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Abstract

In this paper, we first investigate the replicability of the seminal work of Kumar and Russell

(The American Economic Review, 2002) on productivity growth and convergence. We then com-

pare Kumar and Russell’s results with estimates obtained using alternative approaches that allow

for statistical noise (e.g., measurement error) in the data. When statistical noise is accounted for,

some of the conclusions found in their study are confirmed and some are not. In particular, capital

deepening still remains as the key factor driving the transformation of the distribution of labor

productivity from a unimodal distribution into a bimodal distribution with a higher mean. How-

ever, we cannot confirm that capital deepening contributes to world convergence. We find instead

statistical evidence that indicates efficiency change is a key driver of world convergence.
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1. Introduction

Since the seminal work of Färe et al. (1994), and Kumar and Russell (2002), frontier methodology

has received considerable attention in the literature on productivity growth and convergence (see

Ray and Desli (1997), Henderson and Russell (2005), Mastromarco and Simar (2014), among

many others). The approach allows for the decomposition of output growth into: technological

change (shift of the frontier), efficiency change (movement towards or away from the frontier) and

input change (movement along the frontier). Kumar and Russell (2002) (hereafter KR), as well

as many others, used deterministic nonparametric Data Envelopment Analysis (DEA) to construct

the frontier. The advantage of DEA is that it does not require a priori assumptions about the

functional form of the frontier (e.g., Cobb-Douglas, translog function, etc.). However, it assumes

no statistical noise (e.g., measurement error) in the estimation of the frontier. This paper aims

to account for statistical noise and investigate the robustness of KR’s results when such noise is

considered.

The most well-known approach dealing with statistical noise is a parametric stochastic frontier

model proposed by Aigner et al. (1977) and Meeusen and van den Broeck (1977). In their models,

an assumption about the parametric specification of the frontier function is required. Kumbhakar

et al. (2007) relaxed the assumption by using the local likelihood estimator (LLE). Their approach

was first applied for continuous explanatory variables; Park et al. (2015) later generalized it to

encompass categorical variables. Both approaches were originally applied to cross-sectional data.

In this paper, we adapt their methods to the context of two-period panel data to measure techno-

logical change nonparametrically. We also adapt the stochastic DEA (SDEA) proposed by Simar

and Zelenyuk (2011) for comparison purposes.

Section 2 presents the estimation of the worldwide production frontier using nonparametric

deterministic (DEA) and nonparametric stochastic methods (SDEA, LLE), and discusses the sim-

ilarities and differences across the methods. Section 3 discusses the robustness of KR’s results

across the approaches and Section 4 concludes the paper.
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2. Methodology

For each country i, i = 1, . . . , n, we denote a period-t input vector as Xit = (Kit, Lit) 2 R2
+,

where Kit is physical capital and Lit is labor. A single output (gross domestic product–GDP) is

denoted as Yit 2 R+. We assume the common technology set, describing a conversion of inputs

to GDP in period t for all countries, can be characterized via a set Tt = {(Xit, Yit) : Xit 2

R2
+ can produce Yit 2 R+ in period t}. The boundary of the technology set is referred to as the

production frontier.

2.1. Data Envelopment Analysis (DEA)

KR used DEA as a tool to construct the worldwide production frontier and the associated efficiency

scores of individual countries (distances from the frontier). In DEA, the technology set, denoted

as T DEA
t , is often assumed to meet a number of regularity conditions such as convexity, free

disposibility in inputs and outputs, and returns to scale (see Färe and Primont (1995) for further

details). Under these assumptions, the technology set can be characterized by the Shephard (1970)

output distance function

D(Xit, Yit) ⌘ inf{� > 0 : (Xit, Yit/�) 2 T DEA
t }. (2.1)

The distance function can also be viewed as a criterion of efficiency of a country i, denoted as

TEit ⌘ D(Xit, Yit). A country is considered as fully efficient when TEit = 1, and technically

inefficient if TEit < 1.

Since the true technology set T DEA
t is not known, individual technical efficiencies must be

estimated. The associated efficiency score for a country i, under the constant returns to scale,

period-t technology, is obtained via the following optimization problem

dTE
DEA

it = inf

�,↵1t,...,↵nt

{� > 0 : (Xit, Yit/�) 2 ˆT DEA
t }, (2.2)

where

ˆT DEA
t =

n

(X, Y ) 2 R2
+ ⇥ R1

+ :

n
X

i=1

↵itYit � Y ;

n
X

i=1

↵itXit  X;↵it � 0, i = 1, . . . , n
o

, (2.3)
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where ↵it are intensity variables.

2.2. Local Likelihood Estimator (LLE)

Our model here is a variant of the stochastic frontier models proposed by Kumbhakar et al. (2007)

and Park et al. (2015). We need to adapt their approaches to measure technological change non-

parametrically.

Let yit denote the logarithm of output (log(Yit)) for a country i in period t, and xit denote the

logarithm of inputs (log(Xit)). Given the sample of 57 countries observed during two periods

1965 and 1990, our localized version of the stochastic frontier model is

yit = m(xit, dt)� uit + vit, (2.4)

where m(., .) is the unknown frontier function. The two-sided error term vit is statistical noise

and vit|xit = x, dt = d ⇠ N(0, �2
v(x, d)). The one-sided error term uit � 0 represents technical

inefficiency and uit|xit = x, dt = d ⇠ |N(0, �2
u(x, d))|. A dummy variable dt takes the value

of 1 if an observation is in the period 1990, and 0 otherwise. The coefficient associated with the

dummy variable dt is a measurement of technological change between the periods 1965 and 1990.

Given the model (2.4), ✓(x, d) = [m(x, d), �2
u(x, d), �

2
v(x, d)]

0 are unknown parameters and are

required to be estimated. The conditional log-likelihood function of ✓ is

L(✓) =
2

X

t=1

n
X

i=1

log
h

g(yit, ✓(xit, dt))
i

, (2.5)

where g(., .) is the known conditional probability density function of yit given xit = x and dt = d.

Direct maximization of the log-likelihood function over ✓ is intractable and suffers from over-

fitting in an infinite-dimensional function space (Tibshirani and Hastie (1987)). The idea of LLE

is to approximate ✓(xit, dt) by polynomial approximation (e.g., local linear approximation) in a

neighborhood of a fixed interior point (x, d) following the direction of continuous variables x.

The neighboring observations around (x, d) are given more weight than those further from (x, d).

The weight is chosen by using a kernel approach. For time discrete variables, we use the kernel
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function W�(dt, d) = �I(dt 6=d), with a bandwidth � 2 [0, 1], and an indicator function I(B) taking

a value of 1 if B holds, and 0 otherwise. The kernel choice has also been employed by Park et al.

(2015). For a vector of p⇥1 of continuous variables xit, we choose the most common kernel in the

applied literature, which is the product kernel defined on Rp, KH(xit, x) = |H|�1
Qp

s=1 k
⇣

xs
it�xs

hs

⌘

,

where H = (h1, . . . , hp
), with hs being a bandwidth of continuous variables xs (s = 1, . . . , p),

|H| being the determinant of H , |H| = h1h2 . . . hp, and k being a Gaussian density (see Pagan

and Ullah (1999, pp.54-55) for other kernel choices).

The local log-likelihood for the local linear approximation at a fixed interior point (x, d) is then

given by

Ln(✓
(0), ✓(1); x, d) =

2
X

t=1

n
X

i=1

⇣

log
h

g(yit, ✓
(0)
(x, d) + ✓(1)(x, d)(xit � x))

i

⇥ KH(xit � x)W�(dt, d)
⌘

. (2.6)

At the point (x, d), the local linear estimator of ✓(x, d), denoted as ˆ✓(x, d) =

ˆ✓(0)(x, d)), and its

first derivative, denoted as (ˆ✓(1)(x, d)), are obtained by maximizing (2.6)

(

ˆ✓(0)(x, d), ˆ✓(1)(x, d)) = argmax

✓(0),✓(1)
Ln(✓

(0), ✓(1); x, d). (2.7)

The bandwidths � and H in (2.6) can be estimated via a number methods such as rule-of-thumb,

plug-in, and cross-validation. Here we choose the leave-one-out cross-validation estimator, a data-

driven approach, to jointly estimate � and H . The bandwidths are chosen by maximizing

MLCV (H, �) =
1

2n

2
X

t=1

n
X

i=1

log[g(yit, ˆ✓�i
H,�(xit, dt))], (2.8)

where ˆ✓�i
H,�(xit, dt) is the ‘leave-the ith observation-out’ version of LLE discussed above.

The procedure in Battese and Coelli (1988, p.391) is used to obtain the predictor of an individual

efficiency score
dTE

LLE

it ⇡ E(exp(�uit)|✏̂it), (2.9)

where ✏̂it = yit � m̂(0)
(xit, dt).
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2.3. Stochastic DEA (SDEA)

Here we adapt SDEA proposed by Simar and Zelenyuk (2011) to the context of continuous and

discrete time variables. The associated individual efficiencies are estimated using a similar proce-

dure as described in DEA (equation (2.2))

dTE
SDEA

it = inf

�,↵1t,...,↵nt

{� > 0 : (Xit, Yit/�) 2 ˆT SDEA
t }. (2.10)

However, in SDEA the construction of the constant returns to scale, period-t technology, ˆT SDEA
t ,

is based on ‘filtered’ data {(Xit, ˆY
⇤
it )}ni=1, where ˆY ⇤

it is filtered from noise using LLE, rather than

the original data {(Xit, Yit)}ni=1

ˆT SDEA
t =

n

n
X

i=1

↵it
ˆY ⇤
it � Y ;

n
X

i=1

↵itXit  X,↵it � 0, i = 1, . . . , n
o

, (2.11)

where ˆY ⇤
it = exp(ŷ⇤it) and ŷ⇤it = m̂(0)

(xit, dt), being the optimal output estimated in (2.7). SDEA

can be viewed as a combination of DEA and LLE estimations.

2.4. Comparison among DEA, SDEA and LLE

For a single output case, we can present a deterministic and stochastic frontier model as Yit =

ft(Kit, Lit)e
�uitevit , where ft(Kit, Lit) is a production function in period t (ft(Kit, Lit) = m(Kit,

Lit, dt)). The key differences across DEA, SDEA and LLE approaches lie in the following aspects:

the presence of statistical noise, the regularity conditions and the estimation of the associated

individual efficiency scores.

DEA assumes statistical noise vit equal to 0, and thus the technical efficiency measuring the

distance from observed data to the frontier is simply the ratio of observed data to optimal output

given inputs, denoted as TEDEA
it = Yit/ft(Kit, Lit). The frontier ft(Kit, Lit) and the associated

efficiency scores are estimated via mathematical programming algorithms as described in (2.2).

Unlike DEA, LLE accounts for statistical noise vit, i.e., vit is different from 0. The techni-

cal efficiency is the ratio of observed output to the corresponding stochastic frontier, denoted as
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TELLE
it = Yit/(ft(Kit, Lit)e

vit
), which can be estimated via an approximation as shown in equa-

tion (2.9). The frontier ft(Kit, Lit) is estimated via the maximum likelihood-based method.

Both DEA and SDEA require mathematical programming algorithms to estimate the individual

technical efficiency scores. While DEA uses an ‘original’ data {(Kit, Lit, Yit)}ni=1 to construct

the frontier ft(Kit, Lit), SDEA uses a ‘filtered’ data {(Kit, Lit, ˆY
⇤
it )}ni=1, where ˆY ⇤

it is filtered from

possible noise using LLE.

It is noted that the frontier, in the set up of LLE, is not required to meet a number of regularity

conditions, as is the case in DEA and SDEA. The regularity conditions can be imposed using the

constrained regression techniques (see Du et al. (2013)). In KR’s study, the constant returns to

scale can be imposed directly in LLE by normalizing the dependent and independent variables by

labor (i.e., Yit/Lit = ft(Kit/Lit, 1)).

2.5. Tripartite decomposition of output per worker growth

Under the constant returns to scale technology, KR decomposed output per worker (labor produc-

tivity) growth into three factors: efficiency change (the movement toward to the frontier), techno-

logical change (the shift of the frontier) and capital deepening (the movement along the frontier).

The basic idea underlying the decomposition is that the countries are assumed to operate according

to a common efficient frontier. Accordingly, the countries can be thought of as performing on or

within the frontier, and the distance from a country to the frontier reflects the technical efficiency.

Over time, a country can perform more efficiently and move toward the frontier, or the frontier

itself can shift outward over time, indicating technological progress. A country can also move

along the frontier by changing inputs.

Mathematically, the decomposition of labor productivity growth for a country i between a base
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period (t = 0) and a current period (t = 1) can be represented as

Yi1/Li1

Yi0/Li0
=

TEi1

TEi0
⇥

⇣f1(Ki1/Li1, 1)

f0(Ki1/Li1, 1)
⇥ f1(Ki0/Li0, 1)

f0(Ki0/Li0, 1)

⌘1/2

⇥
⇣f1(Ki1/Li1, 1)

f1(Ki0/Li0, 1)
⇥ f0(Ki1/Li1, 1)

f0(Ki0/Li0, 1)

⌘1/2

= EFFi ⇥ TECHi ⇥ KACCUMi, (2.12)

where ft(., .) is the potential output per unit of labor in period t. An individual score TEit is esti-

mated via DEA (equation (2.2)), SDEA (equation (2.10)) or LLE (equation (2.9)). The first term

on the right-hand side of equation (2.12) measures efficiency change, the second term captures

technological change and the last term reflects capital deepening.

3. Empirical Results

KR focus on a number of important issues in productivity growth and convergence: What are

the main sources of labor productivity growth during 25 periods from 1965-1990? Is there any

evidence suggesting the tendency of world convergence—the poor can ‘catch up’ with the rich?

What are the key determinants for world convergence?

3.1. Analysis of tripartite decomposition of labor productivity growth

Table 3.1 presents the percentage change of the tripartite decomposition of labor productivity

growth for some selected countries in the sample.1 Column (i) of Table 3.1 provides the results

estimated via DEA, column (ii) reports the values computed via SDEA, and column (iii) presents

the estimates obtained via LLE.

Comparing across the three sets of these estimates, we note that although the difference in the

mean contribution of technological change is relatively small, there are substantial discrepancies

1 The results of percentage change of the tripartite decomposition of labor productivity growth for all 57 countries

are referred to Table 4.1 in Appendix.
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in the contributions of efficiency change, and of capital deepening. In particular, both stochastic

approaches (LLE and SDEA) suggest a decrease in the mean contribution of efficiency scores to

labor productivity growth (�8.5% in the case of SDEA, and around �5.4% in the case of LLE),

while the reverse holds in the case of deterministic DEA (5.2%). One explanation is statistical

noise. DEA considers that any deviation of observations from the frontier is explained by ineffi-

ciencies. On the other hand, the deviations are due to both inefficiencies and statistical noise in

LLE and SDEA. The negative contribution of efficiency change to labor productivity growth (e.g.,

Australia, Belgium, Germany, Italy, United Kingdom, etc.) should not be interpreted as lowering

the well-being of these countries, rather, it means that these countries have not exploited their

resources as efficiently as other countries with higher technical efficiency scores over the time

period, given similar levels of inputs. Also, a negative contribution of technical efficiency scores

might indicate that the countries can improve their respective labor productivity further if there

is an improvement in technical efficiency (e.g., better utilization of resources, labor management,

etc.).

Capital deepening is confirmed as the primary source of worldwide productivity growth over 25

years, yet the magnitude of the mean contribution of capital deepening seems to be underestimated

when statistical noise is not considered in the estimation of the world frontier. Its magnitude is

only 59% in the case of DEA whereas it is 86% for both LLE and SDEA. The differences across

the approaches are more pronounced when we have a closer look at individual countries such

as Belgium, France, Japan, Luxembourg. For Belgium, the contribution of capital deepening

estimated in SDEA, LLE (approximately 85.5%) is almost three times higher than that obtained

in DEA (29.41%).

3.2. Analysis of labor productivity distributions

By employing a kernel-based density estimator, KR observed that labor productivity distribution

had one peak in 1965, and contained a twin-peak in 1990. They went on to explore the underlying

factors driving the bimodal transformation. Following KR, we first construct the counter-factual

distribution by sequentially multiplying the labor productivity (yL = Y/L) using the actual data

10



for 1965 by each component of the tripartite decomposition. For instance, the counter-factual dis-

tribution based on capital deepening, denoted as pdf(yL65⇥KACCUM ), is obtained by adjusting

labour productivity based on the 1965 data by the effect of capital deepening.

Table 3.2: Testing for the significant contributions of various sources to the bimodal transformation of output per

worker

DEA (i) SDEA (ii) LLE (iii)

H0 : Distributions are equal Test Bootstrap Test Bootstrap Test Bootstrap

H1 : Distributions are not equal statistic p-value statistic p-value statistic p-value

(ia) (ib) (iia) (iib) (iiia) (iiib)

pdf(yL90) vs. pdf(yL65) 3.52 0.00 3.52 0.00 3.52 0.00

pdf(yL90) vs. pdf(yL65 ⇥ EFF ) 2.78 0.00 4.69 0.00 4.26 0.00

pdf(yL90) vs. pdf(yL65 ⇥ TECH) 2.06 0.01 2.27 0.01 2.79 0.01

pdf(yL90) vs. pdf(yL65 ⇥KACCUM) 0.77 0.19 0.80 0.16 1.26 0.07

pdf(yL90) vs. pdf(yL65 ⇥ EFF ⇥ TECH) 1.61 0.04 3.76 0.00 3.71 0.00

pdf(yL90) vs. pdf(yL65 ⇥ EFF ⇥KACCUM) 0.68 0.27 0.37 0.59 0.10 0.90

pdf(yL90) vs. pdf(yL65 ⇥ TECH ⇥KACCUM) -0.06 0.93 1.83 0.03 2.13 0.01

Notes:

• pdf(z) stands for probability density function of Z.

• We use the bootstrapped Li (1996) tests with 2000 bootstrap replications and Silverman’s(1986) rule of thumb bandwidth.

We perform a statistical test proposed by Li (1996, 1999) to test the equality between the 1990

labor productivity distribution and its counter-factual distributions based on efficiency change,

technological change, and capital deepening. We find that the conclusions of the hypotheses are

identical across the approaches (see the second, third and fourth rows of columns (ib), (iib), (iiib)

in Table 3.2), confirming that capital deepening is the key source of the bimodal transformation

of labor productivity distribution.2 In addition, we note that p-values are smaller than 0.05 in the

hypothesis tests where the counter-factual distributions are based on technological change or its

2For the sake of space, we only present the distribution of labour productivity based on the actual 1990 data and
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combination with other components (see the third, fifth and seventh rows of columns (iib), (iiib) in

Table 3.2). This might indicate that technological change dampens the twin-peak transformation,

and that it might be a source impeding the division of the world into two clubs: the poor and the

rich.

3.3. Convergence hypothesis

Another important issue investigated by KR is to identify the determinants of world convergence.

Following KR, we regress each of the decompositions on the output per worker in the base period

(1965). The signs and significance of the resulting coefficients of these regressions shed light on

catch-up convergence (if they are negative and significant), or divergence (if they are positive and

significant).

Table 3.3: Growth regressions of the percentage change in output per worker 1965 and the three decompositions

Independent variable

(Output per worker in 1965) DEA (i) SDEA (ii) LLE (iii)

Dependent Variables Coefficient Coefficient Coefficient

(p-value) (p-value) (p-value)

(EFF � 1) ⇥ 100 0.09 -0.87 -0.47

(0.81) (0.01) (0.07)

(TECH � 1)⇥ 100 0.77 0.60 0.05

(0.05) (0.01) (0.70)

(KACCUM � 1)⇥ 100 -2.37 -0.83 0.26

(0.00) (0.46) (0.82)

Table 3.3 summarizes the estimated coefficients and the p-values of their respective regres-

sions.3 The coefficient, reflecting the relationship between the contribution of efficiency to the

its counter-factual distributions following the order KACCUM � TECH � EFF for all approaches. These are

referred to Figure 1, 2, 3 in Appendix. For other orders, the results are available from the authors upon request.
3Figure 4 depicting the patterns of the least-square regressions is presented in Appendix.
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productivity growth and the output per worker in 1965, was positive and statistically insignificant

in KR’s study. On the other hand, we find the coefficient is significantly negative at the 5% level of

significance in the case of SDEA, and at 10% in the case of LLE. The result favors the conclusion

that efficiency change is one of drivers of world convergence. In other words, the low capital-labor

ratio countries have benefited significantly from the improvement in their own efficiency, and poor

countries are able to ‘catch up’ with the rich. The result is in line with the findings of Badunenko

et al. (2008).

We now turn into the impact of technological change on world convergence. The coefficients

of the least-square regressions are positive and statistically significant in the cases of DEA and

SDEA, yet this does not hold in the case of LLE. It is therefore inconclusive to conclude whether

technological change makes a contribution in reducing the gap between the rich and the poor.

For capital deepening, our results do not suggest capital deepening contributes to convergence

of income per worker across the sample as found in KR’s study. We find the coefficients are in-

significantly negative (positive) in SDEA (LLE). The insignificant results should not be interpreted

to mean that capital deepening does not contribute to labor productivity growth. In fact, the results

in Table 4.1 reveal capital deepening has a significant impact on labor productivity growth of most

countries in the dataset such as Austria, Ecuador, Greece, Ireland, Spain, Portugal, etc.

4. Conclusion

This paper first set out to replicate the KR’s results and that was achieved. Secondly, the robustness

of their conclusions was investigated when statistical noise is explicitly modeled in the estimation

of the production frontier. For this purpose, a deterministic approach (DEA) and stochastic non-

parametric approaches (LLE, SDEA) were used. Capital deepening is confirmed as the primary

source driving the bimodal transformation of the labor productivity distribution. The magnitude of

its contribution to labor productivity growth seems to be underestimated when statistical noise is

not accounted for. For instance, deterministic DEA suggests the U.S. capital deepening only con-

tributes around 19% to the growth of U.S. labor productivity whereas its magnitude is about two
13



and half times lower than those estimated in LLE and SDEA (above 49%). We found efficiency

change makes a contribution to world convergence.

Beyond our comparison and replication, the methods (SDEA and LLE) used in this paper might

be appealing to some economic growth researchers, who wish to study other issues in economic

growth and convergence in the framework, where an assumption about the functional form of the

production function is relaxed and statistical noise is modeled in the frontier estimation.

Acknowledgements

We would like to thank our colleagues and participants of various workshops including the Centre

for Efficiency and Productivity Analysis (CEPA) workshop and the Workshop on Econometrics

and Statistics of Efficiency Analysis: Recent Developments and Perspectives in Lecce for helpful

comments to improve this paper.

14



References

Aigner, D., Lovell, C., and Schmidt, P. (1977). Formulation and estimation of stochastic frontier production function

models. Journal of Econometrics, 6(1):21 – 37.

Badunenko, O., Henderson, D. J., and Zelenyuk, V. (2008). Technological change and transition: Relative contribu-

tions to worldwide growth during the 1990s*. Oxford Bulletin of Economics and Statistics, 70(4):461–492.

Battese, G. E. and Coelli, T. J. (1988). Prediction of firm-level technical efficiencies with a generalized frontier

production function and panel data. Journal of Econometrics, 38(3):387 – 399.

Du, P., Parmeter, C., and Racine, J. (2013). Nonparametric kernel regression with multiple predictors and multiple

shape constraints. Statistica Sinica, 23(3):1347–1371.
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Figure 1: The counter-factual distributions of output per worker are constructed following the order KACCUM �

TECH � EFF using DEA
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Figure 2: The counter-factual distributions of output per worker are constructed following the order KACCUM �

TECH � EFF using SDEA
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Figure 3: The counter-factual distributions of output per worker are constructed following the order KACCUM �

TECH � EFF using LLE
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Figure 4: The tripartite decomposition plotted against output per worker in 1965
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