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Abstract

This paper uses a relatively new total factor productivity (TFP) index to measure pro-
ductivity change in the Australian economy. Unlike the TFP indexes used by most
statistical agencies, the index used in this paper satisfies a suite of common sense ax-
ioms from index number theory. It can also be exhaustively decomposed into measures
of technical change, environmental change, and various types of efficiency change. This
paper uses least squares methods to estimate these components. The main driver of pro-
ductivity change in the Australian economy is found to have been scale-mix efficiency
change. Scale-mix efficiency is a measure of how well a firm is capturing economies of
scale and scope.



1. Introduction

Total factor productivity (TFP) indexes are measures of output quantity change di-
vided by measures of input quantity change. In the growth accounting literature, it is
common to measure the output change component using the change in real gross domes-
tic product (GDP). The input change component is usually measured using a Törnqvist
index. For many growth accountants, the main advantage of the Törnqvist index is
that it provides for a convenient multiplicative decomposition of total input change into
changes in capital, labour and other inputs. The main disadvantage of the index is that
it violates a common sense transitivity axiom. Transitivity says that a direct comparison
of two observations should yield the same measure of input change as an indirect com-
parison via a third observation. For example, if all inputs in period 2 were 20% higher
than in period 1, and if all inputs in period 3 were 20% higher than in period 2, all direct
and indirect comparisons should say that inputs in period 3 were 1.2⇥ 1.2� 1 = 44%
higher than in period 1. The fact that the Törnqvist index doesn’t satisfy this axiom
means it cannot be used to make reliable comparisons involving more than two firms or
time periods. This paper measures the input change component of TFP change using the
geometric Young (GY) input index defined by O’Donnell (2014, p. 19).1 The GY input
index satisfies a suite of common sense axioms from index number theory, including the
transitivity axiom.

Most, if not all, TFP indexes can, by construction, be deterministically decomposed
into changes in individual output and input quantities. These accounting-type decom-
positions are often used by statistical agencies to provide policy-makers with useful
information on, for example, the relationship between “capital deepening” and labour
productivity. Economic decompositions are also possible. Specifically, most TFP in-
dexes can be decomposed into measures of technical progress (a measure of outward
movements in the production frontier due to the discovery of new technologies), en-
vironmental change (a measure of movements in the frontier due to changes in char-
acteristics of the production environment), technical efficiency change (a measure of
movements towards or away from the frontier) and scale and mix efficiency change
(measures of movements around the frontier surface to capture economies of scale and

1O’Donnell (2014, p. 19) also defines the GY output and TFP indexes. The GY output index is also
defined in O’Donnell (2012b, eq. 5). The GY TFP index can be traced back to O’Donnell (2011).
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scope) (O’Donnell, 2012a, 2014). There are at least two reasons for wanting to identify
these types of components. First, all other things being equal, productivity growth that
is driven by technical progress, improvements in the production environment, and/or
increases in technical efficiency will always be associated with higher net incomes.
However, productivity growth that is driven by increases in scale and mix efficiency
could easily be associated with lower net incomes. Thus, identifying the components of
productivity change is critically important for determining whether productivity growth
is associated with higher or lower net incomes (and therefore wealth). Second, different
policies will generally have different effects on the different components of productiv-
ity change. For example, increases in R&D expenditure will generally have a larger
impact on the rate of technical change than on scale efficiency, and policies that change
input prices are likely to have a larger effect on input mix efficiency than on technical
efficiency. This paper uses econometric methods to decompose TFP change into a com-
bined measure of technical and environmental change, a measure of technical efficiency
change, and a measure of scale and mix efficiency change.

The structure of the paper is as follows. Section 2 explains the difference between
a technology and a metatechnology. It also lists weak assumptions that are sufficient
for a functional representation of a metatechnology to exist. Section 3 explains how
to construct a proper TFP index. Examples of proper TFP indexes include the Färe-
Primont TFP index defined by O’Donnell (2012c) and the Lowe TFP index defined by
O’Donnell (2012d). Section 4 defines important measures of environmental efficiency,
output-oriented technical efficiency, and output-oriented scale-mix efficiency. Changes
in these measures are important drivers of changes in TFP. Section 5 explains how any
proper TFP index can be exhaustively decomposed into measures of technical change
and efficiency change. It also discusses the conditions under which a proper TFP in-
dex will collapse to the Solow (1957) residual. Section 6 explains that, if it exists, the
output distance metafunction can be written in the form of a stochastic production fron-
tier. Importantly, no assumptions concerning the functional form of the output distance
metafunction are required. Section 7 reports estimates of the drivers of TFP change in
the Australian economy. The main driver is found to be changes in scale-mix efficiency
(i.e., economies of scale and scope). Section 8 concludes.
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2. Technologies and Metatechnologies

In this paper, a technology is defined as a technique, process or method for trans-
forming inputs into outputs. Examples of technologies include R-DNA technologies
for producing human insulin, and the Bessemer process for making steel. In practice,
it is convenient to follow O’Donnell (2014) and think of a technology as a book of in-
structions. Relatedly, the set of all technologies available in period t is referred to as
the period-t metatechnology. If we think of a technology as a book of instructions, then
we should also follow O’Donnell (2014) and think of the period-t metatechnology as a
library.

Let q 2 RN⇤
+ , x 2 RM⇤

+ and z 2 RJ⇤
+ denote vectors of outputs, inputs and character-

istics of the production environment respectively. In this paper, characteristics of the
production environment are variables that are directly involved in the production pro-
cess but never chosen by firms. The set of output-input combinations that are possible
using the period-t metatechnology in an environment characterised by z is formally de-
fined as Tt(z)⌘ {(x,q) : x can produce q in period t in environment z}. It is common to
assume that:

A1: Pt(x,z)⌘ {q : (x,q) 2 Tt(z)} is bounded for all x 2 RM⇤
+ (boundedness),

A2: q � 0 ) (0,q) /2 Tt(z) (weak essentiality),

A3: (x,q) 2 T (z,g) and 0  a  q ) (x,a) 2 T (z,g) (strong disposability of outputs),

A4: (x,q) 2 T (z,g) and b � x ) (b,q) 2 T (z,g) (strong disposability of inputs),

A5: Pt(x,z) is closed for all x 2 RM⇤
+ (output metasets closed) and

A6: Lt(q,z)⌘ {x : (x,q) 2 Tt(z)} is closed for all q 2 RN⇤
+ (input metasets closed).

Assumption A1 (boundedness) says there is a limit to what can be produced using a
finite amount of inputs. Assumption A2 (weak essentiality) says that a positive amount
of at least one input is needed to produce a positive amount of output. Assumption A3
(strong disposability of outputs) says that the same inputs can be used to produce fewer
outputs. Assumption A4 (strong disposability of inputs) says that the same outputs can
be produced using more inputs. Finally, assumptions A5 and A6 say that output and
input metasets contain all the points on their boundaries.
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Assumptions A1–A6 are maintained throughout this paper. If A1–A6 are satisfied
then equivalent representations of Tt(z) are the output and input distance metafunctions
of Shephard (1970):2

Dt
O(x,q,z) = inf{d > 0 : (x,q/d ) 2 Tt(z)} (1)

and Dt
I(x,q,z) = sup{r > 0 : (x/r,q) 2 Tt(z)}. (2)

Technically-feasible input-output combinations are characterised by Dt
O(x,q,z) 1 and

Dt
I(x,q,z) � 1. Technically efficient input-output combinations are characterised by

Dt
O(x,q,z) = 1 or Dt

I(x,q,z) = 1.
If A1–A6 are satisfied then the output (resp. input) distance metafunction is non-

negative (NN), nondecreasing (ND) and homogeneous of degree one (HD1) in outputs
(resp. inputs). Additional assumptions concerning the production technology place ad-
ditional structure on the these functions. For example, it is common to assume:3

A7: (x,q) 2 Tt(z), (lx,l rq) 2 Tt(z) for all l > 0 (homogeneity of degree r),

A8: Pt(x,z) = a(x,z, s̄, t)Ps̄(x,z) for any s̄ (implicit Hicks output neutrality),

A9: Pt(x,z) = f (x,z, x̄, z̄, t)Pt(x̄, z̄) for any x̄, z̄ (output homotheticity),

A10: Lt(q,z) = b(q,z, s̄, t)Ls̄(q,z) for any s̄ (implicit Hicks input neutrality) and

A11: Lt(q,z) = h(q,z, q̄, z̄, t)Lt(q̄, z̄) for any q̄, z̄ (input homotheticity)

where x̄, q̄ and z̄ are reference inputs, outputs and environmental variables; s̄ is a refer-
ence time period; and a(.), f (.), b(.) and h(.) are scalar-valued functions with properties
that are consistent with the properties of Tt(z).

Assumption A7 (homogeneity of degree r) says that if inputs are increased by one
percent then outputs can be increased by r percent. The metatechnology is said to exhibit
decreasing returns to scale (DRS), constant returns to scale (CRS), or increasing returns
to scale (IRS) as r is less than, equal to, or greater than one. If the metatechnology is

2 Shephard (1970, pp. 206, 207) does not explicitly allow for multiple technologies and/or production
environments. In such cases, the z and t notation is usually suppressed.

3These definitions can be found in O’Donnell (2014). If there is no environmental change then the
letter z can be suppressed and A8–A11 collapse to definitions that can be found in Balk (1998, pp. 16-19).
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homogeneous of degree r (HDr) then Dt
O(x,q,z) =Dt

I(x,q,z)
�r (e.g. O’Donnell, 2012b,

Proposition 6).
Assumption T8 (implicit Hicks output neutrality) says that the outputs that can be

produced using a given input vector in a given environment in a given period are a scalar
multiple of the outputs that can be produced using the same input vector in the same
environment in any other period. Assumption A9 (output homotheticity) says that the
outputs that can be produced in a given period using given inputs in a given environment
are a scalar multiple of the outputs that can be produced in the same period using any
other inputs in any other environment. If technical change is implicit Hicks output neu-
tral (IHON) and the metatechnology is output homothetic (OH) then the output distance
metafunction takes the form Dt

O(x,q,z) = Q(q)/Ft(x,z) where Q(q) = Ds̄
O(x̄,q, z̄) is an

aggregate output and Ft(x,z) is a production metafunction (O’Donnell, 2014, Proposi-
tion 5).

Assumption A10 (implicit Hicks input neutrality) says that the inputs that can pro-
duce a given output vector in a given production environment in a given period are a
scalar multiple of the inputs that can produce the same output vector in the same en-
vironment in any other period. Assumption A11 (input homotheticity) says that the
inputs that can produce a given output vector in a given production environment in a
given period are a scalar multiple of the inputs that can produce any other output vec-
tor in any other environment in that period. If technical change is implicit Hicks input
neutral (IHIN) and the metatechnology is input homothetic (IH) then the input distance
metafunction takes the form Dt

I(x,q,z) = X(x)/Ht(q,z) where X(x) = Ds̄
I(x, q̄, z̄) is an

aggregate input and Ht(q,z) is an input metafunction (O’Donnell, 2014, Proposition 6).
Finally, if technical change is both IHON and IHIN then and only then it is said

to be Hicks neutral (HN) (O’Donnell, 2014). Similarly, if a metatechnology is both
OH and IH then and only then it is said to be homothetic (H) (O’Donnell, 2014). If
technical change is HN and the metatechnology is H and HDr (i.e., if assumptions
A7–A11 are true) then the output distance metafunction takes the form Dt

O(x,q,z) =
Q(q)/[At(z)X(x)r] where At(z)µ 1/Dt

O(x̄, q̄,z) is the Solow (1957) residual (O’Donnell,
2014, Proposition 7). An example of such a metafunction is (the antilogarithm of):

lnDt
O(x,q,z) = ln

 
N⇤

Â
n=1

anqn

!
�

M⇤

Â
n=1

bm lnxm �
J⇤

Â
j=1

r j lnz j � gt (3)
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where an � 0, bm � 0 and Âm bm = r. The inequality restrictions ensure that this par-
ticular metafunction is nonincreasing and quasiconvex inputs, and nondecreasing and
convex in outputs. If there is only one output involved in the production process then it
collapses to a Cobb-Douglas function.

3. Measures of TFP Change

It is convenient at this point to introduce firm and time subscripts into the notation
and let qit = (q1it , . . . ,qN⇤it)0 and xit = (x1it , . . . ,xM⇤it)0 denote the outputs and inputs of
firm i in period t. In this paper, the TFP of this firm is defined as T FPit ⌘ Q(qit)/X(xit)

where Q(.) and X(.) are NN, ND and HD1 scalar aggregator functions. This definition
can be found in O’Donnell (2012a).4 The associated index that compares the TFP of
firm i in period t with the TFP of firm k in period s is

T FPIksit ⌘
T FPit

T FPks
=

Q(qit)/X(xit)

Q(qks)/X(xks)
. (4)

Any NN, ND and HD1 aggregator functions can be used to construct such an index.
For example, if assumptions A1–A6 are satisfied, then the output and input distance
metafunctions are NN, ND and HD1 in outputs and inputs respectively. Thus, natural
aggregator functions are Q(q) = Ds̄

O(x̄,q, z̄) and X(x) = Ds̄
I(x, q̄, z̄) (these functions were

introduced in Section 2). In this case, the index (4) takes the form:

T FPIksit =
Ds̄

O(x̄,qit , z̄)
Ds̄

O(x̄,qks, z̄)
Ds̄

I(xks, q̄, z̄)
Ds̄

I(xit , q̄, z̄)
. (5)

This is the proper TFP index defined by O’Donnell (2014, p. 12). It is proper in the
sense that it can be written as a proper output quantity index divided by a proper input

4Measuring TFP as the ratio of an aggregate output to an aggregate input is an idea that goes back to
Jorgenson and Griliches (1967) and Nadiri (1970). However, the distinguishing feature of the O’Donnell
(2012a) definition is that the aggregator functions are NN, ND and HD1. Other authors are silent about
the properties of their aggregator functions, and many use aggregator functions that are not NN, ND and
HD1. In such cases, quantity indexes are not proper in the sense of O’Donnell (2012b). For example,
Nadiri (1970, p. 1138, eq. (1)(b)) uses an input aggregator function that is not HD1. Consequently, his
TFP index does not satisfy a proportionality axiom. The proportionality axiom says, for example, that if
all inputs double and all outputs double then the productivity index should take the value one (indicating
that average product has not changed).
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quantity index. In this paper, a quantity index is said to be proper if and only if it
satisfies the identity, transitivity, circularity, homogeneity, proportionality, time-space
reversal and weak monotonicity axioms listed in O’Donnell (2012b).

If there are no environmental variables involved in the production process then the
TFP index (4) collapses to the Färe-Primont TFP index defined by O’Donnell (2012c,
eq. 11). Two other special cases are of interest. First, if the output distance metafunction
is given by (3), then (5) takes the form:

T FPIksit =


a 0qit

a 0qks

� M⇤

’
m=1

✓
xmks

xmit

◆lm

(6)

where a = (a1, . . . ,aN⇤)0 and lm ⌘ bm/r. This form of the index has the convenient
property that it does not depend on q̄, x̄, z̄ or s̄. Second, if output and input markets are
perfectly competitive, firms maximise profits, and the output distance metafunction is
given by (3), then (5) takes the form:

T FPIksit =


p̄0qit

p̄0qks

� M⇤

’
m=1

✓
xmks

xmit

◆s̄m

(7)

where p̄ is a vector of average output prices and s̄m is the m-th average input cost share.5

This form of the index is convenient because it can be computed without having to es-
timate the unknown parameters of the output distance metafunction. Mainly for this
reason, this is the measure of TFP change that will be used for the empirical work in
Section 7. The output change component in (7) is the Lowe output quantity index de-
fined by Hill (2008, eq. 9). The input change component is the input analogue of the GY
output quantity index defined by O’Donnell (2012b, eq. 5). Importantly, the empirical
work in Section 7 will allow for the possibility that the assumptions underpinning this
so-called Lowe-GY TFP index are not true [i.e., allowance will be made for the strong
possibility that the output and input markets are not perfectly competitive, firms do not
maximise profits, and the output distance metafunction is not given by (3)].

5If markets are perfectly competitive, firms maximise profits, and the output distance metafunction is
given by (3), then prices and input cost shares will be fixed over both space and time. In this case, the
first-order conditions for an interior solution to the profit maximisation problem can be solved for p̄ µ a
and s̄m = lm.

8



4. Measures of Efficiency

An overall measure of firm performance is the measure of TFP efficiency (TFPE)
defined by O’Donnell (2012d, p. 880):

T FPEit ⌘ T FPit/T FP⇤
t (8)

where T FP⇤
t denotes the maximum TFP that is possible in period t. This measure can

be written as the product of several other measures of efficiency, including measures of
firm efficiency (FE), environmental efficiency (EE), output-oriented technical efficiency
(OTE), and output-oriented scale-mix efficiency (OSME).

FE and EE are measures defined by O’Donnell (2014). FE is associated with vari-
ables that are, at some point, chosen by firms (i.e., inputs, outputs and technologies).
EE is associated with variables that are never chosen by firms (i.e., characteristics of the
production environment). The FE and EE of firm i in period t are formally defined as:

FEit ⌘ T FPit/T FPt(zit) (9)

and EEit ⌘ T FPt(zit)/T FP⇤
t (10)

where T FPt(zit) is the maximum TFP that is possible using the period-t metatechnology
in an environment characterised by zit . If there are no environmental variables involved
in the production process then EEit = 1 and T FPEit = FEit for all i and t.

OTE is a measure of efficiency that can be traced back to Debreu (1951) and Farrell
(1957). OSME is a measure of economies of scale and scope defined by O’Donnell
(2012a). The OTE and OSME of firm i in period t are formally defined as:

OT Eit ⌘ Dt
O(xit ,qit ,zit) (11)

and OSMEit ⌘ FEit/OT Eit . (12)

Equation (12) says that OSME is the component of FE that remains after the OTE com-
ponent has been removed. Several closely-related measures of efficiency are available.
For example, output-oriented scale efficiency (OSE) is a measure of pure economies of
scale, and residual mix efficiency (RME) is the component of OSME that remains after
the OSE component has been removed (i.e., RMEit = OSMEit/OSEit). Input-oriented
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measures of technical, scale and mix efficiency are also available. For more details, see
O’Donnell (2012a).

In this paper, the only measures of efficiency that are of interest are those defined
by equations (8) to (12). It is clear from these equations that T FPEit = FEit ⇥EEit and
FEit = OT Eit ⇥OSMEit . Thus, the TFPE of firm i in period t can be written as

T FPEit = EEit ⇥OT Eit ⇥OSMEit . (13)

This provides a basis for an exact output-oriented decomposition of TFP change. If
there are no environmental variables involved in the production process then EEit = 1.
In this case, equation (13) can be rewritten in the form of either equation (8) or (9) in
O’Donnell (2012d, p. 880).

5. Decomposing TFP Change

To decompose the TFP index defined by (4), it is convenient to first rearrange (8)
as T FPit = T FP⇤

t ⇥T FPEit . Substituting (13) into this result yields T FPit = T FP⇤
t ⇥

EEit ⇥OT Eit ⇥OSMEit . A similar equation holds for firm k in period s. Thus, the TFP
index defined by (4) can be decomposed as:

T FPIksit =
T FP⇤

t
T FP⇤

s
⇥ EEit

EEks
⇥ OT Eit

OT Eks
⇥ OSMEit

OSMEks
. (14)

The first term on the right-hand (RH) side of (14) is a measure of technical change. The
remaining terms are obvious measures of efficiency change. If there are no environ-
mental variables involved in the production process then the environmental efficiency
change component vanishes and (14) collapses to equation (11) in O’Donnell (2012d,
p. 881). Again, two other special cases are of interest.

First, if the output distance metafunction is given by (3), then the technical efficiency
change component in (14) is


OT Eit

OT Eks

�
=


a 0qit

a 0qks

� M⇤

’
m=1

✓
xmks

xmit

◆bm exp(gs)

exp(gt)

� J⇤

’
j=1

✓
z jks

z jit

◆r j

. (15)
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A simple rearrangement of this equation yields:


a 0qit

a 0qks

� M⇤

’
m=1

✓
xmks

xmit

◆lm

=


exp(gt)

exp(gs)

� J⇤

’
j=1

✓
z jit

z jks

◆r j


OT Eit

OT Eks

� M⇤

’
m=1

✓
xmit

xmks

◆bm�lm

. (16)

The left-hand (LH) side of this equation is the measure of TFP change (hereafter DTFP)
defined by (6). The terms on the RH side are measures of technical change (DT), EE
change (DEE), OTE change (DOTE), and OSE change (DOSE) respectively. There is no
RME change (DRME) component in (16) because the output and input aggregator func-
tions are proportional to the output and input distance metafunctions.6 Equation (16)
says that DTFP = DT ⇥ DEE ⇥ DOTE ⇥ DOSE. If the technology exhibits CRS then
bm = lm and DOSE = 1. If the technology exhibits CRS and all firms are technically
efficient then DOTE = DOSE = 1 and DTFP = DT ⇥ DEE. In the growth accounting
literature, this residual is known as the Solow (1957) residual.7

Second, the TFP index that will be used for the empirical work in this paper is the
Lowe-GY TFP index defined by (7). If the output distance metafunction is given by (3),
then this index can be decomposed as:8

T FPIksit =


exp(gt)

exp(gs)

� J⇤

’
j=1

✓
z jit

z jks

◆r j


OT Eit

OT Eks

� M⇤

’
m=1

✓
xmit

xmks

◆bm�s̄m  p̄0qit

a 0qit

a 0qks

p̄0qks

�
. (17)

Again, the first three terms on the RH side are measures of technical change, EE change,
and OTE change. Collectively, the remaining terms are a measure of OSME change
(DOSME). Thus, this equation says that DTFP = DT ⇥ DEE ⇥ DOTE ⇥ DOSME. If
there is only one output then last term in square brackets vanishes and the DOSME
component can be decomposed as DOSME = DX1 ⇥ . . .⇥ DXM where the definitions
are obvious. If markets are perfectly competitive and firms maximise profits then p̄ µ
a and s̄m = lm.9 In this case, equation (17) collapses to equation (16). In practice,
estimating the components on the RH side of (17) involves estimating the unknown

6For details, see O’Donnell (2012a, Section 3.7).
7Solow (1957, p. 312) uses the term technical change “as a shorthand expression for any kind of shift

in the production function” (his italics). In this paper, shifts in the production function are due to technical
change and environmental change (only).

8To see this, simply multiply both sides of (16) by the RH side of (7) and then rearrange the result.
9See footnote 5.

11



parameters of the output distance metafunction.

6. Econometric Estimation

If assumptions A1–A6 are true, then the output distance metafunction can be rewrit-
ten in the form:

lnQit = g0 + g1t +
J

Â
j=1

r j lnz jit +
M

Â
n=1

bm lnxmit + vit �uit (18)

where Qit µ p̄0qit is an aggregate output, uit ⌘� lnDt
O(xit ,qit ,zit)� 0 is an unobserved

output-oriented technical inefficiency effect, and vit is an unobserved error accounting
for statistical noise. In the present case, the noise component accounts for functional
form errors [e.g., the possibility that the output distance metafunction does not have the
same form as (3)], measurement errors (e.g., the possibility that Qit is not proportional
to p̄0qit) and omitted variables (e.g., the possibility that J < J⇤ or M < M⇤). If noise is
random then (18) is a stochastic production frontier of the type discussed by Meeusen
and van den Broeck (1977) and Aigner et al. (1977). If the output distance metafunction
is written in the form of (18), then, whether or not noise is random, the Lowe-GY TFP
index defined by (7) can be written as:

T FPIksit =


exp(g1t)
exp(g1s)

� J

’
j=1

✓
z jit

z jks

◆r j


OT Eit

OT Eks

� M

’
m=1

✓
xmit

xmks

◆bm�s̄m  exp(vit)

exp(vks)

�
. (19)

This is an empirical version of equation (17). Again, the first three terms on the RH side
are measures of technical change, EE change and OTE change. Even though it does
not involve outputs, the fourth term is still a measure of OSME change.10 The last term
measures the change in statistical noise (DNOISE). Thus, equation (19) says that dTFP
= dT ⇥ dEE ⇥ dOTE ⇥ dOSME ⇥ dNOISE. Estimating the first four components
involves estimating q ⌘ (g1,r1, . . . ,rJ,b1, . . . ,bM)0 and OT Eit . The noise component
can then be estimated as a residual. In practice, it is common to assume that:

10The term output-oriented derives from the fact that OSME is an output-oriented decomposition of the
scale-mix effect: OSME = OSE ⇥ RME. If there is only one output, then the RME component represents
input mix effects only.
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E1: eit ⌘ vit �uit is a random variable with E(eit) =�µ  0 and

E2: Cov(eit ,xmit) =Cov(eit ,z jit) = 0 for all m = 1, . . . ,M and j = 1, . . . ,J.

If these assumptions are true, then the ordinary least squares (OLS) estimator is a con-
sistent estimator of q . Moreover, the corrected least squares (CLS) estimator of Winston
(1957, p. 283) is a consistent estimator of OT Eit .11 Importantly, if the CLS estimator
is used to estimate OTE, then the noise component in (19) vanishes (i.e., DNOISE = 1).
Common statistical tests can be used to assess E1 and E2. If they are not true, then
the OLS and CLS estimators are inconsistent. However, other consistent estimators are
available (e.g., 2SLS, GMM).

7. Productivity Change in the Australian Economy

This section reports estimates the drivers of TFP change in I = 18 sectors of the
Australian economy for the T = 38 years from 1970 to 2007. TFP change is measured
using the Lowe-GY TFP index defined by (7).12 Decomposing this index into measures
of technical change and efficiency change involves estimating the unknown parameters
in equation (18).

7.1. Data

The dataset comprises observations on one output (Qit = total output), M = 3 in-
puts (x1it = capital, x2it = labour, x3it = materials) and J = 18 sectoral dummy vari-
ables (z jit = 1 if i = j, 0 otherwise). The output and input data were drawn directly
from the EU-KLEMS database. For details on the construction of this database, see
O’Mahony and Timmer (2009). The sectoral dummy variables were included to account
for unobserved environmental and technological factors that have different effects on
production in different sectors (e.g., rainfall directly affects agricultural production but
does not directly affect the production of steel; the technologies used to transport goods
and services differ from the technologies used to generate electricity). The time trend
in equation (18) accounts for unobserved environmental and technological factors that

11The CLS estimator of OT Eit is exp(êit � µ̂) where êit is the (i, t)-th least squares residual and µ̂ =
maxi,t{êit}.

12There is only one output in the dataset, so the Lowe output quantity index in (7) could, in fact, be
replaced by any other output quantity index.
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vary systematically over time (e.g., climate change; steady incremental improvements
in technologies). The fact that the dummy variables and the time trend both account
for unobserved environmental and technological factors means that, in this paper, it is
not possible to separately identify the technical change and EE change components of
TFP change. Formal definitions and descriptive statistics for the output and input vari-
ables are reported in Table 1. This table also reports descriptive statistics for input costs
and input cost shares (the average input cost shares are used to compute the GY input
quantity index). A listing of the eighteen sectors is provided in Table 2.

7.2. Parameter Estimates

OLS stepwise regression was used to determine if any sectoral dummy variables
should be omitted from the estimating equation (18). The estimates obtained at the end
of the stepping sequence are reported in the first column of Table 3. All of the esti-
mated coefficients are correctly signed (i.e., consistent with assumptions A1–A6) and
significant at the 5% level of significance. Unfortunately, a Hausman test led to the re-
jection of assumption E2 at the 5% level of significance. This test was conducted using
input prices and lagged output prices as instruments.13 Rejection of assumption E2 sug-
gests that inputs of capital, labour and/or materials are endogenous, and that the OLS
estimator is biased and inconsistent. Consequently, the model was re-estimated using
two-stage least squares (2SLS). The 2SLS estimates are reported in the second column
of Table 3. Again, input prices and lagged output prices were used as instruments. A
test of over-identifying restrictions confirmed that these instruments are valid. All of the
2SLS estimates are statistically significant, but the estimated elasticity of capital is in-
correctly signed. Consequently, the model was re-estimated using inequality-restricted
two-stage least squares (R2SLS). The inequality restrictions were imposed using the
simulation methodology of Geweke (1986).14 The R2SLS estimates are reported in the
third column of Table 3. This estimated model explains more than 96% of the varia-
tion in log-output (around its mean). All estimated elasticities are correctly signed and

13Output prices were constructed by dividing the value of gross output (variable GO in the EU-KLEMS
database) by the gross output quantity index (GO QI). Similarly, input prices were constructed by dividing
capital, labour and intermediate input costs (CAP, LAB and II) by the associated quantity measures.

14The Geweke (1986) algorithm is an accept-reject algorithm. The estimates reported in Table 3 were
obtained using two million draws.
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statistically significant by construction. The R2SLS estimate of the elasticity of scale
is slightly higher than the OLS and 2SLS estimates, and significantly different from
one. All three estimates plausibly indicate that the metatechnology exhibits decreasing
returns to scale. Among other things, this implies that the Solow (1957) residual is an
unreliable measure of TFP change. The R2SLS estimates of OTE (obtained using the
CLS estimator) are generally similar to the 2SLS estimates (see the last row in Table 3).

7.3. The Drivers of TFP Change

Estimates of TFP change in selected sectors of the Australian economy are reported
in Figure 1. This figure reveals that there have been large variations in TFP performance
across sectors and over time. Effective public policy-making requires an understanding
the sources of these variations. This section uses the R2SLS parameter estimates re-
ported in Table 3 to estimate the the components on the RH side of equation (19).15 The
CLS estimator is used to estimate OTE so there is no residual noise (i.e., DNOISE = 1).

Figures 2 to 5 report estimates of technical and environmental efficiency change (DT
⇥ DEE), output-oriented technical efficiency change (DOTE), output-oriented scale-mix
efficiency change (DOSME) and, for completeness, changes in residual noise (DNOISE).
All the measures reported in these figures are indexes that use agriculture (i= 1) in 1970
(t = 1) as the reference sector/period. The estimates reported in Figure 2 indicate that
technical and environmental factors have only made a small contribution to TFP change
over the sample period. This figure also indicates that the hotel sector generally operates
in the most favourable production environment and/or uses the most productive tech-
nology. The estimates reported in Figure 3 indicate that changes in technical efficiency
account for a moderate amount of short-term variation in TFP. Hotels and restaurants
were among the most technically efficient firms in the 1970s, and were among the least
technically efficient firms from the early 1990s until the end of the sample period. The
estimates reported in Figure 4 indicate that scale-mix efficiency has been a strong driver
of cross-sectional variations in TFP. Observe that the mining/quarrying sector was one
of the most scale-mix efficient sectors from the early 1970s until the early 1990s, and
that the electricity/gas/water sector was the most scale-mix efficient sector from the
early 1990s until the end of the sample period. Finally, Figure 5 confirms that there is

15The OLS and 2SLS estimates yield qualitatively similar results.
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no residual noise (by construction).
For comparison purposes, Figures 1 to 5 were deliberately drawn using the same

vertical scale. A comparison the five figures reveals that the most important source of
productivity differences across sectors has been differences in OSME (i.e., economies
of scale and scope). For many sectors, changes in OSME have also been the most
important driver of productivity change over time. To illustrate, the components of TFP
change in the mining/quarrying sector have be consolidated into Figure 6. This figure
indicates that changes in mining sector TFP were mainly driven by changes in both
OTE and OSME in the early 1970s, by changes in OTE during the late 1970s and early
1980s, and by changes in OSME since the early 2000s. To obtain deeper insights into
the drivers of OSME, it is useful to write DOSME = DK ⇥ DL ⇥ DM where K, L, and M
refer to capital, labour and materials inputs respectively. This type of decomposition was
discussed at the end of Section 5. Results for the mining/quarrying sector are presented
in Figure 7. This figure indicates that long-term declines in OSME have been associated
with the use of capital and labour. Further insights into roles of capital and labour are
provided in Figure 8. This figure presents capital, labour and materials input quantity
indexes (KI, LI and MI) as well as the capital, labour and materials components of
OSME change (DK, DL and DM). This figure reveals that the use of capital and labour
inputs is negatively correlated with the capital and labour components of OSME change
(correlation coefficients are -0.92 and -0.82 respectively). On the other hand, the use
of materials inputs is positively correlated with materials component of OSME change
(the correlation coefficient is 0.96). These results indicate that declines in mining sector
productivity are mainly due to increases in the use of capital and labour.

8. Conclusion

TFP indexes are important measures of economic performance. Common economic
assumptions concerning technologies, markets and behaviour are often used to inform
the selection of meaningful index formulas. For example, if technologies are CRS Cobb-
Douglas technologies, markets are perfectly competitive, firms maximise profits, and all
inputs and outputs involved in the production process are observed and measured with-
out error, then a meaningful measure of productivity change is the Solow (1957) resid-
ual. The Solow residual is the bedrock of the growth accounting approach to measuring
productivity change.
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This paper uses a Lowe-GY TFP index to measure productivity change in eigh-
teen sectors of the Australian economy over the period 1970 to 2007. The Lowe-GY
TFP index can be computed without knowing anything about technologies, markets or
behaviour. However, we need to know something about technologies in order to de-
compose it into measures of technical change and efficiency change. This paper uses
least squares econometric methods to estimate these components. Importantly, the pa-
per makes no assumptions concerning the functional form of the unknown production
frontier. Assumptions that underpin the growth accounting approach to productivity
measurement are rejected at usual levels of significance.

The empirical results reveal that changes in scale-mix efficiency are one of the most
important drivers of TFP change in the Australian economy. Scale-mix efficiency is
a measure of how well a firm is capturing economies of scale and scope. Changes in
scale-mix efficiency usually occur when rational optimising firms change the scale of
their operations and/or their output and input mixes in response to changes in prices. In
the case of the Australian mining industry, for example, significant declines in scale-mix
efficiency in the last decade have been associated with increases in the use of capital and
labour. In turn, these increases in input use have been associated with improvements
in the sectoral terms of trade. For government policy-makers, the appropriate policy
response depends on whether increases in firm profits are more or less important than
increases in productivity.
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Table 1: Variables and Descriptive Statistics

Variable† Mean St. Dev. Min. Max.
Q gross output (GO QI) 85.049 34.209 13.280 211.93
X1 capital services (CAP QI) 89.875 45.075 14.090 369.76
X2 total hours worked (H EMP) 680.90 902.86 75.790 5121.3
X3 materials inputs (II QI) 82.257 40.424 5.7500 233.55
C1 capital cost (CAP) 7347.0 14060 6.1800 0.13E+6
C2 labour cost (LAB) 11594 21238 221.41 0.17E+6
C3 materials cost (II) 17948 24264 327.63 0.18E+6
S1 capital cost share 0.1814 0.1258 0.13E-2 0.5158
S2 labour cost share 0.3024 0.1217 0.1033 0.7088
S3 materials cost share 0.5162 0.1422 0.1787 0.7835
† EU-KLEMS variable names in parentheses.
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Table 2: List of Sectors

Code Sector
1 Agriculture, hunting, forestry and fishing
2 Mining and quarrying
3 Food, beverages and tobacco
4 Textiles, leather and footwear
5 Wood and of wood and cork
6 Pulp, paper, printing and publishing
7 Chemical, rubber, plastics and fuel
8 Other non-metallic minerals
9 Basic metals and fabricated metal

10 Machinery n.e.c
11 Electricity, gas and water supply
12 Wholesale and retail trade
13 Hotels and restaurants
14 Transport and storage
15 Post and telecommunications
16 Financial intermediation
17 Real estate, renting and business activities
18 Community, social and personal services
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Table 3: Parameter Estimates

Parameter Variable OLS 2SLS R2SLS
g1 Time 0.004 0.004 0.002

(0.001) (0.003) (0.256)
r2 Mining -0.050 -0.040 -0.054

(0.013) (0.021) (0.200)
r4 Textiles 0.046 0.085 0.047

(0.013) (0.025) (0.211)
r5 Wood 0.102 0.057 0.064

(0.014) (0.026) (0.262)
r8 OtherMin 0.111 0.079 0.076

(0.014) (0.029) (0.287)
r10 OtherMach 0.060 0.056 0.040

(0.013) (0.025) (0.242)
r11 ElecGasWat -0.058 -0.055 -0.074

(0.013) (0.025) (0.237)
r13 Hotels 0.124 0.188 0.163

(0.012) (0.035) (0.343)
r14 Transport -0.055 -0.051 -0.048

(0.012) (0.019 (0.187)
r18 Community -0.089 -0.168 -0.107

(0.015) (0.037) (0.286)
b1 Capital 0.087 -0.116 0.021

(0.014) (0.056) (0.188)
b2 Labour 0.039 0.057 0.037

(0.005) (0.012) (0.942)
b3 Materials 0.624 0.817 0.727

(0.007) (0.072) (0.638)
g0 Constant 1.008 0.956 0.898

(0.047) (0.237) (0.238)

Elasticity of Scale 0.749 0.758 0.785
Average OTE 0.742 0.693 0.704
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Figure 1: TFP Change (DTFP)
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Figure 2: Technical and Environmental Change (DT ⇥ DEE)
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Figure 3: Output-Oriented Technical Efficiency Change (DOTE)
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Figure 4: Output-Oriented Scale-Mix Efficiency Change (DOSME)
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Figure 5: Change in Statistical Noise
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Figure 6: Components of TFP Change: Mining and Quarrying
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Figure 7: Components of OSME Change: Mining and Quarrying
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Figure 8: Capital and Labour Change: Mining and Quarrying
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