity index by analogy with

(11). Since the relation between the Shephard output distance function and its

corresponding DEA efficiency score is D(Xo,y0 )71 = ¢, , the new Malmquist index

based on the efficiency measure associated with the pDDF, ®f", and exploiting

(9), would be (see Fagrsund, 1990):

t+1 t+l)_ (Dg*l(x(t)’yé)

M (xE,yE xt = — =ttt +1, 12
‘D( OyO 0 yo (D([))I(Xéﬂ’y(t)ﬂ) ( )

which may be decomposed using (8) as
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(1+ﬁ xve)) (LA (%ys))

( Xo’yo ) (1+'Bp*( XY’ )) Yl(xo’yo’ é+1’y<t)+l)

(1+ﬁ (xf;l,yo D) (A (xys)) Xe (Xeyextye?)
) )

(1A (6*ye) - (-4 (6™5))

t+1 t+1 |, t+1

By relationship (9), M' (x5, Y6, %™ Y6™) =My (X6, Y6, %™ Ys™) . However, the

M, =

(13)

Malmgquist index based on the non-oriented efficiency measure ®}" linked to the
pDDF allows us to go one step further and express the traditional Malmquist
index as a TFP index, i.e. the ratio of an output quantity index to an input
quantity index in the last term in expression (13). This is a new result.

From (13), it is possible to define the adjacent Malmquist index, as usual,

as the geometric mean of M*(xg,y6, %™ ys™) and M (x5,ye, 5™, ys™):

MtHl(XO’yO’ (t)+l’y(t)+l) [Mt(xo’ym (t)+l1y(t)+l) MM(XO,VO, é+1’yé+1)]1/2. (14)

(14) may be decomposed into efficiency change (EC), technical change
(TC) and scale efficiency change (SEC) as (see Ray and Desli, 1997, and
Lovell, 2003):

Mt,t+1( o’yo’ (t)+1’y(t)+l)_

D (xhys™) [Di(xys) Di(xsmys") |
D (xbys) | DYH(xtys) DiF(xityst))
AL
EC TC
( (t)+l’ytt)+1)/ ( (t)+l’yé+1) Dt+1( (IJ+1’y(tJ+1)/D\tl+1( é+l’y(t)+1) Y2
D' (%56 ) /D (X556 ) D" (x5,¥5)/Di™(%6,Y5)

SEC

(15)

By analogy with the adjacent Malmquist index, it is possible to define an

adjacent Malmquist productivity index based on @} as:

MtHl(Xo’yov g+l’y(t)+1) |:Mt (Xo’yo’ é+1’y(t)+1) Mt+l(X0’yov éﬂ'yéﬂ)]w’ (16)

which may be also decomposed into efficiency change, technical change and

scale efficiency change:
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Y2

(I)g"*t(Xé,yé) | (I)gv*Hl(Xé,y(t)).(ng*Hl( (1)+1’y8+1)

Mt,l+1_
® _(I)P\/*Hl tl |, tel o™ (xt vt O™ (¢t i
0 Xo 1Yo 0 01 Yo 0 Xy 1Yo
) ) a7)
x Lyt Pt (b4l t+1 Pv*t+ x Lyt PHAL (14l 4l
xgye™) /<D xshyet) @ (%) /@D xsye™)
py *t p*t Py ”1 t p*t+1 t
(Do Xo’yo /(Do Xo’yo) Q, Xo'yo /(Do Xo’yo)
SEC,,

Moreover, each term in (17) can be decomposed into an effect due to
output change and an effect due to input change by exploiting (13). Additionally,
it is worth mentioning that, although the traditional Malmquist productivity index
and the new Malmquist index coincide in value (by (9)) to measure productivity
change, the three terms in their corresponding decompositions can differ.

Summarizing, (13) and (17) show that the new adjacent Malmquist
productivity index decomposes in two different ways. (13) shows that it
decomposes into the ratio of an output quantity index to an input quantity index,
enabling us to interpret it as a TFP index. (17) shows that it decomposes into
the product of three economic drivers. Both decompositions exploit Proposition
1, which relates efficiency scores obtained from a pDDF to those obtained from
an output-oriented radial model.

3.2 The global and biennial Malmquist productivity indexes

The adjacent Malmquist index is not circular, and its two base-period
components can provide different measures of productivity change. This
drawback is generally accepted in inter-temporal studies, but it poses serious
problems in inter-spatial studies (Balk, 2008). For these reasons, alternative
solutions have been proposed in the literature in order to overcome this

downside.

One of these solutions is the global Malmquist index (Pastor and Lovell,
2005), which satisfies circularity but is not a total factor productivity index. The
global Malmquist index is defined as in (11) but with underlying reference

technology based on a global benchmark technology that uses all the data for
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all the DMUs and periods to be estimated. There being just one global
benchmark technology, there is no need to take the geometric mean of adjacent
indexes, as in (14) and (16). The global technology extends the
contemporaneous technology T, in (2) to incorporate all time periods by way of
TS = conv{T} U...uT[}, there being T time periods in the panel. A global

Malmquist index is defined on T¢ as

Dg (xt+1’yt+1)
DS (xtyt)

This index is circular, gives a single measure, allows technical regress

and is always feasible. Of course, in a natural way, it is possible to express (18)

as a global Malmquist productivity index based on ®f" in (7) and (8), following

the same procedures as in Section 3.1. This index inherits the same desirable
properties as the original global Malmquist index, most importantly the
decomposability property (13), which allows us to refer to it as a global
Malmquist productivity index.

Nevertheless, the global Malmquist productivity index obtained from (18)

by basing it on ®}" needs to be recomputed when a new time period is added

to the data set. In contrast, the biennial Malmquist index (Pastor et al., 2011)
overcomes this problem by using as a reference technology one constructed
from observations in periods t and t+1, so that T2 = conv{T}, Tt*'} and a

biennial Malmquist index is defined on T2 as

DCB (xt+1’yt+1)

Mf(xt,yt’xt+1’yt+1) — D)

(19)

Again there is just one technology, T2, and there is no need to resort to
the geometric mean convention. It is also possible to express (19) as a biennial
Malmquist productivity index based on ®}" in (7) and (8), following the same
procedures as in Section 3.1. This index also inherits the same desirable
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properties as the original biennial Malmquist index, including the
decomposability property (13) that allows us to refer to it as a biennial
Malmquist productivity index. The relationship of (19), with overlapping biennial

technologies, to DEA window analysis (Cooper et al. 2000) should be apparent.

4. Conclusions

The CCD Malmquist index, in any of its adjacent, global or biennial
versions, has heretofore not been interpreted as a productivity index because it
has not been expressed as the ratio of a well-behaved output quantity index to
a well-behaved input quantity index. Our first contribution is to demonstrate that
this inability is due entirely to the standard practice of basing the index on
efficiency measures derived from Shephard’s radial distance functions, either
output-oriented or input-oriented but not both. It is logically impossible to base a
productivity index, which incorporates both output change and input change, on
distance functions with a single orientation. Our second contribution is to
demonstrate that if the index is based on a new efficiency measure associated
with a proportional directional distance function it can be interpreted as a
productivity index. The intuition underlying our second contribution derives from
the fact that a proportional directional distance function simultaneously scales
outputs up and inputs down, which leads naturally to a productivity index

expressed as the ratio of an output quantity index to an input quantity index.

We have used a proportional directional distance function to express the
CCD Malmquist index as a productivity index, but the door is open to discover
other functions that can lead to the same result. To provide but one example,
the hyperbolic graph efficiency measure proposed by Fare et al. (1985)
generates a CCD Malmquist total factor productivity index because it satisfies
two basic conditions. First, it is simultaneously output-oriented and input-
oriented. And secondly, we are able to transform the original formulation of that
model to obtain new “equivalent” models until we end up with the classical CCR
output-oriented model, which is obviously a multiplicative model. The second

condition is absolutely essential for obtaining a TFP index.
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We conjecture that our results can be applied to a situation in which an
input vector is used to produce a desirable output vector and at the same time
to generate a vector of environmentally undesirable byproducts. Shen et al.
(2017) use a proportional directional distance function to estimate green
productivity change. They compress three quantity vectors to two, by
conditioning on the input vector, and they define green productivity change in
terms of increases in desirable outputs and decreases in undesirable
byproducts. Du et al. (2018) and Li and Wu (2018) follow a similar procedure,
and they also insert the proportional directional distance function into a CCD
Malmquist index to obtain a Malmquist-Luenberger index incorporating
undesirable byproducts.
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Appendix. Defining an inefficiency measure for the pDDF under any

returns to scale.

The linear program associated with the pDDF under non-constant returns
to scale is formulated by adding to model (5) a single additional constraint
involving only the lambda variables. There are three possibilities: variable
returns to scale (VRS), non-increasing returns to scale (NIRS) and non-
decreasing returns to scales (NDRS). The first is most frequently used, because

it provides the foundation for measuring scale efficiency. The constraint to be

added to model (5) under VRS is Z,lj =1, also known as the “convexity
j=1

constraint™®. Having in mind the usual decomposition of the Malmquist index,

which is addressed in Section 3, the VRS case is developed in what follows.

The model associated with the pDDF under VRS is

PDDF, (XY, )= max A
s.t.
Z/IJOX = Xio X = (1_ﬂov)XIO,V|
Al
z/ljoyrj er +ﬂ0 er (1+ ﬂov)yro,vr ( )

> Ao =1
1

j=

A

j0

>0, |

In general, B of (A1) will differ from g of (5) due to the presence of
the convexity constraint, and since the feasible set of (Al) is a subset of the

feasible set of (5), we can assert that 0< 8% < 8 . Hence the efficiency scores

satisfy 1- " >1- g™ > 0.

16 The constraint to be added under NIRS is Z}.j <1, and under NDRS Z/lj >1.

j=1 =1
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Since we are going to propose a new VRS model that will allow us to
measure scale efficiency along the direction associated with the pDDF, we do
not consider the idea of obtaining a possible connection between model (Al)
and the VRS version of the output-oriented radial model, known as the output-
oriented BCC model (Banker et al., 1984). Alternatively, our proposal is simply
to define directly an efficiency measure for the pDDF under VRS, by analogy
with the efficiency measure derived under CRS in Section 2, after solving model

(A1) and determining its optimal value .

Definition Al.

*

The efficiency measure CIDSv associated with the pDDF under VRS, based on

the optimal value of model (A1), ,BOW* , Is defined as

o™ _1"‘,33*

T (A2)

Since we have shown that 1- 8% >1-8" >0, @' is a well-defined

dimensionless efficiency measure. Curiously enough, we are able to prove that

Gbgv* under VRS satisfies exactly the same properties as ®9" under CRS.

Proposition Al. CDSV* satisfies the following properties.
Pl @) >1.

P2. ®)" =1 classifies unit (x,,Y,) € R™* as efficient.
P3. (ng* IS units invariant.

PA4. d)gv* is weakly monotonic.
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Proof.

P1. Since Footnotes 9 and 10 are also valid for model (Al), we conclude that

0<pM <1. Consequently, 1+ >1 and 0>-8%">-1 or, equivalently,

* p\/* *
1>1- g™ >0. Therefore, &7 = % >1+ % >1.
0 0 :l__l[),pv 0
0

P2. CDSV* =1 is equivalent to saying that % =0, which in turn holds when at

least one input or one output of the point being rated cannot be reduced at all

by the directional vector, i.e., the point belongs to the frontier.

P3. In the VRS pDDF, the restrictions associated with inputs and outputs in
model (Al) are the same as the corresponding restrictions in model (5), while
the added convexity constraint is independent of inputs and outputs. Hence,
since model (5) is units invariant, which means that none of its constraints
changes after performing a change of units of measurement of the

corresponding input or output, the desired result follows.

P4. Let us consider two different monotonically related units (X,,y,) and(X,,Y,).
. ~ - Py*¥ a A py* .
e, X, <X, and y,>y,. Let us prove that @, (X,,¥,)<®," (X,Y,) which

means exactly that CDSQ is a weakly monotonic efficiency measure. Since the
transit from (X,,Y,) to (X,,Y,) can be performed as a sequence of at most m+s
steps, let us focus on the k-th input value that is different, let's say
X0 = Xgo — P:P >0, where k=1..,m, and let us compare (X,,y,) with the
intermediate  unit ()ZO,)?O):()210,...,i(kfl)o,xko,i(kﬂ)o,...,)ﬁmo,yo). Let us start
showing that the optimal solution of program (A1) when rating unit (X, Y,),
(Bgvzo) is a feasible solution of program (A1) when rating unit (X,,¥,), and,
therefore, since (Al) maximizes fS»°, we conclude that A> <p>", or
equivalently, @?*(io,yo)gdbgv*(io,yo), the desired result. Let us consider the

constraint associated with input k in model (A1) when rating (X,,Y,) and realize

23



ko ?

that X,o = X = Py < Xyo- It follows that > Iox, <(1- A o < (1- 48" )% and
=1

considering that all the other constraints of model (Al) are just the same, we
can assert that ([33/?0) is feasible when rating unit (X,,¥,), which concludes

the proof. m

24



Acknowledgments

The authors thank the financial support from the Spanish Ministry for
Economy and Competitiveness (Ministerio de Economia, Industria vy
Competitividad), the State Research Agency (Agencia Estatal de Investigacion)
and the European Regional Development Fund (Fondo Europeo de Desarrollo
Regional) under grant MTM2016-79765-P (AEI/FEDER, UE).

25



References

Afriat, S. N. (1972). Efficiency Estimation of Production Functions. International
Economic Review 13:568-598.

Ang, F. and Kerstens, P.J. (2017). Decomposing the Luenberger-Hicks-
Moorsteen total factor productivity indicator: an application to U.S. agriculture.

European Journal of Operational Research 260: 359-375.

Balk. B.M. (2008). Price and quantity index numbers. Cambridge University
Press, Cambridge.

Balk, B.M., Fare, R., Grosskopf, S. and Margaritis, D. (2008). Exact relations
between Luenberger productivity indicators and Malmquist productivity indexes.
Economic Theory 35: 187-190.

Banker, R.D., Charnes, A. and Cooper, W.W. (1984). Some models for
estimating technical and scale inefficiencies in data envelopment analysis.
Management Science 30: 1078-1092.

Bjurek, H. (1996). The Malmquist total factor productivity index. Scandinavian
Journal of Economics 98: 303-313.

Boussemart, J.P., Briec, W., Kerstens, K. and Poutineau, J.C. (2003).
Luenberger and Malmquist productivity indices: theoretical comparisons and

empirical illustration, Bulletin of Economic Research 55: 391-405.

26



Briec, W. (1997). A Graph-Type Extension of Farrell Technical Efficiency

Measure. Journal of Productivity Analysis 8: 95-110.

Briec, W., and Kerstens, K. (2004). A Luenberger-Hicks-Moorsteen productivity
indicator: its relation to the Hicks-Moorsteen productivity index and the

Luenberger productivity indicator. Economic Theory 23: 925-939.

Briec, W., Kerstens, K. and Peypoch, N. (2012). Exact Relations between Four
Definitions of Productivity Indices and Indicators, Bulleting of Economic
Research 64: 265-274.

Caves D.W., Christensen, L.R. and Diewert, W.E. (1982). The economic theory
of index numbers and the measurement of input, output, and productivity.
Econometrica 50: 1393-1414.

Chambers, R.G., Chung, Y. and Fare, R. (1996a). Benefit and Distance

Functions. Journal of Economic Theory 70: 407—-419.

Chambers, R.G., Fare, R. and Grosskopf, S. (1996b). Productivity growth in

APEC countries. Pacific Economic Review 1: 181-190.

Chambers, R.G., Chung, Y. and Fare, R. (1998). Profit, directional distance
functions, and Nerlovian efficiency. Journal of Optimization Theory and
Applications 98: 351-364.

Charnes, A., Cooper, W.W. and Rhodes, E. (1978). Measuring the efficiency of
decision making units. European Journal of Operational Research 2(6): 429-
444,

27



Cooper, W.W., Park, K.S. and Pastor, J.T. (1999). RAM: A Range Adjusted
Measure of Inefficiency for Use with Additive Models, and Relations to Others

Models and Measures in DEA. Journal of Productivity Analysis 11: 5-42.

Cooper, W.W., Pastor, J.T., Borras, F., Aparicio, J. and Pastor, D. (2011). BAM:
a Bounded Adjusted Measure of efficiency for use with bounded additive
models. Journal of Productivity Analysis 35: 85-94.

Cooper, W.W., Seiford, L.M. and Tone, K. (2000). Data Envelopment Analysis:
a comprehensive text with models, applications, references and DEA-Solver
software. Kluwer Academic Publishers, Dordrecht.

Diewert, W. E. (1992). Fisher ideal output, input, and productivity indexes
revisited. Journal of Productivity Analysis 3: 211-248.

Du, J., Chen, Y. and Huang, Y. (2018). A Modified Malmquist-Luenberger
Productivity Index: Assessing Environmental Productivity Performance in China.
European Journal of Operational Research 269: 171-187.

Fare, R., Grosskopf, S. and Lovell, C. A. K. (1985). The Measurement of

Efficiency of Production. Kluwer-Nijhoff Publishing, Boston.

Fare, R., Grosskopf, S., Norris, M. and Zhang, Z. (1994). Productivity growth,
technical progress, and efficiency change in industrialized countries. American

Economic Review 84: 66-83.

28



Fare, R., and Primont, D. (1995). Multi-Output Production and Duality: Theory

and Applications. Kluwer Academic Publishers, Boston.

Farsund, F.R. (1990). The Malmquist productivity index. Memorandum No 28

from Department of Economics, University of Oslo.

Grifell-Tatjé, E., and Lovell, C.A.K. (1995). A note on the Malmquist productivity
index. Economics Letters 47: 169-75.

Hicks, J.R. (1961). Measurement of capital in relation to the measurement of
other economic aggregates. In: Lutz, F.A. and Hague, D.C. (eds), The theory of

capital. Macmillan, London.

Li, D., and Wu, R. (2018). A Dynamic Analysis of Green Productivity Growth for
Cities in Xinjiang. Sustainability 10:1-13.

Lovell, C.A.K. (2003). The Decomposition of Malmquist Productivity Indexes.
Journal of Productivity Analysis 20: 437-458.

Lovell, C.A.K. and Pastor, J.T. (1995). Units Invariant and Translation Invariant
DEA Models. Operations Research Letters 18: 147-151.

Luenberger, D.G. (1992). New optimality principles for economic efficiency and

equilibrium. Journal of Optimization Theory and Applications 75: 221-264.

Malmquist, S. (1953). Index Numbers and Indifference Surfaces. Trabajos de
Estadistica 4: 209-242.

29



Moorsteen, R.H. (1961). On measuring productive potential and relative

efficiency. The Quarterly Journal of Economics 75:151-167.

O’Donnell, C. (2012). An aggregate quantity-price framework for measuring and
decomposing productivity and profitability change. Journal of Productivity
Analysis. 38: 255-272.

Pastor, J.T., Asmild, M. and Lovell, C.A.K. (2011). The biennial Malmquist

productivity change index. Socio-Economic Planning Sciences 45: 10-15.

Pastor, J.T. and Lovell, C.A.K. (2005). A global Malmquist productivity index.
Economics Letters 88: 266—271.

Pastor, J.T., Ruiz, J.L. and Sirvent, I. (1999). An Enhanced DEA Russell Graph

Efficiency Measure. European Journal of Operational Research 115: 596-607.

Peyrache, A. (2014). Hicks-Moorsteen versus Malmquist: A Connection by
Means of a Radial Productivity Index. Journal of Productivity Analysis 41: 435-
432.

Ray, S.C. and Desli, E. (1997). Productivity Growth, Technical Progress, and
Efficiency Change in Industrialized Countries: Comment. American Economic
Review 87: 1033-1039.

Shen, Z., Boussematrt, J.-P. and Leleu, H. (2017). Aggregate Green Productivity
Growth in OECD’s Countries. International Journal of Production Economics
189: 30-39.

30



Shephard, R.W. (1953). Cost and production functions. Princeton University

Press, Princeton.

Shephard, R.W. (1970). Theory of Cost and Production Functions. Princeton
University Press, Princeton.

Tone, K. (2001). A slacks-based measure of efficiency in data envelopment

analysis. European Journal of Operational Research 130: 498-5009.

Zelenyuk, V. (2014). Directional vs. Shephard’s distance functions. Optimization
Letters 8: 2185-21809.

31



	WP052018 Cover
	WP052018 no cover



