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Abstract. We propose a two-party model of policy promises and valence for office-seeking
candidates under a two-stage electoral process with strategic voters. There are two equilib-
rium regimes depending on whether a good quality candidate of one party can win elections
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comparative statics analyses including how the change of public opinion affects equilibrium
outcomes. Using a modified model including the decision of each candidate on entering the
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comes, and the good quality candidate in the opponent party has sufficiently low valence rel-
ative to the good quality candidate in her own party, she does not enter. This is because her
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1 Introduction

Across the world, primaries have become commonplace as a means to select a party’s represen-
tative to compete in an upcoming general election. This applies to many countries other than
the US, including some European and Latin American countries (see Morton, 2006, (Carey and
Polga-Hecimovich, [2006). Similarly, in 2009, the Conservative Party in the UK experimented
with the use of open primaries to select two of its parliamentary candidates. Preselection where
party members vote for candidates to run for office at particular elections is also common in
Australia, New Zealand, and Canada.

In much of the literature, and in this paper, a candidate is modeled as a combination of a
policy promise and a one-dimensional measure of personal characteristics (or valence). There
is a large body of empirical work that studies how these two factors affect electoral outcomes.
Studies of the US, and evidence from recent cross-country research of Western Europe suggest
that changes to candidates’ valence have important electoral consequences and show that there
is some relationship between valence, voters’ choices, and the ideological distance between the
candidates’ policy promises (see Abney et al., 2013} |Clark and Leiter, 2014, |Green and Hobolt,
2008, /Adams et al., 2012, |Buttice and Stonel 2012)). Many studies have also analyzed how the
valence of party elites affects voters’ electoral support for parties (Mondak, 1995, McCurley
and Mondak! 1995, |Stone and Simas, [2010), although the relationship between valence, policy
decisions, and electability remains uncertain.

There is a view that having primaries results in more extreme polarization because candi-
dates need to appeal to partisan primary voters, whose preferences are typically more extreme
than those of voters in the general election, and so candidates tend to take more extreme posi-
tions. Polarization, which refers to the process by which public opinion divides and moves to
the extremes, is a significant contemporary concern (Benoit and Laver, 2006, McCarty et al.,
2006, 2013, Woon, 2018, Hill and Tausanovitch, 2018)). Several works have considered the
view that primaries also induce a high level of polarization, although the empirical results are
mixed. Overall, while primaries may cause polarization in limited circumstances (Bullock and
Clinton, 2011), they could also serve to reduce polarization because the general elections will
continue to exert some moderating pressure on candidates (Hirano et al., 2010, Hall, 2015).

This paper contributes to this literature by providing a theoretical framework for a two-
stage electoral process where voters consider the policy promises, valence, and electability of
candidates when voting in primaries. In the theoretical literature, there are several attempts
to model a primary election. Among these, the closest to our analysis is Hummel (2013)).
Hummel| (2013) examines a scenario that we term the symmetric game. Our model is an
extended version of the Hummel (2013)) model.

Our model works in the following way. There are two parties and each party has two
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party’s advantaged candidate. Before the primaries, the four candidates simultaneously select
their policy promises and both parties simultaneously hold primary elections. In the second
stage, the winning candidate from each primary election competes in the general election.
However, there is uncertainty about the realization of the median voter’s bliss point in the
general election. Voters judge candidates on two aspects: policy promises and valence. Voters
in each party’s primary choose strategically between the two candidates of their party. In
the model, we make the no Etch a Sketch assumptio such that politicians are committed
to the one policy promise for both the primary and general elections. We define a political
equilibrium as a pure strategy Nash equilibrium.

In equilibrium, there are two possible regimes. Without loss of generality, we assume that
the left party’s advantaged candidate’s valence is at least as high as the valence of the right
party’s advantaged candidate. In regime 1, the left party’s advantaged candidate has much
higher valence than all the other candidates, such that there is some policy promise for the
left party’s advantaged candidate that guarantees her victories in both the primary and general
elections. In regime 2, the differences in valence between the candidates are not as significant
as in regime 1, and there is a policy promise for the right party’s advantaged candidate that
allows her to win the general election with some strictly positive probability. In regime 2, our
result demonstrates that in equilibrium, the advantaged candidate in each party chooses that
policy which maximizes the probability of winning the general election subject to just beating
the disadvantaged candidate in the primary election.

In reality, we have observed both competitive and uncompetitive primariesE] For exam-
ple, we could well imagine that the presence of a very strong candidate could result in an
uncompetitive primary. In our analysis, a regime 1 equilibrium is the situation where the best
advantaged candidate has a policy promise that guarantees victories for her, and in this sense,
she is less constrained by her party’s primary, which can be interpreted as relatively uncom-
petitive. In contrast, a regime 2 equilibrium is the situation where advantaged candidates are
more constrained by primaries, which can be interpreted as more competitive. Our first set of
theorems provides sufficient conditions under which an equilibrium exists and belongs to each
regime.

Further, as a special case of our general model, we consider the symmetric game where both

'This is a common assumption in the literature, with Hummel| (2013) and |Grofman et al.| (2019) making the
same. Its origin lies in the 2012 Republican presidential primaries. Asked whether candidate Mitt Romney had
moved too far to the right for the upcoming general election, his top aide, Eric Fehrnstrom, said that they would
hit a reset button for the fall campaign, “almost like an Etch A Sketch.” Two rival candidates then held up an
Etch A Sketch toy as a visual aid to their audiences and criticized the remark. For further details, see: http:
//en.wikipedia.org/wiki/Mitt_Romney_presidential_campaign,_2012, viewed on May

4,2019.
’For instance, see https://edition.cnn.com/election/2018/primaries|for the results of the

US presidential primaries in 2018, viewed on May 4, 2019.
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parties’ advantaged candidates have the same level of valence, while both parties’ disadvan-
taged candidates also share the same but lower level of valence. In addition, the distribution of
the overall median voter’s bliss point is also symmetric. We show that the equilibrium in the
symmetric game always exists, and prove that if the difference in valences between the advan-
taged and disadvantaged candidates is small relative to the distance between the bliss points
of the parties’ median voters and the median of the overall median voter’s bliss point, which
we call the center, then the equilibrium in [Hummel (2013)), which is a regime 2 equilibrium,
exists. Otherwise, both advantaged candidates choose the center.

Our model also covers another special case where one party’s sole candidate is an incumbent
already in office committed to a predetermined policy promise, while the other party holds a
primary between its two candidates. In this scenario, we characterize the equilibrium. Further,
we conduct comparative static analyses. The first result of these examines the impact of a
change in the left party’s advantaged candidate’s valence. We show that when the left party’s
advantaged candidate’s valence increases, most of her rivals’ policy promises become more
extreme, in the sense that they shift their policy promises closer to their own party’s median
voters and away from the center.

Another set of comparative statics analyses several scenarios where the distribution of pub-
lic opinion changes. First, we compare an equilibrium in two societies, such that in one society,
public opinion is clustered closer to the center than the other society. Second, we consider two
scenarios: under the first scenario, there are more left extremists in one society than the other;
under the second scenario, the centrists’ opinion shifts toward the left. Our general model al-
lows us to consider how these changes in public opinion affect the equilibrium outcomes and
provide results that can be empirically testable.

Finally, we consider a modified version of the game where the candidates strategically
choose to enter a primary. We show that if the disadvantaged candidate cares more about
policy outcomes, the disadvantaged candidate enters the primary. Conversely, if that candidate
places less importance on policy outcomes, and the advantaged candidate in the opponent party
has a sufficiently low valence level relative to the advantaged candidate in her own party, she
does not enter. This is because her entry will constrain the policy promise of the advantaged
candidate in her own party, potentially damaging the probability of her party winning the
general election.

In the symmetric game in the Hummel| (2013) model, Hummel (2013) provides the set of
sufficient conditions for the existence of a regime 2 equilibrium. We extend this analysis to
the setting in which the four candidates’ valence values are heterogeneous, and the distribution
F' is not necessarily symmetric. One of our results obtains the result in Hummel (2013) as
a special case. We further show that equilibrium in the symmetric game always exists, and
prove that if the difference in valences between the advantaged and disadvantaged candidates
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center, then the equilibrium in Hummel| (2013) arises, otherwise both advantaged candidates
choose the center. However, in contrast to Hummel (2013)), our results also apply to games that
are not symmetric and to candidates with heterogeneous valence levels. Hummel| (2013)) also
considers strategic entry into party primaries in the symmetric game. As the valence level of
the advantaged candidates is the same for the two parties in Hummel’s analysis, the impact of
the opponent party’s advantaged candidate’s valence on the disadvantaged candidate’s decision
to enter the primary election cannot be captured. Our result here adds yet another interesting
insight into the decisions by politicians whether to enter the race.

Further, in the literature on pure strategy Nash equilibria in political competition models,
Aragones and Palfrey| (2002) employ the standard Downsian model of two-candidate elec-
tions of two politicians, such that one is more advantaged in terms of valence than the other,
and show that pure strategy Nash equilibria often do not existE] Intuitively, a pure strategy
Nash equilibrium may fail to arise because an unending “policy chase” arises in which the
advantaged candidate continually pursues the disadvantaged candidate’s policy promise over
the entire policy space. In our model, a Nash equilibrium could also fail to exist. However,
the existence of the disadvantaged candidate in the primary could limit the extent of the chase
by the advantaged candidate, and in this circumstance, an unending policy chase does not oc-
cur. Then, a regime 2 equilibrium could exist, for which one of our main theorems specifies
the condition. Interestingly, the existence of primaries could eliminate the possibility of an
unending policy race.

Despite many real examples of two-stage electoral processes around the world, theoretical
studies involving party primaries are still stylized relative to their importance. We provide a
vehicle for responding to questions about the effects of primary elections, valence, and changes
in public opinion on policy promises. Our findings are also testable and generally consistent
with the empirical research on primaries and the roles of valence in elections. We provide an
equilibrium analysis that is analytically tractable and deals with the multidimensional issues
of policy promises and valence.

Further, our model is robust under various extensions, and particularly useful for conducting
comparative statics. In our analysis, we also provide testable predictions for electoral outcomes
as public opinion changes. As|/Harmon (2018)) describes, an influx of immigrants could affect
public opinion and the world has experienced profound demographic changes, particularly this
century (for example, see |[Frey, 2015). The framework presented in this paper can also be a
vehicle to examine how changes in public opinion affect electoral outcomes.

Recently, Hirano and Snyder| (2014) have argued that the literature underestimates the value

3See also [Saporiti| (2008), which uses the concept of the better-reply security proposed by [Reny| (1999) to
consider the existence of pure strategy Nash equilibria, and [Takayama et al.| (2019) which uses the recently
developed concept in the literature of discontinuous games by McLennan et al.| (2011)) to prove the existence of

pure strategy Nash equilibria, in games where the median voter’s bliss point is stochastic.



of primaries. While there is an increasing body of empirical research that has considered the
effects of primaries on electoral prospects using more recent and international data sets (for
example, see Carey and Polga-Hecimovich, 2006, [Stone et al., |1992), theoretical research
continues to lag behind. In fact, until very recently, most models of electoral competition in
the theoretical literature assume that candidates representing their political parties compete in
single-stage elections. Only of late has there been a greater attempt at providing a theoretical
framework for primary elections.

Owen and Grofman| (2006) develop a model of two-stage electoral competition based on
the framework proposed by (Coleman| (1971), and examine the candidates’ policy positions.
Furthermore, /Adams and Merrill| (2008)) propose a model where there are two candidates in
each party, each of whom attempts to maximize the joint winning probability in both the gen-
eral and primary elections. In their model, voters vote sincerely and they prove the existence
of a Nash equilibrium when the voter’s utility is concave and peaks at the voter’s ideal point.
Furthermore, they show that when the candidates in the same party have the same valence, they
choose the same policy position in equilibrium. They also show that as the other party’s can-
didates’ valence increases, candidates have an incentive to shift unilaterally toward the general
election median voter’s bliss point. Our results show that this tendency does not hold in our
framework when voters vote strategically. When one advantaged candidate’s valence increases
in our setting, this pushes the other candidates’ equilibrium policies away from the center and
toward their own party’s median voter’s bliss point.

Another similar analysis to ours is (Grofman et al. (2019). |Grofman et al.| (2019) assumes
that voters are sincere in the sense that they always vote for the candidate with the policy
closest to their own bliss points without considering the viability of the candidate in the general
election. Using this,|Grofman et al.|(2019) shows that an equilibrium always exists with sincere
voters. In our model, voters are strategic in casting their votes in the primary elections in
the sense that they also take into consideration the chances of each candidate in the general
election. As discussed, when an unending policy chase arises, an equilibrium may fail to exist
because the best response is not well defined for at least one of the two advantaged candidates.
We show that in the symmetric game, even when this happens, at the center, the probability of
winning the general election is continuous, and hence the best responses are well defined for
the two advantaged candidates. Thus, there is always an equilibrium in the symmetric game.

There is yet another stream of the literature that considers how primaries affect policy out-
comes. For example, Serral (2011) proposes a model of party elites in which those who have
a different bliss point from the party’s median voter decide whether or not to hold a primary
election. Snyder and Ting| (2011) consider a model with primaries in which the candidate can
differ in quality, but they do not include endogenous candidate policy promises in their model.
Woon| (2018) uses behavioral game theory and experiments to examine how primaries affect

policy promises. Our model can also be used to examine how having a primary affects pol-



icy outcomes. Using the modified version of the model, we also analyze the scenario where
candidates endogenously decide whether to enter the primary, and show that if a low quality
candidate places less importance on policy outcomes, and the good quality candidate in the
opponent party has sufficiently low valence relative to the good quality candidate in her own
party, she does not enter, because her entry will potentially damage the probability of her party
winning the general election.

In the literature (e.g., see Adams and Merrill, 2008), it is widely acknowledged that there
are two opposing forces determining the candidates’ policy promises: namely, how do office-
seeking candidates balance the centrifugal incentive to appeal to their primary voters against
the centripetal motivation to appeal to voters in the general election if they have to commit to
the same policy promises at both stages of the electoral competition? Realistically, at the later
stage, politicians are constrained by policy promises made at an earlier stage of the electoral
competition. One difficulty is to characterize an optimal policy promise for each candidate
who faces these opposing incentives, especially when voters in the primaries are strategic.
The literature so far has assumed that primary voters vote sincerely and do not consider the
candidates’ prospects in the general election when casting their primary votes. Put differently,
the electoral competition game is symmetric (see McGann, 2002, Adams and Merrill, 2008,
Owen and Grofman, [2006), even though empirical studies suggest that some primary voters
are strategic and do consider the candidates’ prospects in the general election (Abramowitz,
1989).

The remainder of the paper is organized as follows. Section 2 describes the model and
Section 3 provides the equilibrium analysis. Section 4 demonstrates the equilibrium under
the scenario of the one primary, while Section 5 conducts the comparative statics. Section 6

discusses some extensions and extends the model with endogenous entry. Section 7 concludes.

2 The Model

In the model, there are two parties, which we refer to as party R and party L. The policy space
X = [-1,1] is unidimensional. Party R and party L have their respective core constituencies
toward the right (closer to 1) and the left (closer to —1) in X.

We assume that the electoral process involves two elections: a primary election and a gen-
eral election. First, both parties hold a primary election. Voters in each party’s primary choose
strategically between the two candidates in their primary. Second, in the general election,
the winning candidate in the primary election competes with the other party’s winner of their
primary election.

Each party has two candidates. The candidates are assumed to be motivated solely by win-
ning office. Each candidate is characterized by two aspects: strategy and characteristics. Each

candidate chooses a policy promise and their characteristics are measured by a variable called



valence. A candidate’s valence variable is fixed exogenously, and benefits all voters indepen-
dently of their political opinions if the candidate is elected. We assume that in each party, there
is one advantaged candidate with high valence denoted A, and one disadvantaged candidate
with low valence denoted D. We can then identify each candidate using their valence. Party R
has two candidates R4 and Rp, and their valence satisfies R4 > Rp, while party L also has
two candidates L4 and Lp, and their valence satisfies L4 > Lp. Without loss of generality,
we assume L4 > R4.

There is a continuum of voters. Each voter has a bliss point b € X, and we define the utility
of voters with bliss point b € X when the winning candidate has valence P; for P = L, R and
j = A, D, and policy x by:

w(z, Py) = Py — |z —1). ()

We assume that the set of voters in the primary election of party £ is a subset of the overall
voting population, and has a measure denoted by ;. for each £ = L, R. Assume that 7, and
J g are public information.

Let My and My be party L’s and party R’s median voter’s bliss point, respectively. We
assume Mp > Mp. We call the median voter in the general election the overall median voter.
We denote the bliss point of the overall median voter using M, and assume this is randomly
distributed in [M,, M|, with a cumulative distribution function '. We denote the probability
density function of F' by f. Then, F(z) = 0 for x < My and F(z) = 1 for x > Mg.
We assume that F' is continuously differentiable in its support [M, M|, and F' is common

knowledge.

f(=z)
1-F(x)

decreasing in x for all © € [My, Mg].

is increasing in x for all x € [My, Mg| and % is

Assumption 1. The hazard rate

Assumption (1| is a standard assumption in the literature known as the monotone hazard
rate. See, for example, Roemer| (1997), [Saporiti (2008), Hummel| (2013)), and |Drouvelis et al.
(2014). This assumption guarantees the unique existence of maximizers in the expected pay-
offs and is mainly for tractability, although we use the hazard rate to conduct comparative
statics later in Section 5.

The sequence of the game is as follows.

Stage 0 At the beginning of the game, each candidate in both parties simultaneously and inde-
pendently chooses their policy promises. We assume that a politician chooses a policy
promise that she commits to in both the primary and general elections if she wins the

candidacy in the primary election.
Stage 1 The primary election is held for each party.

Stage 2 The general election is held.



Suppose that party R’s candidate with policy r and valence R, and party L’s candidate with
policy [ and valence L, are respectively the winners of their parties’ primaries. Then party R

candidate’s probability of winning in the general election is

mwr(r,R,1, L) = Prluy(r, R) > vp(l, L)]. (2)
When |r — | > |R — L|,if r <,
0 if Bl < fy
mr(r, B, L) = § F(REEEE) if =B e (M, Mp) (3)
1 if AL > Mg,
and if r > [,
1 if LR < Ay
mr(r, R, 1, L) = q 1 — F(E=EEr) jf 2B e (M Mp) (4)
0 if Lofelir > 7

Note that when R = L, (3) and (@) hold, but we also need to specify the probability of winning
the general election for each candidate when [ = r. This situation only arises in Theorem
[5| when the game is symmetric (see Definition [2). Define a tiebreaking rule in the general
election when L4 = R4, p: X — [0, 1], such that for every = € X,

Tr(x, Ra, @, La) = p(x). )

For each i,n = A, D, define the expected payoff V, of voter b when candidate L; is the
winner in party L’s primary and candidate [?,, is the winner in party 12 by

‘/b(thi;rnJRn) == 7TR(T,THFZTHl’i7-[/i)vb(7ﬁn7~Rn) + (1 _WR(Tn7Rnali7Li>>vb(li7Li)'

Let w* = (wh,wk) for each k = L, R, where each w} denotes the probability that type
1 = A, D wins the primary of party k = L, R. Then for each i = A, D, the expected payoff of
voter b in party L when candidate L; with policy /; wins party L’s primary is given by

E%(li,Li,TA,T’D) - wf}%(li)LhTAaRA) + (1 _wﬁ)%(liaLiarDaRD);

and the expected payoff of voter b in party R when candidate R; with policy r; wins party R’s

primary is given by
EVy(rs, Rila,lp) = wiVi(la, Lasri, Ri) + (1= wi)Vi(lp, Lp, 74, Ry).

In words, V} is the interim expected payoff after knowing the winners of both parties’ pri-
maries, while EV}, is the ex ante expected payoff before the primaries.
The following definition expresses the notion of a pure strategy Nash equilibrium for the

model.



Definition 1 (pure strategy Nash equilibrium). An equilibrium in a game of two-stage elec-
toral competition is a collection of policy promises, (I}, (%)) and (%, 17%), and a collection of

winning probabilities in the primary elections (w**)yep gy = (Wi, Wi )keir, ry such that:
L wi+wik =1foreveryk =L, R;

1. fori,j = A, D, inresponseto (I'y,l},,775), eachr is a best response so that the following
holds:

(A) IfEViag(ri, Ri, Uy, 1) > EVag, (1), R;, Uy, 1}), then wil =1;

(B) Whenever w*t > 0 for any n = A, D, there is no policy r; such that candidate R;
can profitably deviate in the sense that

EVMR(T’Z-,Ri,lZ,lB) > EVMR(T;,Rj,lZ,lB),
and wp(ry, R, 1%, Ly) > wi® - wgp(rf, Ry, 1%, Ly);

I fori,j = A, D, inresponseto (r’y,r},}), eachl; is a best response so that the following
holds:

(A) IfEVy, (15, Li v, 1p) > EVar, (15, Ly, 4, 1), then wil =1;

(B) Whenever w*f > 0 for any n = A, D, there is no policy l; such that candidate L;
can profitably deviate in the sense that

EVi, (li, Lisra,mp) > EVa, (15, Ly, 74, 7D),
and (1 — mwr(r}, Ro, li, L)) > wit - (1 — wr(rf, Ry, 17, Ly)).

The equilibrium condition (A) states that a candidate who obtains the majority wins the
primary with certainty. The equilibrium condition (B) requires that there are no other pol-
icy promises for any of the four candidates that would win them the primary election with
certainty and yield a higher probability of winning the general election. Intuitively, the moti-
vation of each candidate is to maximize the probability of winning office. In the definition of
equilibrium, we assume that the median voter theorem holds in primary elections. This is for
maintaining analytical tractability and keeping the analysis simple. An earlier version of this
paper, Takayama| (2014), shows that when there is a reasonable concentration of primary vot-
ers around Mp or M}, compared with those around the tails of y g or puy, there is a Condorcet
winner, and the median voter theorem holds in primary elections.

In|Hummel| (2013)), the assumption is that the number of primary voters, say m, is odd, and

m—+3

that T”T% voters have bliss points smaller than M, in party L’s primary, while =5 voters have



bliss points larger than My in party R’s primary. Thus, the median voter theorem also holds
in primary elections in Hummel (2013)ﬁ
In the next section, we present the main theorems. In doing so, it is useful to keep in mind

that there are two possible regimes in equilibrium.

Regime 1. There is a [%} € [M, Mp| that guarantees candidate L4 victories in both the pri-

mary and general elections.

Regime 2. Advantaged candidates choose more centrist policy promises that are just close
enough to their parties’ median bliss points to guarantee the advantaged candidates vic-
tory in their primaries. Candidate L 4 does not win the general election with certainty.

The definition of a pure strategy Nash equilibrium requires an endogenous tiebreaking rule,
whose nature and motivation may not be immediately intuitiveE] A similar issue arises in a
first price auction with the item where bidders’ valuations are publicly known to bidders. The
natural equilibrium concept has the agent with the highest valuation bidding the second highest
valuation and winning with certainty.

In a regime 2 equilibrium of our analysis, the disadvantaged candidates choose the policy
promises that maximize the expected payoff of their own party’s median voters. Then, we can
show that a set of policy promises that guarantee the advantaged candidates victories in the
primaries is nonempty. Thus, the advantaged candidates choose the policy promises that max-
imize their probabilities of winning the general election in the set of policy promises that yield
a victory to the advantaged candidates. When the advantaged candidate chooses the policy
promise that yields the same level of expected payoff to their own party’s median voter with
the level obtained from the disadvantaged candidate and her policy promise, if the advantaged
candidate’s winning probability is smaller than one, the advantaged candidate would obtain a
certain victory in the primary by deviating from the policy promise to a policy promise that is
slightly smaller or larger than the policy promise. Our endogenous tiebreaking rule allows an
equilibrium in which the advantaged candidate can choose the policy promise that yields the
same level of expected payoff for their own party’s median voter as the policy promise chosen

by the disadvantaged candidate and still win the primary with certainty.

4Although the focus is very different from ours, Bouton| (2013)) considers a runoff election, and demonstrates
that runoff systems with a threshold below 50 percent produce an Ortega effect such that the Condorcet loser of
the election may win. Further, in contrast with |Grofman et al.| (2019), |Bouton| (2013) concludes that a sincere
voting equilibrium does not always exist.

>The notion of an endogenous sharing rule with Nash equilibrium is proposed in |Simon and Zame, (1990)

and used in several studies to obtain the existence of pure strategy Nash equilibrium. For example, |Ausubel
and Milgrom| (2002)) and |Day and Milgrom| (2008) use a similar definition of Nash equilibrium in the context
of auction theory. See also |Dell’ Ariccia and Marquez| (2006) in the banking literature and Prat and Rustichini

(2003)) in the common agency theory literature. [Myerson| (1993)) uses it in the context of political competition.
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In other words, whenever a tie arises in the primary, there is a slight deviation such that the
median voter of each party strictly prefers the advantaged candidate over the disadvantaged
candidate. For this slight deviation, we would imagine that the advantaged candidate wins the
primary and an endogenous tiebreaking rule is consistent with this expectation. However, an
endogenous tiebreaking rule in the primaries is not relevant for a regime 1 equilibrium because
candidate L 4 wins party L’s primary with certainty, and an equilibrium strategy is unrestricted

for party R’s candidates (as we discuss further in the following section).

3 Equilibrium Analysis

3.1 The Main Theorems

There are three possible cases that result in regime 1. In the first case, candidate L 4’s valence
advantage over the other candidates is sufficiently high that candidate L4 wins the primary
and general elections with certainty regardless of the policy promises of all other candidates.
Theorem [I] provides the conditions under which this case arises. In Theorems [2] and [3] we
consider the situations in which candidate L 4 can win both the primary and general elections
with certainty by choosing M/, (Theorem [2) or My (Theorem [3). Thus, these two theorems
provide the conditions under which candidate L 4 chooses M}, or My and regime 1 arises.

Obviously, regime 1 arises when candidate L 4 is strong in terms of valence. Consider two
cases: case 1, Mr—M; < Ly,—R4,andcase2, Mr—M; > L4—R4. Incase 1, candidate L 4
is so strong that candidate L 4 wins the general election with certainty regardless of the policy
promises of candidate R4 or Rp. Furthermore, for any primary voter in party R, the expected
payoff resulting from either party’s R candidate with any policy promise is simply the payoff
of having candidate L, elected, so the winning probabilities w}f* and w** are unrestricted.
Theorem [2| considers this situation. In case 2, both regimes 1 and 2 can arise. Theorem
provides the conditions under which regime 1 arises, even in case 2.

Alternatively, Theorem {] provides the conditions under which regime 2 arises. In Theorem
M}, we see that regime 2 occurs when each advantaged candidate chooses the maximizer of the
winning probability in the general election subject to winning the primary election. In this
way, the advantaged candidate wins the primary of each party with certainty.

Finally, Theorem [5| considers the case where candidates L4 and R4 have equal valence.
Indeed, Theorem|[5is a special case of Theorem[]in the context of a symmetric game, such that
the advantaged candidates have the same valence across both parties as is also the case for the
disadvantaged candidates, and the distribution of the median voter’s bliss point is symmetric
(see Definition 2).

Now we state our theorems.
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Theorem 1. Suppose that % < min{Ls — Lp,Ls — Ra}. Then any strategy profile

such that I’y = M and (1%, %, 7“,*3) and any collection of primary winning probabili-
ties (Wil wilt) € [0 1)? such that wit + wift = 1, and (wit,wif) = (1,0) constitutes an

equilibrium. Finally, tr(l%, La, 7%, R,) = 0 for everyn = A, D.

Theorem 2. Suppose that Ly — R4 > Mg — M. Then any strategy profile such that I’y = M,
and (13, 7“:2,7“}5) and any collection of primary winning probabilities (w3E, wif) € [0,1]?
such that wit + wif' = 1, and (wit,wit) = (1,0) constitutes an equilibrium. Finally,

mr(l%, La, 7}, R,) = 0 foreveryn = A, D.
Theorem 3. Suppose Mr — My, > Lo — Ry > 0.

1. If Mp — My, < Ra — Lp, then any strategy profile such that l’, = Mg and (I3,,17%,17,)

such that r%,r5, € [Mr — (La — Ra), Mg|, and any collection of primary winning
probabilities (Wi, wit) € [0,1]? such that wit + wi* = 1, and (Wi, wif) = (1,0)

constitute an equilibrium. Finally, mg(I%, La,7%, R,) = 0 for everyn = A, D.
2. If Mr — My, > Ry — Lp and for eachn = A, D, there is d, > 0 that satisfies

_ 2
(F(Mg + =257n))
Lf(Mp + tofltiny 7

then any strategy profile such that l* = My and (I}, 7%, 77%) such that v, > Mg — d,
% > Mp—dp and any collection of primary winning probabilities (w*, wift) € [0, 1)?

such that wilt + wit = 1, and (wiF, wi) = (1,0) constitute an equilibrium. Finally,

(L4, La, 7}, R,) = 0 foreveryn = A, D.

Overall, the first three theorems yield the conditions under which, in equilibrium, regime 1
arises and candidate L 4 chooses % (Theorem , M, (Theorem , and My (Theorem
3

Theorem [I] shows how regime 1 occurs when candidate L4 is strong relative to both can-
didates L and R4. Theorem 2] considers how regime 1 occurs when candidate L4 is strong
relative to candidate R4. Theorem |3| considers how regime 1 occurs when candidate L 4 is
strong relative to candidate Lp.

Theorem [I] provides minimal values for candidate L4’s valence advantage over both Lp
and R, that guarantee victories in both the primary and general elections, irrespective of all

6 Hummel (2013) assumes that if a candidate loses in the primary election, then the candidate obtains a utility
of 0, if a candidate wins party k’s primary, then she obtains a utility of u; > 0 for each & = L, R, and the
winner of the general election receives an additional utility of « > 0. We do not impose any particular utility and
simply assume that each candidate attempts to maximize the probability of winning office. If we make a similar
assumption to that of [Hummel (2013), a regime 1 equilibrium still arises under the conditions of Theorems [T} 2}

andE], although candidates R 4 and Rp would attempt to maximize the chance of winning party R’s primary.
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other candidates’ choices. The cutoff value is obtained by examining the scenario in which
Iy =Mt ¢ o(r,, R,) forallr, € X andn = A, D.

In Theorem [2| candidate L ,4’s valence advantage over 24 is sufficiently high such that
candidate L4 wins the general election against 1?4 with certainty by choosing M, regardless
of R ’s policy promise. No matter how small the difference in valence between L 4 and Lp,
the median voter M, in party L’s primary strictly prefers candidate L 4. By the definition of
equilibrium, candidate L 4 wins the primary of party L.

In Theorem[3] candidate L 4’s valence advantage over L, is sufficiently high such that even
if candidate L4 chooses Mp, the median voter M, in party L’s primary strictly prefers can-
didate L 4 regardless of candidate Lp’s policy promise. As candidate L 4’s valence is greater
than that of both R4 and Rp, the median voter My, in party [2’s primary strictly prefers candi-
date L 4 to be voted into office in the general election. In order to maximize their probability of
winning party R’s primary, each candidate in party R’s primary chooses a policy promise that
maximizes the median voter Mp’s expected payoff, which is equivalent to choosing a policy
promise that guarantees candidate L 4 a victory in the general election.

Theorem (3| requires that both party /2 candidates choose policy promises that satisty ) >
Mp — d, foreachn = A, D. If r* < Mg — d,, candidate L can choose a policy promise
that party L’s median voter M, strictly prefers to candidate L 4’s choice of Mpg. Candidate
L4 could then lose the primary by choosing Mg. Thus, 7 > My — d,, foreachn = A, D is
required.

It is easy to see that when L, increases, d, > 0 is likely to hold for each n = A, D.
When L, increases, by Assumption |1} d,, > 0 is less likely to hold. Being more advantaged
with a higher valence makes it easier for candidate L 4 to win both elections by choosing Mg,
whereas facing a stronger competitor Lp in the primary makes it more difficult to win office
by choosing Mp.

Now we state the fourth theorem, which comprises regime 2. As we show in Propositions
[[]and 2] in regime 2, advantaged candidates win the primaries for both parties and neither of
the advantaged candidates are guaranteed to win the general election in equilibrium. Given
wil = wif* = 1 in the equilibrium of regime 2, when examining the primary results, we need

to only consider

‘/E)(thi)TAvRA) = E%(livLiarAarD);
%(lAaLA)Ti7Ri> = E‘/b(rivRiulAalD)‘

To explain our results, we now introduce sets of possible equilibrium strategies. Given a
policy promise 7, of party R’s primary winner with valence R,, let a(r,, R,) be the set of
policy promises that guarantees candidate L 4 a victory in the general election, such that

a(rp, Ry) = [rn — (La — Ry) s+ (La — Ry)] .
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Next, define correspondences (37, and g as follows: for each 4,14 € X,

/BL(T/M RA) == {l : VML<Z7LA7TA7RA) Z llng))g VML(ZD7LD7TA7 RA)}7
D

Br(la, La) ={r: Vi, (la, La,r, Ra) > max Vi, (la, La,mp, Rp)}.

rpeX

Then 1, and B are the sets of policy promises that guarantee candidates L 4 and R 4 victory in
their respective primaries when the opponent party’s primary winner is known to be the advan-
taged candidate. When (31, and i are nonempty, it is optimal for the advantaged candidates to
select the policy promises in these sets.

For each r4, 14 € X, define ZD(T’A), p(la), ZA(TA), and 74 (l4) by

~

Ip(ra) = argmax Vi, (Ip, Lp, 74, Ra); 7
lpeX

72D(ZA) = argmax VMR(ZAv LA7 D, RD)7 (8)
rpeX

Ia(ra) = max{la| Vi, (la, La,7a, Ra) > Vi, (Ip, Lp, 74, Ra) for Ip € Ip(ra)}; )
TA’A(ZA) = min{rA|VMR(lA,LA,rA,RA) > VMRUA,LA,fD,RD) for rp € f’D(lA)} (10)

Notice that I;;(r 1) and 7 (1) are correspondences. In Lemma we show that if candidate
L p’s probability of winning the general election against candidate R 4 1s strictly positive when
Ip < 74, then p(ra) is singleton, and the same holds for 7 ({4) when rp > [ 4 and candidate
Rp’s probability of winning the general election against candidate L 4 is strictly positive. Oth-
erwise, if mr(ra, Ra,lp, Lp) = 1forallip < ryu,then Vi, (Ip, Lp, 74, Ra) = Ra—7a+ My
forlp < ry, and ZD(TA) D [Mp, 4], because for every [p > r4 with mg(ra, Ra,lp, Lp) < 1,
we must have Ry —ra+ M, > Lp—Ip+ M, and thus, Vi, (Ip, Lp, 74, Ra) < Ra—ra+ M.
Therefore, [ p(ra) and 7p(l4) are nonempty.

Further, note that ZA(TA) = max O(ra, Ra) and 74(l4) = min Sgr(la, L4). As we show
in Lemma for every l4, 74 € X, Br(ra, Ra) and Bg(la, L4) are nonempty. When the
conditions for Theorem {4| hold, there are Z and ¢ such that for every 4 € [M,Z] and ry €
[9, MR|, Br(ra, Ra) and Sr(l4, L) are compact and disjoint. Therefore, for such /4 and 74,

~

l4(ra) and 74(14) are well defined.

Theorem 4. Suppose Mr — My > Lo — Ry > 0, and one of the following two conditions
holds:

o L4 = R, and the following x and y with x < i exist:

~

{ZA(TA) 1Trp € [ﬂ,MR]}ﬂ{fA(ZA) : lA < [ML,E]} = J;
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o L4 > Ra, and the following & and i with & < jj exist:

(1 . F(MR"FEH‘QLA—RD ))2

%f(MRJriJrQLA—RD) = La— Ruy; 11
( (Z7+ML+LD RA))2
TR - 2(La— Ra). (12)
Then an equilibrium exists, and (wi, wik) = (wiF, wif) = (1,0). Further, I5(r%) and

#p(1%) are singletons, and the equilibrium satisfies I3, € Ip(r%), 75 € Fp(I5), 1% = La(r%)

and vy = 7 (r%).

In contrast to Theorems and [3] Theorem [] deals with the case where candidate L 4
is not so strong. In this case, candidates Lp and Rp choose policy promises that maximize
the expected payoffs of their respective party’s median voter, while candidates L4 and Ry4
choose policy promises to maximize their probability of winning the general election subject
to winning their party’s primary. Equations and ensure that in equilibrium, the sets
a(rhy, Ra) and S (1%, R4) do not overlap, because otherwise, candidate L 4 can choose a pol-
icy promise in a(ry, Ra) N5 (rY, Ra) that guarantees victory in both elections in equilibrium.
However, this equilibrium is no longer in regime 2, whereas Theorem [] is focused solely on
the equilibrium in regime 2.

Further, as we show in the proof of Theorem[] 8, (1%, Ra) and Sz(1%, L) do not overlap.
Then, each candidate chooses the policy promises that are in their respective 3 set in order to
win their primary. In order to maximize the probability of winning the general election, each
candidate chooses the policy at the boundary of the [ set that is closest to their opponent’s
policy. In this way, these conditions are sufficient for the existence of equilibrium in regime 2.

Finally, we state Theorem [5 Theorem [3]is a special case of Theorem 4] in the context of
a symmetric game as described in Definition [2] below. The median of the distribution of the
overall median voter’s bliss point is important particularly in this case. Formally, we define
m=F! (%) as the median of the distribution of the overall median voter’s bliss point, while f
is assumed to be symmetric with respect to m = 0. We call this setting symmetric and formally

define it as follows.

Definition 2. Let m = 0. Suppose that f is symmetric with respect to 0 with its support [—a, a),
and Ry = L and Rp = Lp. We say that the game is symmetric.

The next theorem states that when the game is symmetric, an equilibrium always exists. An
example of a symmetric game is [Hummel (2013), which shows that in a symmetric game, if
there is a solution to (7)), (8)), (9), and (10}, then the game has an equilibrium. Theorem 5|shows
that an equilibrium always exists in a symmetric game, regardless of whether the solution to the

set of equations exists, and gives a condition under which the equilibrium that Hummel (2013))
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has shown arises and belongs to regime 2. In this sense, Theorem [5| generalizes Proposition 2
in Hummel| (2013)).
The following result holds.

Theorem S. Suppose that the game is symmetric. Then either (1) or (11) holds:

() Ifa < Ly — Lp and p(m) = %, then (wit, wiy) = (wif,wift) = (1,0), (I5, %) =

(m,m) and l},, 173, € X.

(1) Otherwise, ifa > L — Lp, then (wiF, wir) = (w3, wi?) = (1,0), and (I, 15, %, %)
solve (1), (8), O), and (10). The equilibrium satisfies r*y = —l%, and r}, = —I}, where
r’ and 17, respectively satisfy

r—rs—(La—L
F( A~ "D ;A D))

%f<r2—r2‘)—éLA—LD))

™y —1rp —(La—L
= (4 1 — (La = Lp) - (Ao (= o)

ry+1rp—(La—Lp) = (13)

)- (14)

An intuition behind Theorem E] is as follows. As we formally state later, Proposition 4
in Hummel| (2013) shows that when (L4 — Lp) increases, the /3 sets expand. Consider the
situation where (L4 — Lp) is greater than a so that Sg(m, L4) and [ (m, R4) overlap (as
shown in Lemma . Notice that in a symmetric game, m € [gr(m, L) if and only if
m € Br(m, Ra). Thus, when (L4 — Lp) is sufficiently large, m € Bg(m, La) N S (m, Ra)
holds. In this situation, as in Hotelling’s model, both advantaged candidates choose m = 0
in equilibrium. Conversely, when (L4 — Lp) is low, both advantaged candidates are more
constrained by competition in their primaries. Therefore, the equilibrium in regime 2 that
Hummel (2013)) studied arises.

3.2 Propositions of Characterization and the Proofs of the Theorems

In this section, we provide the proofs of the main theorems. The proofs of Theorems ] [2] and
[3] are straightforward.

Proof of Theorem[I. We claim that I, = % is a policy promise for candidate L 4 that
guarantees the candidate a victory in both party L’s primary as well as in the general election,
regardless of the policy promises of any of the other candidates.

First, we show that if candidate L 4 wins party L’s primary, then L wins the general elec-
tion with certainty, regardless of the identity or policy promise of party R’s primary winner.

Given MR;ML
vp(l%, La) > vp(ra, Ra) for all voters with bliss points b € [M, Mg|. The same holds for
any rp € X, i.e. mg(rp, Rp,l%, L) = 0 given Rp < R4. Hence, mg (1;, R;,la, L4) = 0 for
1=A,Dandany r; € X.

< Lo — Ra, forany ry € X we must have 7g (14, Ra, 1%, La) = 0 given
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Second, we show that candidate L4 wins party L’s primary with certainty in equilib-

rium, and wi* = 1. By assumption, MRQML < min{Ls— Ra,La— Lp} and Ry >
Rp, hence vy, (I, La) > max{Lp,Ra,Rp}. As mr(ri,Ri,la,La) = 0 for any i €
A, D, therefore EVyy, (1%, La,7a,7p) = var, (%, La) for any r4,7p € X. Then because

VML(ZD,LD,T’Z',RZ') < max {LD, RA,RD} for all lD € X, we obtain
EVML(Z:Z?LA’TAaTD) > VML(ZD7LD7TZ‘7RZ')7

foralllp € X,and i € {A, D}.

Thus, EViy, (0%, La,7a,7p) > EVi, (Ip, Lp,74,7p), and the median voter in party L,
My, strictly prefers candidate L 4 in the primary election regardless of candidate Lp’s policy
promise or the outcome of party 2’s primary. Then by the definition of equilibrium, candidate
L 4 is guaranteed victory in party L’s primary in equilibrium. [

Proof of Theorem 2l Let (", = M. Because Ly — Ry > Mg — My, mg(r}, Ry, I, La) =0
for any r* € X and thus V), (v}, R, %y, La) = L4 — Mg + M;,. Further, obviously we also
have Vyy, (1%, La, 75, Ry) = La > Vg, (I3, Lp, 7%, R,) forany 5, € X and eachn = A, D.
Therefore,

EVia, (U, La, iy, mh) = La > EViy, (15, Lp, 74, 75),
which completes the proof. U

Proof of Theorem[3. Suppose M — M; > L, — R4 > 0. Here, we consider the two cases:
Mr— M, < Rp— Lpand Mg — My, > Ry — Lp.

First, suppose M — M < R4 — Lp. We show that by choosing Mg, candidate L 4 wins
the primary and w*® = 1. For all r4 € [M, Mg] and Ip € X,

WR(TA7RA7ZD7LD) = 17
Var,(Ip, Lp,7a, Ra) = Ra — 14 + My,

Ifra,rp > Mr— (Ls— Ry),foreachn = A, D,
Var, (Mg, La,rn, Ry) = Lo — Mg + M.

Thus, VML(ZD,LD,TA,RA) < VML(MR,LA,T’A,RA) forry > Mp — (LA—RA). Next, notice
that Mr — M, < Ry — Lp < Ly — Lp. Whenrp > Mp — (La — Ra), regardless of
WR(TD,RD,ZD,LD),because Ly — MR >Lp—Mpand Rp —rp < Ly — MR,

VML<ZD,LD,TD,RD) -
7TR<7'D7RD7ZDa LD)(LD — lD) + (1 — WR(TD,RD,ZD,LD))(RD — TD) + My,
S VML(MRaLA7TD7RD)'
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Therefore, Vi, (Ip, Lp, 7ny Ry) < Vg, (Mg, La, 7, Ry,) foreachn = A, D. Then
EVML(ZD,LD,T‘A,TD) < EVML(MR,LA,TA,’I“D).

Thus, we obtain w%’ = 1 in this case. Further, note that 7%, 7% € [Mp — (L4 — Ra), Mg,
I}, € X, and for each n = A, D, the following holds:

mr(ry, Ry, Uy, La) =0
max EViy, (7, Ry, U4, 1)) = EVag, (7, Ry, Uy, 1)

Notice that there is no I that candidate Lp can profitably deviate to by (15)) and because for
eachn = A, D, nr(r}, Ry, %y, La) = 0. Thus, [}, is unrestricted and we obtain the desired
result.

Second, suppose M — My > R4 — Lp. Suppose that for each n = A, D, there is d,, > 0
(P(Mpt R )"

such that d,, = (L4 — R,,) — (Mt o)

and [’y = Mp,

. Fixn = A, D. When ng(r}, R, %y, La) =0

VML(MR,LA,T R ) LA—MR+ML.
As shown in Lemma [A-1] when candidate L maximizes Vi, (Ip, Lp, 7}, R,), we have

2
( ri+ip(r -‘rLD Rn))

(=
%f(r * +Hip( n)+LD Rn)

+ Mry.

VML(ZD( w)sLp,r, Ry) = Ry, — 1), +

(P(MptogEn))®

Now, fix n = A, D. First, suppose r* < Mp. Because d,, = (Lo — R,) — T (i LT

we have

F(’"Z'i‘iD(TZ)'i‘LD—Rn))
2 — L, — Mp.

Ry — (Mg = dy) + f<r;1+iD(r;%+LD—Rn)

DO =

By Lemmam My < lp(r?) < r: < Mg and thus 7% + Ip(r?) < 2Mp. By Assumptlonl,

we have

A 2
ratip(ry)+Lp—Rn
(p(ritlotiftio ti) Lp—R,
max - < F(Mg +
1f(rfl+lD(7’§§)+LD*Rn> 2
2 2

F(Mp + fogfs)
3 f (Mg + £ofn)

) .

Thus,

* 7 * 2
(F( Tn“rlD(Tn%J”LD*Rn )

R, —r +

< Lj— Mg.

f( ri+ip (r2;+LD —Rn )

N[

ThUSVML(lD( )LD,’I“ R)<LA—MR+ML.
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Second, r} > Mpg. Notice that Lp > R4 — Mg + My. Thus, for every r,, € [My, Mg|,

max VML(ZADO’H)u Lp,rn,Ry) > Lp > R, — Mg+ M.
D

Then Vi, (Ip(ry), Lp, 7, Rp) < La — Mg + My, for r,, € [My, Mg] by the previous step of
this proof.

Because n is arbitrary, foreachn = A, D, r} € [Mg — Jn, Mg, I3, € X, and the following
holds:

Tr(rr, Ry, Uy, La) =0
max EVag, (s Ry Uy, 1) = EVar (5, R, U, 15)

Tn

max EViy, (Ip, Lp, 7%, 775) < EVar, (Mg, La, 74, 77]). (15)

lp
Thus, we obtain w* = 1. This completes the proof. [

Now we sketch the proofs for Theorems @] and [5} The detailed proofs are in the Appendix
together with the other lemmas. We begin by stating the propositions that help characterize an
equilibrium. Our strategy is that we first provide the properties that a set of policy promises
must satisfy as an equilibrium in regime 2. Then we give the conditions under which such a
set of equilibrium policy promises exists.

Suppose that (I, I3, 77, 75) and (w*~, w*F) constitute an equilibrium. Proposition|I|shows
that in equilibrium, candidate L 4 wins the primary of party L if r% > M.

Proposition 1. Suppose that the conditions for Theoremhold. Ifry, > My, thenwil = 1in

equilibrium.

Next, Proposition |2 provides the condition under which candidate 1?4 wins party R’s pri-
mary. Proposition [2]is relevant in an equilibrium where candidate L 4’s valence advantage is
not sufficiently high to guarantee that candidate L 4 always beats candidate R4 in the general
election.

To formally state Proposition 2| for every [, € X, we define the set of candidate R4’s
strategies that the median voter Mp, strictly prefers to any policy promise that can be made by
candidate Rp, by 8% (la, La) € Br(la, La) as follows:

Brlla,La) ={r: Vap(la,La,r, Ra) > max Vap(la, La,mp, Rp)}.
TD

If B3 (I%, L4) is nonempty, Proposition [2| states that candidate R4 can win the primary with
a probability of one by adopting a policy promise in 5% (0%, La). In contrast, 55(l%, La) is
empty only if candidate L 4 is so strong that candidate R 4’s winning probability of the general

election is zero. This case belongs to regime 1.
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Proposition 2. Suppose that the conditions for Theorem 4| hold. If candidate L o wins party

L’s primary and B%(1%, L 1) is nonempty, wi* = 1 in equilibrium.

Proposition |3| provides the set of conditions that the equilibrium policy promises in regime
2 must satisfy.

Proposition 3. Suppose Ly — Ry < Mg — M, and the conditions for Theoremd| hold. Then

an equilibrium satisfies

F(T"*4+lB+LD*RA )

LD—i—T:Z — Ry — Z*D = I T*AH*DJ?LD*RA (16)
§f(#)
41 +Ls—R . .
F(A—A=) (L — Iy = Ra+77%)
. . I +ri+Lp—R
= (Lp+71y— Ra—1p)  F(2—A——2 4 (17)

2

A La—R
Rp+rpy— Loty = L5 ) (18)
D TTp AT AT T e ST T La-Rp

Ef( 2 )

ZZ—FTE—FLA—RA
2

=(Rp+rp—La—1})-(1-F(

(1—F( )(Ra+1y — La—13)
I +75h+La—Rp

2

). (19)

An outline of the proof for Theorem @] is as follows. Define a correspondence BR =
(BRL, BRL, BRE, BRE) with BR : X% — X* as follows: for every la,lp,7a,7p € X,
BR%(T’A) = lD<TA), BR%(ZA) = fD(lA) and

BRfX(lD) = maX{lA’VML (lA> LAa TA, RA) = VML (ZD> LD> Ta, RA)};
BR}(rp) = min{ra|Var, (La, La, ra, Ra) = Varg(la, La, 7p, Rp)}.

Under two conditions (1)) and (I2)), we show that Sr(la, La)NBL(ra, Ra) = @ whenry > g
and [4 < Z. After demonstrating that Sr(la, L4) and f1(ra, R4) are compact, by Kakutani’s
fixed point theorem, we show that there is a fixed point (I}, [}, 7%, 77,) for a correspondence
BR = (BR%, BRY, BRE, BRE) in [M,, 7] x [, MRp]?. Then we explain that this fixed point
is an equilibrium. To do so, we show that under conditions (T1)) and (12), 7% = 74 (I%) > M,
and that 33,(1%, L) is nonempty. Then, by Proposition |1} we know that candidate L4 wins
party L’s primary with certainty. By Proposition [2], we also know that candidate R4 wins party
R’s primary with certainty. By showing that for each candidate, there is no profitable deviation
from this fixed point, we obtain Theorem []

To provide an outline of the proof for Theorem [5] because a game is symmetric, we have
either Sr(la, La) N BL(ra, Ra) = {m} (case (I)) or Br(la, La) N PL(ra, Ra) = & (case (II)).
As described following the statement of Theorem we show Br(la, La) N BL(ra, Ra) = @
in case (II) and then, it follows that case (II) is a special case of Theorem {4, Otherwise, in
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case (I), m € Bgr(la, La) N Br(ra, Ra), and because the probability of winning the general
election is maximized by choosing m for both candidates L4 and R4 when p(m) = % m 1s
the equilibrium policy promises for the two advantaged candidates. If p(m) # %, then the
probability of winning the general election becomes discontinuous at m, and m fails to be the
equilibrium policy promises for the two advantaged candidates.

4 The One-Primary Scenario

The content of this section is developed from an earlier version of this paper, [Takayama|(2014).
The following two propositions characterize the equilibrium in the case where only one party
holds a primary. In the scenario we consider in this section, we assume that an incumbent
in office is committed to a predetermined policy. Therefore, a policy chase between the two
advantaged candidates as in the general scenario does not occur.

In Propositiond] we consider the scenario where only party R holds a primary and candidate
L4 is the incumbent in the office, committed to a policy promise /4. In Proposition [5| we
consider the scenario where candidate 2 4 is the incumbent in the office, committed to a policy
promise 74. In these propositions, we assume 74 > My, and I, < Mp. It is highly unlikely
that any incumbent would be committed to a policy promise that reflects the opponent’s party

ideology.

Proposition 4. Let [y < Mp. The following holds in an equilibrium of the scenario where
only party R holds a primary.

(a) Suppose that Ly — Ry > Mp — la. Then any (%, %) and any (wiff, w*®) such that

wi +wi® = 1 is an equilibrium.

(b) Suppose that Ly — Ry < Mg — Iy and Mp — 14 > Ly — Rp. Ifly+ Ly — Ry &
Br(la, L), then #p(l4) is singleton and in the unique equilibrium, 7% € 7p(l4), % =
TAA(ZA) and (w}k)Ra sz) = (07 1)

Proposition 5. Let 7y > M. An equilibrium always exists in the scenario where only party

L holds a primary. Further, the following holds in this scenario.

(a) Suppose that min{L— Ra, Ra—Lp} > 74— M. Thenany (I},1%) and (wif, wil) =

(0, 1) is an equilibrium.

(b) Suppose that Ry — Lp < 74 — My. Then ZD(fA) is singleton, and l}, € ZD(f) and

(wif, wik) = (0,1) constitute an equilibrium. Further, in equilibrium,

(1) IfOz(fA,RA) N ﬁL(fA,RA) =+ (0, then ljg € Oé(fA, RA) N 5L(fA, RA),
(2) Ifa(fA,RA) N BL(fA,RA) = (), then ZZ = lAA(fA).
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(c) Suppose that Ry — Lp > 74 — My, > La — Ra. Then in equilibrium, I’y € [T4 — La +
Ry, Tal, I3 € X, and (wiF, wil) = (0, 1).

Because L4 > R4 by assumption, cases in Propositions {] and [5] are not exactly symmet-
ric. In Proposition {] party R is the challenging party, while in Proposition [5] party L is the
challenging party.

In both propositions, case (a) is the situation where candidate L 4 is strong in terms of va-
lence relative to both candidates R4 and the disadvantaged candidate. Case (b) is the situation
where candidate L 4’s valence advantage over candidate R, is not sufficiently high to guaran-
tee certain victory in the general election against candidate Rp. Case (c) of Proposition [3] is
the situation where the disadvantaged candidate cannot win the general election with a strictly
positive probability, while candidates L 4 and R 4 do not have significant difference in valence
levels.

In Propositions @ and[5] case (a) belongs to regime 1, and case (b) in Proposition4]and case
(b-2) in Proposition[5|belong to regime 2. Cases (b-1) and (c) in Proposition [5are special cases
of regime 1. In both cases, ay(Ra,74) N Br(7a, R4) is nonempty; however, a policy chase
does not occur when candidate L 4 chooses inside o, (R4, 74) because 7 4 is fixed.

5 Comparative Statics

In this section, we examine how changing model parameters such as candidate valence and
voters’ bliss points affects the equilibrium outcome. Our analyses yield testable hypotheses as
propositions. First, we consider how a unilateral change of valence for candidate L 4 affects
the equilibrium. Second, we also evaluate the impact of a decrease in the variance of the
distribution of the overall median voter’s bliss point. We can interpret this as public opinion
becoming more centrally concentrated. Third, we appraise the impact of a leftward shift in
the distribution of the overall median voter’s bliss point. We interpret this as public opinion
shifting toward party L’s ideology.

The extensive literature on candidate characteristics makes clear that voters care about the
valence of candidates. Among many, Buttice and Stone|(2012) use US congressional elections
data and find that candidates’ valence differences affect voting choice. Assessing the interplay
of policy promises and valence is a complicated task. Theorem [6]is a theoretical attempt in
this direction.

In Theorems|[7]and 8] we evaluate how changes in public opinion affect electoral outcomes,
by comparing two equilibria under two different distribution functions Fs and Fly. Although
we compare equilibria between societies S and N, the comparison can also be interpreted
as how electoral outcomes change when public opinions in a society change over time. For

example, demographic changes could affect public opinions. As an example, Harmon! (2018)
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uses data from Denmark and shows that an influx of immigrants could shift public opinions to
the political right. Theorems|7]and [§|provide a better understanding of how electoral outcomes

are affected by the change in the distribution of the overall median voter’s bliss point.

Changing Valence

We first consider how a unilateral change in valence affects the equilibrium. The literature
provides examples of the impact of changes to the valence of opposing parties’ candidates in
symmetric games. Adams and Merrill (2008) examine the model where each party has two
candidates with identical valence. Then they show that as one of the two opposing party’s can-
didates valence increases, the primary candidates of the other party locate their policy closer
to the center to become more competitive in the general election. Intuitively, in the analysis of
Adams and Merrill| (2008)), the candidates with relatively lower valence have to moderate their
policy promises toward the center.

In contrast, [Hummel| (2013)) considers the symmetric game defined in Definition 2] and
shows that as the valence difference between the advantaged and disadvantaged candidates
(Ra — Rp = La — Lp) increases, a candidate with higher valence is able to choose a more
moderate policy promise in order to appeal to the general electorate while still winning the
primary election. The following is the formal statement of this result (Proposition 4 from
Hummel| (2013))). Because the equilibrium in Hummel| (2013)) is equivalent to the one in the
symmetric game when a > L 4 — Lp in our analysis, and is also characterized by and
of Theorem [5] the following result also holds in the symmetric game of our analysis.

Proposition (Hummel, 2013). Consider the symmetric game studied in Theorem [5| Then

when Ry — Rp = L4 — Lp decreases, 17, decreases while 17 increases.

In contrast, the next theorem assesses a scenario where only candidate L 4’s valence in-
creases, while every other candidates’ valence remains the same. The next theorem shows that
when L4 increases, 7% and [}, move away from the center. The theorem also shows that 77,
moves in the same direction with [’j. This is because candidate [2p chooses 7}, to maximize the
median voter Mpy’s expected payoff for voting for candidate R, given that candidate R will
be facing candidate L4 with a policy promise [’ in the general election. More interestingly,
the change in the direction of /% depends on how strong in terms of valence candidate L is
relative to candidate /4. The theorem also states that there is an upper bound on candidate
Lp’s probability of winning the general election against candidate R 4, and if candidate Lp is
strong enough relative to candidate 1?4, then [’ moves toward M.

Theorem 6. Suppose that the game is symmetric and a > Ry — Rp = Ly — Lp holds.lZ]

Holding everything else except L 4 constant, when L 4 increases,

"Recall from Deﬁnitionthat f has a support [—a, a].
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o rand 1 — mr(rYy, Ra,l, La) increase.
o [}, decreases.

e Define K 1o be a solution in (0, 3) for 8K* — 6K + (3 + f(0)r}y) = 0. Then K exists
uniquely. Further, the following holds.

- If1 —wg(r’y, Ra,l},, Lp) < K, %, and 3, increase.

— Otherwise, 'y and 7}, decrease.

Increasing Diversity of Bliss Points

Here, we examine the situation where the center is the same in both societies, but the variance
differs. For simplicity, we consider the symmetric game defined in Definition 2] Formally, we

make the following assumption. We denote the two societies S and V.

Assumption 2. Let F's and Fy be cumulative distribution functions with symmetric probability
density function fs and fn and a common support [—a, a). Suppose that fs and fy satisfy the

following: (1) fs(—a) < fn(—a), (2) fs(0) > fn(0), and (3) for all z,2" € [—a,0] with
1 fs(x) SN (z) fs(z) SN (z)

r <, 205 < e < 1 and for all x,x' € [0, a] with x < 2/, e e 1.
Assumption [2]implies the following properties.
Fg(x Fn(x 1-Fg(x 1-Fn(z
Property 1: For every x € [—a, 0], f§<(w>) <Fv ((w)) . For every x € [0, al, fs(sx() ) < sz(vx() ),

Property 2: For all x € [—a, 0], Fs(z) < Fx(z) and for all z € [0,al, Fs(x) > Fy(z).

Property 1 is verified as follows. For all z, 2" € [—a, 0] with x < 2/, we have

fs(t) , _ Fslw) _ Fw(a) _ [* fw(®)
—o0 fS(JJ} fs(il?) fN(:E) —o0 fN(x)
By symmetry, 1}5(5_(3 ) < l;il(v_(;)”c ) forall z € [—a, 0], and thus we can rewrite it as follows:

for all z € [0, al,

1 — Fg(x) _ 1 — Fn(x)
[s(x) fnlz)

Property 2 is obtained by comparing the regions below fs(z) or fx(x) and the line z = 0.
By Assumption [2| and because Fs(0) = Fx(0), at one point 2’ € [—a, 0], we have fs(z') =
fn(2"). For x € [—a, '], fs(x) < fn(x), which gives us Fs(z) < Fy(x). Because Fg(0) =
Fn(0), we also have Fs(z) < Fy(z) for every « € [2/,0]. By symmetry, for all z € [—a, 0],

1 —Fs(—z) = Fs(x) <1— Fyn(—2) = Fy(2),
which we can rewrite that for all z € [0,al, Fs(x) > Fy(z).
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We can interpret the two societies under Assumption [2]as where in society S, public opin-
ion is clustered closer to the center, whereas in society /N, public opinion is more diverse.
Proposition [/| shows that when public opinion is more spread in society /N, the distance be-
tween policy promises made by the advantaged and disadvantaged candidates of each party
becomes larger. In other words, the policy promises of the two candidates in each party are
also spread. An interesting point is that the advantaged candidate chooses a policy promise
closer to the center, while the disadvantaged candidate chooses a policy promise closer to their
party’s median voter.

In what follows, y* denotes the equilibrium variable y in society s = N, S.

Theorem 7. Suppose that there are two societies N and S as defined in Assumption[2} Suppose
that both societies satisfy the conditions for the symmetric game as defined in Definition[2} and

a regime 2 equilibrium arises. Then r5, < r’\ and 15 > ).

In equilibrium, the advantaged candidates R4 and L4 attempt to appeal to the voters of
their own party because holding policy promises at the level of society .S, the disadvantaged
candidates’ probability of winning the general election against the opponent party’s nominee
increases as the distribution shifts from F's to Fx. This increases the attractiveness of the dis-
advantaged candidates to primary voters. The advantaged candidates have to shift their policy
promises towards their own parties’ bliss points to defend their prospects in the primaries.
Then, the distance between the two policy promises increases. Proposition [/| describes this
scenario.

Proposition 5 of Hummel (2013) analyses the scenario where Fiy(z) = Fs(Z) and shows
that when o increases, the advantaged candidates choose policy promises that are closer to
their parties’ bliss points. Theorem|[7]is consistent with this result and shows that for a general
F'y that satisfies Assumption |2} this tendency holds.

Shifting Median Voter’s Bliss Point

We consider two different societies N and S with differing distributions of the overall me-
dian voter’s bliss points. In society s = N, S, the cumulative distribution function is given
by F, with a well-defined probability density function f,. In what follows, (y), denotes the

equilibrium variable y in society s.

fs) — fnl)
D Ts@) S Int)

Suppose that for all z,2" € [—a,a] if v < 2/. Let my satisfy Fs(0) =
FN<mN) - %
Under this assumption, the distribution of the overall median voter is more skewed to the

left in society N compared with society S. Further, the following three properties hold.

Property 3: For every = € [—a, al, 5 S I;J(f()x) > 5 S Sng()x)
Property 4: For every = € [—a, al, g (é)) < 1{52 ((fc))



Property 5: For every x € [—a, al, Fs(x) < Fy(z) and hence mg > my.

Property 3 can be verified by
1-— FN(SL’) _ fN(t) dt < fs(t) dt — 1-— FS(JZ)’
fn(x) . Sn(x) « fs(@) fs(@)
and similarly property 4 can be verified by
Fy(z) (" fn(@)

T fs(t) . Fs(o)
i@~y @7l T T T

Property 5 can be obtained by either property 3 or 4, because

Fs(z) = exp (— h ;’Z((?) dt) < exp (— :0 ]];]]\\[]((?) dt) = Fy(z). (20)

Property 5 is often called first-order stochastic dominance when the inequality is strict, and

xT

we can say that Fly first-order stochastically dominates Fs. This implies that the overall me-
dian voter tends to be closer to —a with a higher probability in society N than in society S.
Properties 1 and 2 imply the same.

We consider how the equilibrium policy promises move, when society .S shifts to society
N. Although the formula of the changes that we obtain in the proof can be applied to any size
of change, to obtain a simple intuition, we consider an infinitesimal change in the distribution

function from Fg to Fly:

e Under the scenario of extremists’ change, for x € [—a, —a+é|, fn(x) = (1+d(2)) fs(z),
while for z € [a — €,a], fn(x) = (1 — d(x))fs(x) where d(x) is strictly smaller than e

for every .

e Under the scenario of centrists’ change, for x € [—¢€,0], fx(z) = (14+d(z)) fs(x), while
forx € [0,¢€], fy(z) = (1 —d(x))fs(z) where d(z) is strictly smaller than e for every x.

Under the scenario of centrists’ change, the shift of public opinion implies that there is a
large number of voters shifting their bliss points closer towards candidate L 4’s policy promise
from the center. As the shift is from the center, these voters’ bliss points remain further away
from candidate Lp’s policy promise. The shift in public opinion towards party L’s bliss point
also benefits candidate L 4 much more than candidate L in the primary election, because these
new voters are attracted by both candidate L 4’s policy promise and valence. So candidate L 4
faces less constraint by candidate L p’s primary challenge, and hence is able to shift her policy
towards the center to capture a greater share of votes in the general election.

Under the scenario of extremists’ change, the shift in public opinion implies a large increase
in voters with bliss points between party L’s bliss point and candidate Lp’s policy promise.
These new voters strictly prefer candidate L 4 in the general election, forcing candidate L 4 to
shift her policy promise towards the party’s bliss point to protect her chances of winning the

primary election.
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Theorem 8. Suppose that society S satisfies the conditions for the symmetric game. Suppose
that in both societies, a regime 2 equilibrium arises. Then when the change between Fs and

F'y is sufficiently small:
e Under the scenario of centrists’ change, I%} > I5.

o Under the scenario of extremists’ change, I < I5.

6 Extensions Including Endogenous Entry

In this section, we discuss the robustness of our results under various extensions and evaluate
a modified version of our model including the endogenous entry of a candidate.

Hummel| (2013) explains that in the symmetric game, a regime 2 equilibrium is robust
under the extensions such that there are three candidates in the primaries, candidates can take
different policy promises in two stages, parties hold open primaries, and politicians also care
about the policy outcomes. We do not repeat the same argument about a regime 2 equilibrium
because the arguments in [Hummel (2013) also apply to our results in the general setting.
However, a couple of points require noting.

First, a regime 1 equilibrium is also robust under these extensions, because in this regime,
candidate L 4 is so strong in terms of valence and her status does not change even under these
extensions. As mentioned in footnote [0, [Hummel| (2013) assumes that if a candidate loses
the primary election, then the candidate obtains a utility of 0, if a candidate wins party £’s
primary, then she obtains a utility of u;, > 0 for each k£ = L, R, and the winner of the general
election receives an additional utility of v > 0. We do not impose any particular utility and
simply assume that each candidate attempts to maximize the probability of winning office. If
we make a similar assumption to that of [Hummel (2013), a regime 1 equilibrium still arises
under the conditions of Theorems and |3} although candidates R4 and Rp would attempt
to maximize the chance of winning party R’s primary.

Second, in a regime 2 equilibrium, when candidates also care about the policy outcomes,
because the disadvantaged candidates cannot win the primaries with a strictly positive proba-
bility, they still maximize the expected payoffs of their own parties’ median voter. The electoral
competition with mixed motivation where politicians care about both winning office and pol-
icy outcomes is studied in [Takayama et al.| (2019)). In the Takayama et al. (2019) model, there
are two candidates, who we can consider as our advantaged candidates. In a similar way as for
our current proof for Theorem 4| or Takayama et al.| (2019)) which uses the recently developed
concept in the literature of discontinuous games by McLennan et al. (2011)), we can show that
when the 3 sets do not overlap, there is an equilibrium. However, depending on the positions
of the advantaged candidates’ bliss points, advantaged candidates may take policy promises

inside of the [ sets instead of the boundaries of the sets.
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Finally, we consider a modified version of our model such that a candidate has a choice of
entry to the elections. We can model this situation by using the concept of subgame-perfect
equilibria. By using Propositions ] and [5] together with Theorems and [5 we can
consider various scenarios where an advantaged or disadvantaged candidate decides to enter
the electoral race or not or the opponent party does not or does hold a primary.

Here, we consider a scenario where candidate R 4 is committed to a policy promise 74 and
there is no primary in party /2. We evaluate the endogenous decision of entry by candidate Lp.

Suppose that candidate Lp has a bliss point [ and the following utility: for P; = L4, Ra,
up, (v, Pj) = Py — klz — 1. (21)

Compared with a voter’s preference defined in (1)), has an additional element ~ for the
disutility caused by the policy difference with [p. One can imagine that as a politician, can-
didate Lp values valence more, or policy promises more. This is captured by . To consider
a general case, we do not impose any assumption on x, but obviously when x = 1, candidate

Lp’s utility coincides with a voter’s utility.

Proposition 6. Suppose L4 — Ry > 0 holds, and candidate R, is committed to policy 7 4,
and candidate Lp’s bliss point Ip satisfies Ip < M. Suppose that if candidate Lp does
not enter, candidate L 5 chooses l% = 74 — d, while if candidate Lp enters, candidate L 4
chooses 1114 = ZA(fA,RA) as in a regime 2 equilibrium. Then d < La — Ra holds. Let
(-F(AAt ARy gy

Foa+lL+LA—R
AT A (1) —d

). If k < K, candidate Lp does not enter. Otherwise, if k > K,

=
. F( 2
candidate L enters.

Proof of Proposition [6, If candidate L does not run for the primary, candidate L4 chooses
a policy promise in ar, (74, R4) as described in Proposition [5} Suppose candidate L 4 chooses
l% =74 —d € ar(Ta, Ra), and thus we have d < L4 — R4. Then the payoff that candidate
Lp receives is Ly — k(T4 — d) + klp. If candidate Lp runs and candidate L4 chooses [%,
because li, > M; < lp, the expected payoff of candidate L is

FA+ 1y +La—Ra
2

Ta+1Uy+La—Ra
2

(1— F( (R4 — k74 + Klp) + F( )(La — &l + Klp).

Thus, if (1 — F(EHatlazfayy 7 Ry < p(iatlatlaRay 11y — kd, candidate

Lp enters. Notice that because mr(74, Ra, li‘, L4) > 0in a regime 2 equilibrium, 74 >

I} + Ly — Ra. Then, when s = 0, (1 — F(“HatlaRayy (7 Ry > 0. On the other hand,
Fa+ly+La—Ra
2
inequality holds. Thus, we obtain the desired result. [

suppose F'( )(Ta — 1Y) > d. In this case, when & is sufficiently large, the above

Proposition [6] points out several interesting features of the revised game with endogenous
entry. First, if « is large and the difference in valences between the two advantaged candidates

is less of a concern, candidate L enters and influences the policy outcome. However, if « is

28



small and candidate L, is less concerned about the policy outcome, she values more the dif-
ference in valences between the two advantaged candidates and does not enter. In other words,
if candidate L places less importance on policy outcomes, and the advantaged candidate in
the opponent party has a sufficiently low valence level relative to the advantaged candidate
in her own party, she does not enter, because her entry will constrain the policy promise of
the advantaged candidate in her own party, potentially damaging the probability of her party
winning the general election.

Second, as l% = 74 — d is candidate L 4’s choice, candidate L 4 can influence candidate
fA+l}4+2LA—RA

0 but sufficiently small, candidate L4 can make the situation of x < & happen. In a sense,
FA+Z}4+LA7RA
2

Lp’s decision of entry. By choosing d such that F'( )(Ta — 1Y) — d is greater than

by choosing a d that is sufficiently close to F'( )(r4 — 1}) and compensating for
the disutility coming from the difference of policy outcomes for not entering to candidate Lp,
candidate L 4 can induce the situation where candidate L does not enter.

Hummel (2013) also considers the endogenous entry decision into primaries in the sym-
metric game. Given that the valence levels of the advantaged candidates are identical for the
two parties in Hummel| (2013)’s analysis, the impact of the opponent party’s advantaged candi-
date’s valence on the disadvantaged candidate’s decision to enter the primary election cannot
be captured. Proposition [6] adds another interesting insight into the decisions of candidates

about whether or not to enter the race.

7 Concluding Remarks

In this paper, we proposed a simple model of a two-stage electoral process with primaries
followed by a general election. By allowing voters to value both policy promises and valence,
we showed that there are possibly two equilibrium regimes, and provided the conditions under
which each regime arises. Our model is simple and tractable. At the same time, it is sufficiently
general to cover special scenarios such as a symmetric game or the case of a one-party primary,
and may also lend itself to further extensions such as uncertainty over candidates’ valence. Our
model is also rich as we provide the sufficient conditions for each equilibrium regime, and can
obtain the equilibrium in Hummel| (2013) as a special case of our equilibrium analysis.
Aragones and Palfrey (2002) use the standard Downsian model of two-candidate elections
of two politicians such that one is more advantaged in terms of valence than the other, and show
that pure strategy Nash equilibria often fail to exist, because the more advantaged candidate’s
optimal choice is to choose a policy promise that is as close as possible to the less advantaged
candidate’s policy promise, but the disadvantaged candidate has an incentive to move away
from the advantaged candidate’s policy promise. Intuitively, a Nash equilibrium fails to exist
because an unending policy chase arises in which the advantaged candidate continually pursues

the disadvantaged candidate’s policy promise over the entire policy space. In our model, a
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Nash equilibrium could also fail to exist. However, when 3 limits the extent of the chase
by the advantaged candidate, a regime 2 equilibrium exists. For example, if party R’s general
election candidate chooses a policy promise outside of 3y, party L’s general election candidate
cannot follow without losing the primary election.

Because our framework is simple but general, there are many ways to extend the simple
framework studied here. In the real world, primaries sequentially aggregate a number of dif-
ferent individual choices as well as party leaders and decide over time which candidate to
endorse. Next, we could attempt to relax the assumption about the same policy across the two
stages of the elections by allowing politicians to revise a policy promise within a certain con-
straint in the general election. As there is valence in the model, and valence also captures the
honesty of candidates, it may be interesting to see how the equilibrium policy promises vary,
if candidates can choose a different policy in the general election within a certain distance,
which is a function of valence, from their policy promise in the primary.

Ali and Kartik (2012) consider a model such that a sequence of agents choose between two
actions in a fixed sequential order, observing the choices of all prior agents, and allowing an
agent’s payoff to depend on the profile of actions of any subset of all agents. Callander (2007)
develops a model of sequential voting to shed light on when and why momentum is observed
and bandwagons begin in order to understand how electoral dynamics affect the selection of
candidates. |Dekel and Piccione (2000) compare the sets of equilibria in sequential voting and
simultaneous voting. Deltas et al. (2016) propose the simplest framework in which the issues
of learning and coordination interact with each other, estimate the structural parameters of the
theoretical model, and conduct some policy experiments.

In this paper, we assumed that valence and the policy promise are independent and that
voters’ utility is a function of these two variables. Also, in our paper, we assumed that the
valence values are exogenously given, and are public information. It may also be interesting
to relax these assumptions and analyze how the equilibrium changes.

Klumpp and Polborn| (2006) and Schwabe (2010) develop a model of campaign finance in
primary elections in which campaigns supply hard information about candidates’ electability
and evaluate the role of campaign advertising in primaries. While our settings are quite dif-
ferent, Anh and Oliveros| (2012) examine elections that simultaneously decide multiple issues,
where voters have independent private values over bundles of issues, while [Lizzeri and Persico
(2001) consider public goods provision under various electoral incentives. Adams and Merrill
(2009) have developed a model of policy-seeking parties in a parliamentary democracy, and in
their model, party elites are uncertain about voters’ evaluations of the parties’ valence. Finally,
Adams et al.| (2013) extend their model to situations where voters hold coalitions of parties
collectively responsible for their valence-related performances. It would then be interesting to
specify uncertainty about valence and consider aspects of the collective responsibility for this,
as in|Adams et al.[(2013).
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Recently, |[Hirano and Snyder| (2012) examined the impact of scandals on primary and gen-
eral election competitions using data for US House incumbents running for reelection over the
period 1978 to 2008. They find that incumbents involved in relatively serious scandals are very
likely to be challenged in the primary and lose. In their analysis, they point out that primary
elections can improve accountability by removing incumbents who face reelection in districts
dominated by the one political party.

Examining how different institutional arrangements affect the equilibrium outcomes in our
model would also be interesting. One example is crossover voting. Chen and Yang|(2002) and
Cho and Kang| (2014) consider an open primary election with two competing candidates and
the possibility of crossover voting. In our current model, crossover voting is eliminated by
assumption and our setting is then more akin to closed primaries.

Another interesting question is whether the open primary system leads to more moderate
outcomes than our current model. Galderisi and Ezra (2001) state that in general, the direct
primary where voters directly vote for a primary candidate was thought to be a method of
controlling the corrupting influences of the urban political machine. Ware (2002) reviews the
political history of the US, and asserts that the direct primary was the result of an attempt by
politicians to subject previously informal procedures to formal rules, which started in the late
1880s. (Gerber and Morton| (1998)) empirically examine how different primary election laws
affect the types of candidates elected in nonpresidential American elections. It would be useful
to evaluate whether these theoretical predictions match the empirical observations in (Gerber
and Morton| (1998)). |Casas| (2018]) proposes a model and shows that open primaries result in
candidates that are expected to be ideologically more extreme than those in closed primaries.
Our model is stable enough to lend itself to these various extensions.
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Appendix: Proofs
Derivation of Equations (3) and {@). Let o(l, L, r, R) satisfy
UJ(Z,L,T,R) (l, L) - UU(Z,L,T,R) (Tu R)

Then, o (I, L, r, R) does not exist, if |r — I| < |R — L|. If |r — {| > |R — L], let

and the probability that candidate R wins the general election is
Pr(M >o(l,L,7,R)) =1—F(o(l,L,7,R)) ifl<r
7TR(7“, R, l, L) =
Pr(M <o(l,L,r,R)) = F(o(l,L,r, R)) ifr <.
[

Lemma A-1.

1. Suppose that a winner in party L’s primary has a policy promise | and a valence L.
Then, for each i = A, D, VMR(Z_, L,z, R;) is a continuous function of x on [l_, Mg, and
when Tg(z, R;,1, L) > 0,

o Vir(lI, Lz, R;) is
— single-peaked if 2 (Vi (I, L, z, R;)) ]x:MR <0;
— increasing otherwise.
o When Vi, (I, L, x, R;) is singled-peaked, the maximal value is
it \2
<1 . F(a: +l—;L R,))

* 1] T _R. Y
%f(x +l—;L Rz)

l_—i-E—MR-i—

where x* satisfies the first-order condition

L (1 . F(az*+l_+E7R¢))
Rl+x*_L_l: *772 .
%f(ac +l-;L—RZ)

e The maximizer of Vi, (I, L, x, R;) exists uniquely on [I, Mp].

2. Suppose that a winner in party R’s primary has a policy promise ¥ and a valence R.
For everyi = A, D, Vi, (z, L;, 7, R) is a continuous function of x on [My,, 7], and when
7r(7F, Rz, L;) < 1,
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o Vi, (z,L;, 7 R)is
— single-peaked if % (Var, (2, Li, 7, R)) !z:ML >0;
— decreasing otherwise.
o When Vi, (v, L;, 7, R) is singled-peaked, the maximal value is
<F(F+x*—gLi—R>>2

%f(er;v*JgLi—R)

R—r+ + My,

where x* satisfies the first-order condition:

Livi-Rea = P
%f(rer*J;LifR)

e The maximizer of Vi, (z, L;, 7, R) always exists uniquely on [My, 7).

Proof of Lemma([A-Il By symmetry, we only prove the first case. Taking the first derivatives,
then

a% (VMR(Z_,I:,:L‘, Rz)) = 7h(z,Ri,l,L)(R; +x — (I + L)) + 7r(z, R, 1, L),

where 77, (x, R;, [, L) denotes the first derivative of 7z(z, R;, [, L) with respect to x.
When v = I, Ry +x — (I + L) < 0. Further, 7l(z, R;,[,L) < 0 when x > [. Thus
2 (Vap(l, L, 2, R;)) > 0. If

ﬁ (VMR(Zv-Z?xaRz)> S 07

ox o= Mp
then there is an 7 to satisfy
TR(Z, Ri, [, L)(R; + & — (I + L)) + 7p(z, R, [, L) = 0.
Then, note that when [ > z and 7g(x, R;,[, L) > 0,

B W%(Q_T,Rial; l}) _ %f(%i__&) (A-2)
Tr(Z, Ry, [, L) 1 — p(2tl=Re)’

Also, _
. ﬂ-;?<j)Ri7l7L) o 1
WR(.f,Ri,Z,E) n Ri—i‘f— (Z—FZ_—J)

By Assumption[T} for every x > Z, we have

(A-3)

%f(a_c+l+2[z—Ri> 1 i

1 — p(ZEL=Ry = Ry o — (I+ L)
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and for every z < , we have
1 p(zZ+Hl+L—R;
§f(x 2 ) 1

—2_ < —
| - F(EELRY © Rt o — (14 L)

When there is no such z, the expected payoff is increasing. Thus we obtain the first and second
statements.
By (A-3)), we obtain the first-order condition, and the maximal value is obtained by

VMR<Z_7E7':E*7RZ') + MR
*+1+L—R;

= F( 5 )(L+D+(1—F($*+ZZL_Ri))(Ri+x*)
eI+ L—R [ - (1— F(zHEE=R)
+ (1= F( 5 ))<Z+L+ %f(x*”gi—&) )

To prove the last item, notice that when 7z (z, R;, [, L) > 0,
v —1>max{R; — L,L — R;}.

Then, we obtain vy, (2, R;) > var, (I, L). Hence, if there is some 7 > [ with 7x(r, R;, [, L) =

0, we have
Vg (L L,r, Ry) = L+ 1 — Mg < max Vy, (I, L, 7, R;).

Thus, from the first item of this lemma, the maximizer is either z* that satisfies the first-order
condition, or M. This completes the proof. [

Lemma A-2.

1. Suppose that a winner in party L’s primary has a policy promise | and a valence L.
Then, for eachi = A, D, Vi, (I, L, z, R;) is a continuous function of x on [, Mg), and

when mg(x, R, 1, L) > 0, Vi, (I, L, x, R;) is increasing for x < .

2. Suppose that a winner in party R’s primary has a policy promise ¥ and a valence R.
Foreveryi = A, D, Vi, (z, L;, 7, R) is a continuous function of x on [My,, 7], and when

mr(7, R, x, L;) < 1, Vay, (x, L, 7, R) is decreasing for x > T.

Proof of Lemma[A-2l By symmetry, we only prove the second statement. Suppose that for
some x > 7, mr(7, R,x, L;) < 1, and note that the first derivative of Vi, (z, L;, 7, R) with

respect to x when z > 7 is
R—Li+x+T7 _— R—Li+z+T
D (L= 2) — (R 7)) - (P2
When 7x(7, R,z,L;) < land ¥ < 2,7 < x — (L; — R). Thus, the first derivative of
Vi, (z, Li, 7, R) is negative. This completes the proof. O
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Lemma A-3.

1. Suppose that a winner in party L’s primary has a policy promise | and a valence L.
Then, for each i = A, D, the maximizer of Vi, (I, Lz, R;) for x > [ maximizes
VMR(Z_, E,LL’, Ri)fOI”.Z‘ e X.

2. Suppose that a winner in party R’s primary has a policy promise ¥ and a valence R.
For every i = A, D, the maximizer of Vyy, (x, L;, 7, R) maximizes Vi, (z, L;, 7, R) for
r e X.

Proof of Lemma By Lemmasand the maximizer of Vi, (z, L;, 7, R) forz < 7
maximizes Vyy, (v, L;, 7, R) for x € X with 7p(7, R, x, L;) < 1. When 7x(7, R, z, L;) = 1,
Li< Randzx € [F—R%—Li,f%—}?—Li]. Thus, L; — x < R — 7. Thus,

VML(I‘, Li,f,R) = R—’F—{—ML.

If there is < 7 with 7(7, R, 2, L;) < 1, the maximizer of V), (z, L;,7, R) for z < 7
maximizes V), (z, L;, 7, R) for z € X. If there is no such z, for every z < 7,

VML(.Z',LZ',?,R) = R—f—l—ML

Thus, even in this case, every = < T is a maximizer of Vy, (z, L;, T, R). This completes the
proof. [

Lemma A-4. Foreveryl ,ra € X,
o Ifmr(r,Ra,la, La) > 0forsomer € X, %(la, La) is nonempty.
o [fmr(ra, Ra,l,La) <1 forsomel € X, 37(ra, Ra) is nonempty.
o [(ra, Ra) and Br(la, La) are nonempty.

Proof of Lemma(A-4. As the proof is symmetric, we only prove the claims for Sg(la, La).
We show that

max Vi, (la, La,r, Ra) > max Vi, (la, La, 7, Rp) (A-4)

and if there is an r with mr(r, R4, la, La) > 0, 5%(la, L4) is nonempty.

Fix 4 and r in X. If wp(r, Ra,la, La) > 0, we have vy, (1, Ra) > v, (la, La). Be-
cause vy, (1, Ra) > va,(r, Rp) and wg(r, Ra,la, La) > 0 implies wg(r, Ra,la, La) >
mr(r, Rp, la, La),

Viarn(las La,m, Ra) > Vg, (la, La, 7, Rp). (A-5)

35



Thus, indeed (3% (14, L4) is nonempty, which gives us the first statement. Alternatively, if
Tr(r, Ra,la, La) = 0, then

Vip(la, La,m, Ra) = Vi, (la, La, 7, Rp) = La — Mg + La. (A-6)

Because 7 and [, are arbitrary and either (A-5) or (A-6) holds, we conclude that for every
r € X, (A-4) holds. O

For every [4,74 € X, recall that we have defined ZD(TA) and 7p(l4) by

ZD(TA) = argmax Vi, (Ip, Lp, 74, Ra);
IpeX

rp(la) = argmax Vi, (la, La,7p, Rp),
rpeX

and ZA(TA> and 12,4<l,4) by
ZA(TA) = max{lA|VML(lA,LA,rA,RA) > VML(Z_D,LD,TA,RA) for l_D - ZD<TA)};
fA(lA) = min{rA\VMR(lA,LA,TA,RA) Z VMR(ZA,LA,fD,RD) for 77D € TAD(ZA)}
Lemma A-S. Suppose Mp — My, > Lo — Ra. If Ly = R, or Ly > R and there is T such

that 1 Mpr+z+Las—Rp
§f( 2 ) 1

(1- F(w)y  La— Ry’
then for every x < T, v + Ly — R4 does not belong to Pr(x, La).

Proof of Lemma[A-5, Fix [y = x. Let &g € Tp(z). Then z + L4 — R4 does not belong to
Br(x, L4) if and only if

VMR(ZL‘,LA,Z%R,RD) > lim VMR(JZ,LA,y,RA). (A-7)

yt—ax+La—Ra
By the first-order condition in Lemma|A-1}

(1 _ F(W))

Rp+Zpr=Ls+x+ lf(iR+fC+LA—RD) (A-8)
2 2
The left-hand side (LHS) of (A-7) is
tr+2x+Ls—R R tr+x+Ls—R
(1= F(E L) (Rp + i) + (L) (La + ) — Mg
1 — F(&rtetLla-Rp 2
:LA+96+( ( : ) — M.

%f(iR+z+2LA—RD)
The right-hand side (RHS) of (A-7)) is
(1—F<JJ+LA—RA))(LA—MR+ZE+LA—RA)+F(I‘+LA—RA)(LA—MR+LU)

ILA—MR+Z'+(1—F<$+LA—RA))<LA—RA).
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Thus, (A-7) holds when
Lf(fatetlazliny (1 — F(z+ Ly — Ry)) - 1

) A-9
(1 — F(iatetla=Rp))? = (La— Ra) (A-9)
Notice that when L4 = R 4, (A-7)) holds. Thus, suppose L4 > R4. Then, if
Lpczptatla—Rpy| _ (o + L, — R 1
e 24 )A( (z 4 ) _ | (A-10)
(1_F(M)) (La— Ra)
2
then = + L4 — R4 does not belong to Sgr(x, L4). Then if there is & such that
1 Mp+Z+LA—Rp
1 f(Mrtatla—Rp 1
ot S —" , (A-11)
(1 _ F(w)) (LA — RA>
2
then for every x < Z, v + L — R, does not belong to Sg(x, L4). O

Lemma A-6. Suppose % > Lya— Ry If Ly = Ra, or Ly > Ry and there is a 7 to

satisfy
%f(g'i‘ML'FQLD—RA) _ 1
(F(y+ML+2LD—RA))2 2(La — Ra)’

then for every y > 1y, y — L + R4 does not belong to Br,(y, Ra).

Proof of Lemma[A-6l Fix ry = y. Let g1, € fD(y). Letp =0if Ly > Ra,and p = F(y) if
Lo = Ry. Theny — Ly + R4 does not belong to 81 (y, R4) if and only if

VML(@LJLDJy7RA) > lim VML(%RA73/7LA)7 (A'lz)

- —y—La+Ra

which implies

(1 _ F(W))(RA _y) +F(W)(LD —QL) + M,
> (l—p)(LA—y+LA—RA+ML)+p(LA—y+ML).

By Lemma [A-1] the LHS of (A-13) is

(F(y+QL+§D*RA ))2

(A-13)

Ry—y+ + M.

+yr+Lp—R
1 f(y YL D A )
ThuS, @ iS rewritten as

(F<y+QL+§D—RA )) 2

Ra—y+ %f(y+yL+§D*RA)

+Mp>La—y+Mp+(1—p)(La—Ra).  (A-14)

If Ly = R4, (A-T4) holds. Thus, suppose that L4 > R4, and then (A-14) holds if and only if

%f(y+QL+§D_RA) 1

(F(W))Q < 2(La—Ry)’ (A-15)
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Thus, if

%f(y-l-z)L-i-QLD—RA) 1
A-1
e (F(y+@L+§ID*RA))2 = 2(La — Ra)’ (A-16)

then y + L4 — R does not belong to 57 (y, R4). Thus, if there is a ¥ to satisfy

1 pryg+Mp+Lp—Ra

Lp(itMetlo-Ra 1

2f(, : )2 = ; (A-17)

(F(EtMetlp=Fay) 2(La — Ra)
2

then for every y > ¢y, y + L4 — R4 does not belong to 31(y, Ra). O

Lemma A-7. Suppose that the conditions of Theorem | hold. Then there is a fixed point
(1%, Iy, 15, ) such that Iy = 14(r%), 15 € Ip(r), % = #a(lh), 75 € Fp (1)

Proof of Lemma[A=7. Notice that {{4(r4) : r4 € [, Mz]} = {maxS.(ra,Ra) : 74 €
[9, Mg]} and {7a(la) : la € [Mp, 7]} = {min Br(la, La) : L4 € [My, 7]}.

When Ly = Ry, by assumption, there is Z and ¢ such that {max 5;(ra, Ra) : 74 €
[y, Mg]} N {min Br(la, La) : la € [ML,Z]} = @ hold. We show that this also holds when
Ly > Ry. Suppose Ly > Ry. Letry > yand 1y = maxfr(ra, Ra). Then [y < 4 +
La—Ra & Br(la, La) by Lemma Similarly, let 4 < Z and r4 = min Sg(l4, L4). Then
ra > 14— La+ Ra & Br(ra, Ra) by Lemma[A-6] Thus, we conclude that Sr(l4, L) N
Br(ra, R4) = @ whenrs > g and 4 < Z. Therefore, {max 3 (ra, Ra) : 7a € [y, Mg]} N
{min Br(la, La) : la € [My,Z]} = & holds when L4 > R4.

Now, [My, Z]* x [y, Mg]? is a compact and convex subset of a metric space. By the maxi-
mum theorem, BRE (r4) = Ip(r4) and BRE(14) = #p(l4) are nonempty, upper semicontin-
uous, and compact-valued. Notice that for every r4 € [y, Mg] and l4 € [M, Z], there are rp
and [ that satisfy mr(rp, Rp,la, La) > 0 and wg(ra, Ra,lp, Lp) < 1. Then Lemmais
applicable, and the maximizers of the expected payoffs uniquely exist for every r4 € [y, Mp|
and [, € [M, z]. Therefore, BRE(r4) = Ip(r4) and BRE(l4) = #p(l4) are convex-valued
for every r4 € [y, Mg| and l4 € [M|, z].

Further, because Sr(la, La) N PBr(ra, Ra) = @ when ry > g and [, < Z, for every
r € Br(la, La), mr(r, Ra,la, La) > 0 and for every | € 1 (ra, Ra), Tr(ra, Ra,l, La) < 1.
By Lemma B%(la, La) and 55 (ra, R4) are nonempty. Then also applying Lemma
Br(la, La) and Br(ra, Ra) are nonempty and compact intervals. Therefore, BR%(rp) and
BR%(Ip) are nonempty values for every rp > 4 and [p < 7, and indeed singletons. Because
the expected payoffs are continuous with respect to each candidate’s policy promise, BR% (rp)
and BR%(Ip) are also continuous and convex because they are singletons.

Thus, by Kakutani’s fixed point theorem, there is a fixed point (I%, I, 7%, 7%5) in [My, T)* x
[, Mg]? such that

BR(I,1p,74,7Dp) = (BRE(Ip), BRp(r), BRE(rp), BRE(14)) = (I, 1, 774, 7D)-
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Proof of Proposition[I}, Suppose Ly — R4 < My — M, and suppose 7% > M. We will

show that there is always an [ 4 such that

EVar, (Lay La, vy, rh) > EVag, (15, Lp, 754, 7D) (A-18)
1 —7TR(T27RA,ZA,LA) > 0. (A—19)

Then by the definition of equilibrium, we obtain w** = 1.
Because 7%, > My and Ly — Ry < Mp — My, there is always an [, € [Mp,r%] such

that 1 — wg(7%, Ra,la, La) > 0. Notice that when 1 — wr(r%, Ra,la,La) > 0, we have
1 —7r(r}, Rp,la, La) > 0 (for any r7},) and

EVML(ZA,LA,TZ,TB) > EVML(ZA,LD,’FZ,T*D),
because

Vi, (la, Lp, v, Ra) > Var, (la, Lp, 774, Ra);

VML(ZAa LDur*Du RD) > VML(ZAa LDurBu RD)

Then we have max;, EVyy, (la, La, %, r5) > max,, EViy, (Ip, Lp, %, r5). By Lemma[A-3]
the maximizer of EV)y, (14, La, 7%, 773,), denoted by [%*, belongs to the interval [M,, 7% ], and
because 7%y > Mpand Ly — Ry < Mr — My, 1 — wg(r’, Ra, Uy, L4) > 0. Therefore, [}
always satisfies (A-18) and (A-19). This completes the proof. 0

Proof of Proposition 2} Suppose Ly — R4 < My — M. Suppose that candidate L, wins
party L’s primary, and w*’ = 1. Suppose that 3%(l%, L 4) is nonempty. Now, on the contrary,
suppose w* # 1. Then by the definition of equilibrium,

VMR(ZZ,LA,TZ,RA) S VMR(Z,ZaLA)T*D)RD)- (A-20)

Case 1. (A-20) holds with strict inequality. Then, wi = 1 and w’® = 0 by the defini-
tion of equilibrium. Then immediately we obtain a contradiction, and because 83 (%, L4) is
nonempty, there is an 74 € S5(l%, L4) such that

Varg Uy La,ma, Ra) > Var, (54, La,vh, Rp);
Tr(ra, Ra, Uy, La) > wilt - wr(rfy, Ra, I, La) = 0.

Case 2. (A-20) holds with equality. Then because 3%(l%, L4) is nonempty and w’® < 1, by
Lemma[A-I] we can take 4 = 7% + € for € sufficiently small such that

Vg (Uy, La,ra, Ra) > Vi Ly, La, mp, Bp);

mr(ra, Ra, Uy, La) > wit - (', Ra, Uy, La).

By the definition of equilibrium, this contradicts the assumption that w*{* and r* constitute an
equilibrium. O
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Proof of Theoremd By LemmalA-7 we know that there is a fixed point (I%, [}, 7%, 7},) such
that 1%, = [4(r%), 15 € Ip(ry),r = 7a(l%), 75 € 7p(l5)). We show that this fixed point is
an equilibrium. Notice that when 7% = 74(I%), v’y > M. Thus by Proposition |l w*F = 1.
Further, when Iy + La — Ra & Br(l%, La) by Lemmal|A-5| wg(r4, Ra, %, La) > 0 for every
ra € Br(l%, L) and thus 8% (1%, L) is nonempty by the first statement of Lemma[A-4] Thus
by Proposition 2] wift = 1.

Party R. First, we will show that there is no incentive for candidate R 4 to deviate from 74 (1% ).
Notice that 74(l%) maximizes the probability of winning the general election among policy
promises in Sgr(l%, L4). Because candidate R 4’s probability of winning the general election
is a strictly decreasing continuous function of 74, and otherwise candidate R4 could improve
her winning chances by moving further to the right while still winning the primary election,

that is, there is an r 4 such that

VMR(ZZ,LA,TA,RA) > VMR(ZZ,LA,T‘Z,RA); and (A—21)
Tr(ra, Ra, Uy, La) > wr(ry, Ra, Uy, La). (A-22)

This contradicts an equilibrium condition. Thus, candidate /74 does not have other strategies
to deviate from 74 (1% ). Meanwhile, if 7}, & 7p(l%), then there is an 74 for which and
(A-22)) simultaneously hold. This is a contradiction with the definition of equilibrium.

Party L. The proof for party L’s candidates can be done in the same fashion as the first
part. Intuitively, this is because candidate L 4’s probability of winning the general election is
a strictly decreasing continuous function of /4, and otherwise candidate L 4 could improve her
winning chances by moving further to the left while still winning the primary election, which
contradicts an equilibrium condition. Then candidate L 4 can win the primary with probability
one by adopting a policy promise in the interior of 87 (r%, R4), and if she adopts a position
outside this interval, candidate L, could defeat her by adopting a policy promise in ) p(r4).
In addition, her probability of winning the general election is a strictly decreasing continuous

function of 14, so in any equilibrium we must have %, = 14(r%). O

Proof of Proposition[3] By the first-order condition in Lemma[A-T] we obtain and (18).
Similarly, by Lemmal[A-I] we obtain the results. O

Lemma A-8. In a symmetric game,

o when regime 2 arises, I, = —r*, and I}, = —r% where r% and r3, respectively solve
A A D D A D

(13) and (14).
o m & Br(m, L) N Br(m, Ry) ifand only ifa > L — Lp.

Proof of Lemma[A-8 The first item can be shown by the symmetry of the equilibrium and
the four equations in Theorem ] Now, we illustrate the second item. Let r+4 = 0(= m).
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Then by (8)) of Theorem 4] we obtain

1 — F(T*D+L;_LD)
r5+La—L
5 f(5=2)

—(La—Lp) =

When % = [ = 0, we obtain

Vg (Cy, La, 7y, Ra) = La — Mp

and by Proposition 3]
* * * rp+ Lo—L
Vara (s La v Rp) = La = Mp + (rpy = (La = Lp)) (1 = F(-P———=7)).
Then, Vi, (1%, La, 7%, Ra) < Var,(Uy, La, 73, Rp), which implies m ¢ Sr(m, L), if and
0n1yifa>LA—LD. [

Proof of Theorem 5l First, as in case (I), when (I%,r%) = (m,m), because a tiebreaking
rule p(m) specifies 7z(m, Ra,m, La) = 3, by Lemma A-1, B5(m, L) and B3 (m, Ry) are
nonempty. By Propositions[l|and[2] (wif, wi) = (wiff, wif) = (1,0). Case (II) is a special
case of Theorem 4, When the set of equilibrium policy promises is as in case (II), again by
LemmalA-1]and Propositions|[1]and[2} we obtain (w3l wif) = (wif, wi b ) = (1,0).

Now, we show that if m € Sr(m, La) N Br(m, Ra) and p(m) = 1, case (I) arises, and
otherwise, case (II) arises. Then the rest follows by Lemma Case (II) can be proved
in the same way with Theorem [ Thus, we focus on the proof of case (I). First, we prove
that %, = [, = m is an equilibrium Suppose that 7% = [% = m and then F(M) =
1-F (%) = p(m) = 5. Given I}y = m, for every < [%, candidate R 4’s probability of
winning the general election is increasing and for every r > [, it is decreasing. Symmetrically,
given 1’ = m, this is true for candidate L 4. Thus, 7% = %} = m is an equilibrium.

Second, consider the disadvantaged candidates. Because choosing m gives a primary win
with certainty for both advantaged candidates, there is no strategy for each disadvantaged
candidate to improve their chance of winning in the primary. Thus any strategy in X can be an

equilibrium strategy for each disadvantaged candidate. [

Proof of Proposition[d, The first case (a) is proved in a similar manner with Theorem[I} Now,
we consider case (b). Because My —14 > L4 — Rp, for some rp, mr(rp, Rp,la, L) > 0. By
Lemma #p(l4) is singleton. Further, 3% (14, L4) is nonempty. Thus, (wit, w¥f) = (0,1)
by Proposition 2] The rest follows from the proof for party R in Theorem [4] [

Proof of Proposition[5| The proof of case (a) is the same with case (a) in Proposition[d} First,
(wif, wiF) = (0, 1) is obtained by Proposmonlbecause 74 > My. In case (b), I3, € Ip(Fa)
is proved in the same way as for the proof for party L in Theorem @] Thus it suffices to show

Iy € a(Ta, Ra) N BL(7a, Ra) in case (b-1), and otherwise, in case (b-2), [’} = fA(fA). In case
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(

(b-1), candidate L 4 can win the primary with probability one and still win the general election
with a probability arbitrarily close to one by moving slightly to the right of the rightmost
such policy, and in equilibrium she must take a position in «(74) N B (74, R4). No matter
what position candidate L, adopts, neither candidate L nor candidate R4 have any way
to improve. The proof of case (¢c)’s I% € [Fa — La + Ra,7a + La — Ra4| is immediate
because in this region, candidate L, can secure a victory in the general election. Because
74— My < Lj— Rp, candidate L cannot win the general election against candidate R4 and
thus the equilibrium policy promise is unrestricted for candidate Lp.

Finally, if Ly — R4 > Ra — Lp, then cases (a) and (c) are the only ones possible. In
contrast, if L4 — R4 < R4 — Lp, then all of cases (a), (b), and (c) cover all those possible. As

a result, in either situation, there is always an equilibrium. This completes the proof. 0

Proof of Theorem[6l In a symmetric game, if m & Br(m, La) N Br(m, Ra4), by Theorem 3]

. . . AV, (5, Lari,Ra) | . .
regime 2 arises. In the proof, the size of ‘ vy (G dlAA Al g important. Thus, first we note

the following. When the game is symmetric, by and of Theorem [5]

Ly—Uy—Ra+ry = 2r, (A-23)
La+0Uy—Rs+1y = 0. (A-24)
Thus, because the expected payoff for candidate L 4 is decreasing at [,

dVig, (I, La, %, R
ML(A, A TA A):(1—7TR),(LA—Z:Z—RA—|-’I“Z)—(1—7TR(’I“Z,RA,ZZ,LA))

dia
Uy+ry+La— Ry Uy+ry+Las—Ra (La—1Uy—Ra+717
I—F<A A2 )+f(A A2 )( A2 A)<0
1
=—5+ f(0)r < 0. (A-25)
Step I: Computing the formula for %, and %.

By taking the derivative of (17), we have

ary, | dry

VN +1 1+ I+ dry,  dr}

dL 4 dL 4 A A * * A A A A

_ I 1—
S (AT — 1) + P (1= A+ )

B 2

~(dry dip F(ZB+7“Z+LD—RA)
- \dL, dL4

drtdlx
I +14+Lp—Ra (ﬁ+dﬁi)

(L v = Ra— 1y pe At Lo =y Lo
Then by (16),
ar, dr Co1dly dry. . dry I+ + Lo — Ra
La L) o (1 _oTap . (A26
dLA+dLA+)f()TA+ W=ar, tan,) =2, > ). (A26)
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Conversely, by taking the derivative of (19),

dry | dly
+ars Tl i+ La—R
A f(A A ) (Ra vl — L= 1)
Py+ri+La—Ra dry  dl
1 p(AT"a A_ %Ay
+ ( 5 N, ~a, Y
Ui+rh+La—Rp  dryy,  dl
:1_FA D D A_l
( ( 5 N, ~an, Y
drx dr
= (Rp +7p = La = ) f(H——P— 0 ——2) S
By applying (17) and (A-24),
drt, Al LAy Al
(=2 + =2 +1) f0 (A -4
<dLA+dLA+)f()”+2(dLA ar, Y
U 41+ Ly — KTy
:_2(1_F(A+TD+2A RD))<dL/l+1). (A-27)

By adding (A-26)) and (A-27), because Fp = F(—I*DJFTZZLD_RA) -1 F(1T4+7’}5+2LA—RD)’

we obtain 1 . | au .
A A
— —2Fy | = | = +2F 1) —-=. A-2
dL (2 D> (2 * D) (dLA * ) 2 (A-28)

Further, by (A-27),

1 ar, ar,
- y = 1 A-2

where

L — 1
trptba= By Lo ro) —op,,

a = (5 + FO)rs) —2(1 — F

9 2
By (A-28)) and (A-29), we obtain
dr¥, (1 3 — fO)ry (1 L
L ()W AU A A-30
i, (2 D - 5 +2Fp 9 ( )
Thus,
dr’ 5
_ : (A-31)
1_ r*
dla  opp 4+ 200 (L4 opp) — 1
ar, - o) :
dLA _ 3 - A l—f(o)r*2 1 . L; (A-32)
4 2Fp + 2= (5 +2Fp) — 3
415 +La—R dia | dr;
AR(RR) G G Ly r ot Ly~ Ra (433
dL, 2 ? |

Step II: Proving the signs of % and i—i.
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Step II-1: Showing 5 — f(0)r% > a > 0. Notice that by (I7) and (A=24),

0<LA—ZZ—RA+7’Z:2T:Z<LD—Z*D—RA+7’2. (A-34)
Further, by (A-23)
OILA—FZZ—RA—FTZ>LD+ZB—RA+7’Z. (A-35)

Let Fy = F(W), fp = f(@) and fy = f(w) Then by

(A-35), Fy > Fp and thus we can set Iy = kFp for some k > 1. Also, given the game is
symmetric with respect to 0, by (A-33), we can set f4 = mfp for some m > 1. Further by

Assumption [1|and ,Ea > o implies k > m > 1. By (T7),
fa /o
La—U4—Ra+1y:Lp—lh—Ratry=Fp:Fa=1:Fk (A-36)

Then, by applying (A-36) and (17),

. Lp—1Ty—Ra+r
a:(FA—FD)+(fATA—fD b D2 4 A)

Lp—lp —Ratri)
9 D

= (Fa— Fp) + (mrj -

=(k—=1)Fp+ (m—k)r'fp= ((k—l)LD_lE;RA+T2+(m—k)r}}) fp

= ((k— Dk + (m—k)) fory = (k* =2k +m) fpry > (k — 1)*fpr’ > 0.

The first term in a is strictly positive by (A-34)), and the second term is strictly negative.
Thus,

I+ 7%+ La— Ry I +1% 4+ Lp — Ry

% Y+ Lis— R % Y+ La—Ra (Lg—15%—R *
F(A+TA+ A A)_f(A+TA+ A A>( A A A‘f‘rA)
2 2 2
1 *
:E_f(O)TA'
Notice that

5—fO)rs (1 1 1 1
2FD+#(§+2FD)—§>2FD+§+2FD—§:4FD>O. (A-37)

Thus,

1
d’f‘z _ 5 <0

1_ *
dL OF, + 2 f((IO)A (%+2FD)—%
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Also, because

dary, 3= o)y 1 .
- 1_ r* )
dL 4 a 2 + 2 in)A(%+2FD)_‘
we obtain
T _ dr dr*
dp(fatratiai) A+ gh 41 (btritlo =Ry
dL 2 2 '

Step IlI: Proving the szgns of a and and Concluding.

Step II-1. Showmg dLA < 0.
By taking the derivative of (16)),

(dr; dl}5> f(atbto=lia,

dLs dLa 2

f/(w)

dr diy,
r 415+ Lp — Ra ) (de‘; + dLA>

- ((LDH;—RA—z;g) 2 1 ) ;
Then
d?"jl f TZ—{—Z*D—FLD—RA)_ (LD—FTZ—RA—ZB)f,(TZ‘f'ZE‘f‘LD_RA)
dL 2 2 2
:_(LDM;—RA—lg)f,(r;+l;3+LD—RA>dzg
2 2 dL,
Because ar~ > 0and fr(atbttozliay o dLD <0.

Step III-2. Showmg that there is a desired K and completing the proof.
By taking the derivative of (18],

( g, diy 1) f(etatbazfin,

dLy, dLg4 2
/(fptlatlazBp £+ La—R T2+ +1
_<(RD+7“*D—LA—Z*A)f( 5 )-|-f(TD+A+2A D)( A 2A )
Let' = f(TEH*AJ;LA_RD) + (RDHB;LA%)f’(T}’“Lli‘J;LA_RD ). Thus, we obtain
o5 +LA—R
drjy _ f(E=52=2) — T (diy (A-38)
: | ) f@) 1@ o thi
Notice that by Assumption , —=2 > 0. Thus i e > 0. Applying this,
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because

rp+1U4+Las—Rp (Rp+715—La—10%) ., rH+U+Lasa—Rp

p— gt At Az fin) . AR AR
* * L _
:(1_F(TD+ZA+ A RD)))(
2
) Uotrp 2ot v i+ La— Ry

2 /
rH+H5+La—R rH+H5N+La—R
- (1 () ( e B A s D)>
1

2 B F(T‘*D—HZ-ELA—RD) f(T*D+lj‘4-i-2LA—RD>

>0, (A-39)

54+ +La—Rp

i+ La—Rp
5 > (0 implies f/(2—45=—=

together with the fact that 5

) < 0, it is held that

f(’W#) T
* * > 0- (A'40)
rH+H+LAa—R
f(%w) +T
Therefore, by (A-38)), r}, moves in the same direction as [%.

Remember that

1>

NI
|
%
—
(=]
=
3
¥

N[

dl* .
4 = a* - ]-7

dL 4 2 + %*f(EO)TA (% + 2FD) _%
which implies that S/ > 0 if and only if

s 1) L fO)rs ) 1
2 _ 2 -
i () o )

1 *
Define K to satisfy 2K (1 + %) — 1 Then, 8K? — 6K + (1 + f(0)r}) = 0.
2 TA™

Notice that 8(0) — 6(0) + (3 + f(0)r%) > 0,and 8(3)% —6(3) + (3 + f(0)rsy) = f(0)r; — 1 <
0. Thus, K exists in (0, %) Further, because the quadratic equation has two solutions and
8(1)%2 — 6(1) + (3 + f(0)ry) > 0, another solution exists in (3,1). Thus, a solution that
is between 0 and % is unique. Now, it is clear that 2Fp <1 + %ﬂi#) < % if and only if

Fp > K.

Proof of Theorem[7l Let R4 — Rp = d. In what follows, (g(z))" denotes the first derivative
of g(z). We denote 75 + 12, + Lp — Ra = 2% and v} + ¥ + Lp — Ry = 2. We denote
3 +15+La—Rp=y andry + 1% + Lo — Rp =y".

Suppose that | fx(x) — fs(x)| < € for some arbitrarily small € > 0. We will show r5 < 7
and [ > [. Then, because we can recursively repeat the same argument, we will obtain the
desired result. By the equilibrium condition for regime 2, we must have

Vi (13, La, 5, Ra) + Mg = Vi, (I3, La, ), Rp) + M. (A-41)
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Also, by symmetry,
Vit (B3 La, 73, Ra) = Vi (I L, 7, Ra) = La — M. (A-42)

By Lemma[A-T] in regime 2, for each society s = N, S, we must have

s

Vit (I Layvh, Bp) + Me = U + La + (1= F(5) - (r = 13— ). (A-43)
By comparing (A-42)) and (A-43) for each society s = NN, S, we must have

OZJCF—W :lj+(1—F5(y§)) S(rs, =15, —6) = 0. (A-44)

By comparing (A-44)) for societies S and N, we obtain

I +

S N Y yN yN S

(Fs(%) = En(5))8 + Fs (515 — Fn (3o = (1= Ex (5ol — (L= Fs(55))r,
(A-45)

Asy® > 0, property 2 implies FS(§) > FN(§) and thus for some small ¢, > 0, FS(§) —

FN(§) = ¢, and we have

S N S S N S
Fs(%) = En(5) = Fs() = Ew(5) = En(C0) + Fx() (A46)
N TN _ TS N _ 1S
. fN(y?) . ( D D);_(ZA lA)

Consider how FN(””‘S) - | changes when r and [ change infinitesimally, denoted by
dFy (™2) - [, which equals

r4i46 r+14+6
(fzv( ;* ﬂ) dr 4+ (fN( 23* ) +FN(—T+é+5)> dl.

Thus, FS( VIS — FN(%)ZX is given by Fs(§)lf1 - FN(g)li = ¢,l3 plus FN(§)lf1 -
Fn(%- )lN, which is

yN N y
e 15 + (M) (r3) —rN) + (fN(yZQ i +FN(%)> (15 = 10). (A-47)

Similarly, consider how (1 — Fy(“tt2)) - r changes when r and [ change infinitesimally,
denoted by d(1 — Fy (™)) - r, which equals

(—m#v r+Z+6))> O G

1—-F dl.
9 +( w( 9 9
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N S

Thus, (1—Fn(%))ry — (1—Fs(%))ry) is given by (1— FN(%))TD (1- Fg(%))r%—eyr%
plus (1 — Fy (%)) — (1 — Fy(%))r$, which is

(it (M . FM%)) R W e LA R

Combining the three terms (A-46), (A-47)), and (A-48)) into (A-43]), we obtain
N ’I"N _ ’I”S + lN _ ZS
<€y_fN(y) ( D D)2 (A A)>5

+ 15 + (fN(

—r (LG - n ) o - - 2P By -,

[\) w‘@
v
S
|
<
\UE
_|_

z
=
+
=
~

By organizing terms, we obtain

Q6+ 15— rf) = (fN(yT)M PO IO FN@))) o — )

+(m%) IGO0 S fw(%)r%> a
2 2 2 2

(La—Rp)+

We can simplify the RHS because by (T8]), which implies 1 — FN(%) = In07) (r¥ —6—1),
the first term becomes

() o IR )y A
S04 20 4 (- Fv(L) =0,
and the second term becomes
yY yV\IN N yVy\,.N N
I D oy - PO g (e — o,

Because 1 — FN(%) = fN(yT)(Tg -5-1) <1 fN(%) (¥ =8 — 1) < 1. As aresul,

by (A-49), we obtain

I =15 =

¥ <0
L= fx(5)(ry =6 = 1)
Thus, we obtain r§ < rf. O

Lemma A-9. In the symmetric game, an equilibrium policy for party R’s candidate satisfies
ra<<Trp— (RA — RD>.

Proof of Lemma See Proposition 3 in Hummel (2013). N
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Proof of Theorem[8. We continue to use the notation for z°, 2™,y 4"V as defined in the

proof of Theorem [7| Note that under both scenarios, 0 < Fy(z) — Fg(x) < € - € for every
x € [—a, a] and further,

(A) Under the scenario of extremists’ change, for every xg,z1 € [—a + €, al, Fn(zo) —
Fs(xo) = Fn(21) — Fs(21);

(B) Under the scenario of centrists’ change, for every « € [—a, a| \ [—€, €|, Fy(z) = Fs(z).

Because Vj (I3, La, 75, Ra) = Fs(0)(La 4+ 13) + (1 — F5(0))(Ra + r3) — Mg and

I5 = —r%, we obtain

Vi (U, La, Y, Ra) — Vi (I3, La,r3, Ra)
= Vl\iR(liaLA7Tf1aRA) - V]]\/\[[R(lf{yaLA7Tf{y7RA) (A'SO)

rﬁﬂﬁ rﬁﬂfj))rg'

= Fy( 5

)i+ (1= P

In regime 2 equilibria, the following holds:
VZ\]}[L (lga Ly, T’IJX, RA) - Vj\gL (liv Ly, Ti, RA)
=V, (I3, Lp, 7\, Ra) — Vi, (13, Lp, 73, Ra) (A-51)
= VAiR(lia Ly, T%» RD) - V]\]/\[[R(lga L, Tga RD)
Step 1. Calculating (A-51).
Consider d(r — § — [)(1 — F(™L)) when r and [ change. It is given by

<(1—F(r+é+6))—r_g_lf(r+;+6)>dr

- <(1_F(r+é+6))+r—g—zf(r+é+5)>dl_

Similarly to (A-47) and (A-48) in the proof of Theorem[7] by applying the first-order condition
(T8), we can compute that (r?, — 6 — 15)(1 — FM%)) —(ry -6 =11 - FN(%)) equals

- (- i+ P D ) 65 - )

Let FN(§) - FS(§) = ¢;. By property 5, ¢; > 0. The RHS of (A-50) is given by

Vite (5, La,rh, Rp) = Vil (1Y, La, 75, Rp)
=15+ —0-13)(1-F v — -y -s-1Ha-F v
=13+ (rp (1= Fs(5) =4 = (rp a)(1=Fn(Z)

S S
— () =3 =1 = Fn(55)) + (r) = 0 =191 - Fn(5)

S N .8 s y ry =01 gV oy
=13~y +(rp—0—-13)e1 — (1—FN(7))+ffN(7) (12 —14)

N N

Y S
= (% 6 —15)er + <FN(Z’2) — TDQAfN(yQ)> 1S — 1Y), (A-52)
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Similarly, consider d(r — § — ) F(“*,=2) when r and [ change. It is given by

r+1—90 r—0—10 . r+l—-9¢
e e ) L

—<F(r+;_5)—r_;s_lf(r+;_5)>dl.

Then, by applying the first-order condition (T6)), we can compute that (5 — § — l%)FN(§) -
(rY — 6 — 1) Fn(%") equals

N N _ s N N
(mi+ B =B ) 0 -

Let FN(%) FS(%) = €o. By property 5, ¢y > 0. The RHS of (A-51) is given by
VJ\AEIL(Z%7LD>TA7RA) VML< LDaTAaRA)

s N
= o (5 = 0= ) Es() 7 — () = 6 — 1) ()
s s a® s g ¥
—(ra—0— ZD)FN<7) +(ra—0— ZD)FN(T)

N r —6—IN N
:Tg_ri_wi_5—%kv+(EW??%%JLTT—QﬁN§ﬁ>Oi—r%.(Aﬁ&
Let

N rﬁ—é—lg N yN rﬁ—d—l% yN
x1=1- FN(?) - TfN(T) and yo = FN(T) — TfN(T)

By the results of Step I into (A=31), equating V,y (I35, Lp, 7, Ra) — Vi (I3, Lp, 73, Ra)
and Vi (15, La, 7, Rp) — Viy (1Y, La, 7}y, Rp) yields

(ri =0 —Ip)eo — xa(ri — i) = (rp — 6 = 13)er + xa (13 — 1), (A-54)
Therefore,
S5 —=15)e —(rs —6—1%
Sl = &(li Ny (rp e — (ra D)€o
X1 X1

Finally, we obtain

S 5 19)(er —
= 2y gy - T ta )
X1 X1
Let Fiy(0) — Fs(0) = ea. Then Vi, (I, La, Y, Ra) = V37, (I3, La, 75, Ra) is rewritten as

(A-55)

s s i+ N VI N
Fs(0)I3 + (1 — Fs(0))ra — Fn( Wa — (1= Fn( )7TA
ri + 1 i+
= Fg(0)I5 + (1 — Fs(0))r§ — Fy(-2—) — (1 - Fw(%))rg
— Fy(0)13 — (1= Fx(0))r + Fv(0)13 + (1 — Fx(0))r}

o 1 o+ 0

= 27 + <FN(0)li - Py (44 )l%) + ((1 = Fn(0)r — (1= Fn(-4-4)) EX) (A-56)
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Consider how G/(“1%) - = when  and y change where we denote g(z) = 52 Then

Ea’AN

T4y |

)5 =22 o

Consider how (1 — G(%$%)) - y when = and y change. Then

T+ Q(T)'y

T4y
5 ))dy 5 e

)y =

Then the second term of is

d(1 — & WHI—G(

5+ 15 ri + 1
Fy( A2 )05 — Fn (- 5 A
Py LS S S rAtiy s
:[fN( 22) A_'_FN(%) (zi—zg)+fN( 22) AL (S

Similarly, the third term of (A-56)) is

(1= Ay s - (A
[ - mrith)) - 5D ] -y - DEE T sy
Substituting the two terms into (A-36)), we obtain
Vir, (I3 La, Y, Ra) = Viz, (I3, La, 7, Ra)
— e+ |20 o) 0y —ap+ DOy -y

S ~(0) - 7S N
#2958 - pvion] - - o+ PO -
= e+ (P00 = Fa(0)) - (1 = 15) + (w00 — (1 = Fn(O))( — ). (A-5T)

Thus, by (A-5T),
S

2eari + (fw(0)r = Fn(0)) - (I = 13) + (fn(0)rd — (1 = Fi(0)))(rY —73)

= (rp =0 = R)er — xa (LY — 1)

Then,

INOrZ=Fn(0) | fN(Ori-(1=Fn(0)\ N _ ;8
X2 (1 + " + = (Lx —13) (A-58)

N ()5 —(1—Fn (0
= (rf, — 6 — 1§)er — 2ear — 2OBLIO 8 5 15) () — eq).

Step 1I. Completing the proof.
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By applying (I6) and (18],
{L'N yN
i =1-2Fy(5) > 0and xo = 2Fy () = 1> 0.

By the slopes of expected payoffs, fx (0)r§ — Fx(0) < 0and fn(0)r5 — (1 — Fy(0)) < 0.
Therefore, fy(0)r < 1. Therefore, for some ~, we have

fN(O)fo — Fy(0) n fN(O)fo — (1 — Fn(0)) _
X2 X1 X1

1+

When ¢y = €; = €4 by (A) under the scenario of extremists’ change, the RHS of (A-38) is

(1= Fn(0)) = fn(0)r}
X1
= el(r% —5—li —27"51) = el(r% —5—ri) >0,

(r% -0 — li)el — 26,47”5 + (T% -0 — li)(el —€)

where the last inequality is due to Lemma which shows 72, — ¢ — r§ > 0.
When 0 = ¢y = €; < €4 by (B) under the scenario of centrists’ change, the RHS of (A-38)
is
(1= Fwv(0)) = fn(0)r}
X1

(7"% —_— li)el — 2€A7“i + (T% —0— li)(el —€)

= —26,47”5 < 0.

xs 2
Consider the LHS of (A-38). By (16) and (I7), 75 = (—ﬁ(%g) Thus, the LHS is positive
278\
N

ﬁ 2 z_ x= =
if and only if (fj‘i (QLS))) < FN;(g)). By Assumption we have FS(( Z’S)) < B0 _ 3 By
2 2

S

property 5, we have Fg(%) < FN(§) Thus, we have and

z%y2 1 N
o can be arbitrarily close, we have r5 = (I;S((js))) QI;ZEO)Q ) Given fn(0)r5 < FN(%)
s(5

the LHS of (A-38) is negative. Combining these observations, we obtain the desired result. [
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