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Abstract

Since the introduction of better-reply security by Reny (1999), the literature studying

the existence of a pure strategy Nash equilibrium (PSNE) in discontinuous games has

grown substantially. In this paper, we introduce a weak notion of better-reply security,

which is applicable to both quasiconcave and nonquasiconcave games. Our conditions for

feeble better-reply securityare simple, easy to verify and particularly useful in electoral

competition games. We also provide necessary and sufficientconditions for the existence

of a PSNE in a canonical electoral competition game. Finally, this paper demonstrates

why a PSNE fails to exist when a particular type of discontinuity exists in a model.
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1 Introduction

Many important games such as Hotelling’s model, various auction games and Bertrand com-

petition have discontinuous payoffs. Since the introduction of better-reply securityby Reny

(1999), the literature studying the conditions for the existence of a pure strategy Nash equilib-

rium (PSNE) has grown significantly.1

In this paper, we introduce a weak notion of better-reply security, which is applicable to both

quasiconcave and nonquasiconcave games. Our conditions for feeble better-reply securityare

simple, easy to verify and particularly useful in electoralcompetition games. We also provide

necessary and sufficient conditions for the existence of a PSNE in these games. Finally, by

using the notion of feeble better-reply security, we demonstrate why a PSNE fails to exist

when a particular type of discontinuity exists in a model.

In the literature, Carmona (2011) proposes the condition ofweak better-reply security, and

establishes an existence result which can also imply theorems in Reny (1999) and Barelli

and Soza (2009).2 On the other hand, McLennan, Monteiro and Tourky (2011) weaken the

hypotheses of Reny (1999)’s existence theorem and propose theMR-securitycondition, which

is also applicable to nonquasiconcave games.

However, with regard to applicability, as pointed out by Reny (2013)3, some of the hy-

potheses in previous studies are difficult to verify. For instance, MR-security by McLennan,

Monteiro and Tourky (2011) requires us to construct an operator that restricts the set of strate-

gies for which payoff security is satisfied, or weak better-reply security by Carmona (2011)

requires us to construct an upper hemicontinuous correspondence.4 In the view that in a politi-

cal competition model, quasiconcabity of payoffs is usually not assumed, and MR-security by

McLennan, Monteiro and Tourky (2011) is difficult to apply, we develop the concept offeeble

better-reply securityfrom weak better-reply security in Carmona (2011) and MR-security in

McLennan, Monteiro and Tourky (2011).5 Our feeble better-reply security is equivalent to

1Among many, the recent study of Bich and Laraki (2013) uses the ideas of approximation games and a

sharing equilibrium in Simon and Zame (1990) to show the existence of an approximate equilibrium in the class

of quasiconcave games with discontinuous payoffs. Barelli, Govindan and Wilson (2014) study a type of Colonel

Blotto game to demonstrate the existence result. Prokopovych (2013) proposes a new form of the better-reply

security condition, thestrong single deviation property.
2Reny (1999) also provides sufficient conditions, namelypayoff securityandreciprocal upper semicontinuity,

for quasiconcave and compact games to be better-reply secure so that the game has a PSNE. Bagh and Jofre

(2006) generalize the condition of reciprocal upper semicontinuity by allowing for the payoffs of all players to

drop down at some point as long as the payoff of one player jumps up, relative to his old payoff, somewhere in his

strategy set. Carmona (2009) establishes the conditions ofweak upper semicontinuityandweak payoff security,

which together are sufficient for the existence of a PSNE.
3See footnote 2 in Reny (2013).
4Moreover, weak better-reply security is only applicable for quasiconcave games.
5Judging from page 1661 in McLennan, Monteiro and Tourky (2011), it appears that they are unaware of

the analogs of the two conditions of Carmona (2009) in their setting. We believe that our feeble better-reply
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Carmona (2011)’s weak better-reply security for quasiconcave games.

Our proofs using feeble better-reply security are brief. Asmentioned above, proving the

PSNE existence by using the MR-security condition of McLennan, Monteiro and Tourky

(2011) requires a construction of a restriction operator.6 Our feeble better-reply security does

not require constructing such a restriction operator. In other words, although MR-security is

more general than feeble better-reply security, feeble better-reply security is easier for veri-

fication and application. We show this using a model of electoral competition, in which the

players’ expected payoff functions do not always satisfy continuity or quasiconcavity.

We build an electoral competition model on the basis of the model in Roemer (1997), which

is a one-dimensional two-party model with uncertainty about the median voter’s bliss point.

In Roemer’s model, the parties are interested solely in the policy after the election. We ex-

tend his model in the sense that the parties are also interested in winning the election. Feeble

better-reply security allows us to provide a simple proof ofthe existence in the model, which

have been increasingly important in political science literature (Ball, 1999, Aragones and Pal-

frey, 2005, Saporiti, 2008, Bernhardt, Duggan and Squintani, 2009, Hummel, 2013, Drouvelis,

Saporiti and Vriend, 2014, Takayama, 2014). Further, as a corollary to our main theorem, we

prove the existence of an equilibrium in Roemer’s original model.

We also provide necessary and sufficient conditions for the existence of a PSNE by applying

the notion of feeble better-reply security. This concept allows us to demonstrate why a PSNE

fails to exist when a particular type of discontinuity exists in a model. These necessary and

sufficient conditions are indeed a general version of the ones proposed in Drouvelis, Saporiti

and Vriend (2014) and the ones shown by using the Hotelling model of price competition in

d’Aspremont, Gabszewicz and Thisse (1979) and Dasgupta andMaskin (1986).

The organization of this paper is as follows. The second section defines the concept of fee-

ble better-reply security, and then provides the main theorem. The third section provides the

existence results in the electoral competition model. The last section concludes with a discus-

sion of the relationship between feeble better-reply security and other existence conditions in

the literature. Finally, the appendix includes an illustrative example and figures to describe the

existence results using the electoral competition model.

2 The Theorems

Consider a noncooperative normal form game

G = (X1, . . . , XN , u1, . . . , uN),

security is an analog of weak better-reply security of Carmona (2011) in their setting, which the two conditions

in Carmona (2009) are equivalent to.
6The proofs for the model using MR-security are available upon request.
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where, for eachi ∈ {1, . . . , N}, player i’s strategy setXi is a nonempty compact convex

subset of a metrizable locally convex topological vector space, and playeri’s payoff function

ui is a bounded function from the set of strategy profilesX =
∏N

i=1Xi to R.

2.1 The Main Theorem

For eachi ∈ N , define a function,ui : X → R, by ui(di, x−i) = lim inf
x′
−i→x−i

ui(di, x
′

−i). This is

the payoff that strategydi can almost guarantee to playeri if his opponents play any strategies

close enough tox−i. In order to define feeble better-reply security, for each strategy profile

that is not a PSNE, we examine if such a strategy profile satisfies the following two conditions.

The first condition is a version of payoff security, similar to the better-reply security of Reny

(1999). In the second condition, because we do not impose thecondition of quasiconcavity

in our existence theorem, we set a restriction on the convex hull of the upper contour set of

a given player. Finally, we apply the fixed point principle stated in McLennan, Monteiro and

Tourky (2011).

Forα ∈ R, we define

Bα
i (x) = {yi ∈ Xi : ui(yi, x−i) ≥ α}; and

Cα
i (x) = con Bα

i (x),

wherecon Z is the convex hull of the setZ.

Definition 1 (Feeble better-reply security). For a setZ ⊂ X, a gameG is feebly better-reply

secure onZ if there is someαN = (α1, . . . , αN) ∈ R
N such that the following conditions

hold:

1. for eachi ∈ N and anyz ∈ Z, Bαi

i (z) is nonempty; and

2. for anyz ∈ Z, there is some playeri ∈ N such thatzi /∈ Cαi

i (z).

The gameG is feebly better-reply secure atx ∈ X if there is some neighborhoodUx of x

such that it is feebly better-reply secure onUx. Then, the gameG is feebly better-reply secure

if it is feebly better-reply secure at eachx ∈ X which is not a PSNE.

Let Γ = {(x, u) ∈ X ×R
N : u(x) = u} be the graph of the game’s vector payoff function,

and letΓ̄ be its closure. We now review the definitions for better-reply security introduced in

Reny (1999) andB-security developed by McLennan, Monteiro and Tourky (2011).

Definition. Playeri cansecurea payoff ofαi ∈ R onZ ⊂ X if there exists someyi ∈ Xi

such thatui(yi, x′−i) ≥ αi for anyx′
−i ∈ Z−i.

Moreover, playeri can secureαi atx ∈ X if he can secureαi on some neighborhood ofx.

Definition (Better-reply security). A gameG is better-reply secureif whenever(x, αN) ∈ Γ̄

andx is not a PSNE, there is some playeri and someε > 0 such that he can secureαi+ ε atx.
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McLennan, Monteiro and Tourky (2011) show that better-reply security is equivalent to the

following condition.

Definition (B-security). A gameG is B-secure onZ ∈ X if there is someαN ∈ R
N andε > 0

such that the following conditions hold:

1. every playeri can secureαi + ε onZ; and

2. for eachz ∈ Z, there exists some playeri satisfyingui(z) < αi − ε.

The gameG isB-secure atx ∈ X if it is B-secure on some neighborhood ofx.

In comparison with the second condition ofB-security, the second condition of feeble

better-reply security has additional strength. However, whenG is quasiconcave,Cαi

i (z) is

replaced byBαi

i (z), and it then becomes weaker. Moreover, as mentioned by McLennan,

Monteiro and Tourky (2011), theε in B-security plays an important role and makes it harder

to satisfy. As a result, feeble better-reply security is weaker thanB-security in general. This

also implies that feeble better-reply security is more general than better-reply security. Next is

an example that is not better-reply secure but is feebly better-reply secure.

Example 1(Page 1647 in McLennan, Monteiro and Tourky (2011)). There is one player with

a strategy setX1 = [0, 1]. His payoff,u1 : X1 → R, is given by

u1(x1) =




0 if x1 = 0,

(x1 − 1
2
)2 if 0 < x1 ≤ 1.

McLennan, Monteiro and Tourky (2011) show that this exampleis notB-secure, and hence,

not better-reply secure. However, it is feebly better-reply secure. To see that, setα1 = 1
4
.

Notice thatx1 = 1 is the only maximizer ofu1 atu1(1) = 1
4
. At eachx1 ∈ [0, 1), it is feebly

better-reply secure. Particularly, atx1 = 0, because1 ∈ B
1

4

1 (0), B
1

4

1 (0) 6= ∅ and thus the first

condition of feeble better-reply security holds. To see thesecond condition of feeble better-

reply security also holds atx1 = 0, note that0 6∈ C
1

4

1 (0). Finally, becauseu1 is continuous in

other points, by settingαx11 = u1(x1) + ε for ε > 0 sufficiently small, eachBα
x1
1

1 (x1) is not

empty butx1 itself does not belong toC
α
x1
1

1 (x1). Thus, this example is also applicable to the

concept of feebly better-reply security.

Now, we state our first main result.

Theorem 1. If a gameG is feebly better-reply secure, then it has a pure strategy Nash equi-

librium.

To prove Theorem 1, we use the following fixed point theorem which is proved in McLen-

nan, Monteiro and Tourky (2011).
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Lemma (Lemma 7.1 in McLennan, Monteiro and Tourky (2011)). LetX be a nonempty con-

vex compact subset of a topological vector space and letP : X ⇒ X be a set-valued map-

ping. If there is a finite closed coverH1, . . . , HJ of X such that
⋂
z∈Hj

P (z) 6= ∅ for each

j = 1, . . . , J , then there existsx∗ ∈ X such thatx∗ ∈ con P (x∗).

Lemma 1. Suppose thatU1, · · · , Ul are subsets ofX and, for eachh = 1, · · · , l, a gameG

is feebly better-reply secure onUh. Then,G is feebly better-reply secure on any nonempty

U ⊂ ⋂l

h=1Uh.

Proof. For eachh = 1, · · · , l andi ∈ N , there is someαhi ∈ R such thatB
αh
i

i (z) 6= ∅ for

any z ∈ Uh holds. For eachi, let αi = maxh α
h
i , and lethi be such thatαhii = αi. Also,

let α = (α1, · · · , αN). By definition of feeble better-reply security, for eachi, there is some

yi ∈ Xi such thatyi ∈ B
α
hi
i

i (z) for anyz ∈ Uhi. Then, for anyz ∈ U , z ∈ Uhi for eachi.

Thus, we haveyi ∈ Bαi

i (z) and soBαi

i (z) 6= ∅ for anyz ∈ U .

For eachh = 1, . . . , l and anyz ∈ Uh, there is some playeri ∈ N such thatzi /∈ C
αh
i

i (z).

Then, becauseαi ≥ αhi , we havezi /∈ Cαi

i (z) for anyz ∈ Uh. This implies that, for anyz ∈ U ,

there is some playeri with zi /∈ Cαi

i (z).

Proof of Theorem 1.Aiming at a contradiction, suppose thatG is feebly better-reply secure

and has no PSNE. BecauseX is a compact subset of metrizable topological vector space,it is

covered by closed subsetsH1, . . . , Hl such that, for eachh = 1, . . . , l, there is someαh ∈ R
N

and an open neighborhoodUh of Hh such thatG is feebly better-reply secure onUh.

For eachx, letUx =
⋂
h:x∈Hh

Uh. Define a functionψ : X → R
N by

ψ(x) =

(
max
h:x∈Hh

αh1 , . . . , max
h:x∈Hh

αhN

)
.

Then, from the proof in Lemma 1,G is feebly better-reply secure onUx. As a result, it is

feebly better-reply secure atx.

For eachi ∈ N , letPi(x) = B
ψi(x)
i (x), andP : X ⇒ X by P (x) = P1(x)× · · · × PN(x).

The remaining task is to show thatP satisfies the hypotheses of Lemma 7.1 in McLennan,

Monteiro and Tourky (2011). Then, there is somex∗ ∈ X such thatx∗ ∈ conP (x∗), i.e.

x ∈ C
ψi(x

∗)
i (x∗), for all i. However, we hypothesized thatG is feebly better-reply secure atx∗.

Therefore,x∗ /∈ C
ψi(x∗)
i (x∗) for somei, contradicting the result in Lemma 7.1 in McLennan,

Monteiro and Tourky (2011).

Choose a particularx ∈ X. Becauseψ is upper semicontinuous and takes finitely many

values, there is a closed subsetZx ⊂ Ux of x such thatψi(z) ≤ ψi(x) for all i andz ∈ Zx. By

Lemma 1, sinceG is feebly better-reply secure onZx, we have

⋂

z∈Zx

Pi(z) =
⋂

z∈Zx

B
ψi(z)
i (z) ⊃

⋂

z∈Zx

B
ψi(x)
i (z) 6= ∅,
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for all i. Hence,

⋂
z∈Zx

P (z) =
⋂
z∈Zx

P1(z)× · · · × PN (z)

=
⋂
z∈Zx

P1(z)× · · · ×⋂
z∈Zx

PN(z) 6= ∅.

BecauseX is compact, it is covered by some finite collection ofZx, so thatG satisfies Lemma

7.1 of McLennan, Monteiro and Tourky (2011).

Recently, Reny (2013) provides some generalizations of theequilibrium existence results

in Reny (1999), McLennan, Monteiro and Tourky (2011) and Barelli and Meneghel (2013).

Reny (2013) proposes the concept ofpoint security with respect to a subset of playersby using

ordinal preference relations. Reny (2013) expresses his conditions by using its local nature in

order to overcome practical difficulties in proving conditions proposed in previous studies. Our

feeble better-reply security comes from a similar idea, although our aim is to use it in electoral

competition games to obtain simpler proofs, but not to propose a more general condition. In

the next section, we provide the simple proofs by using the concept.

In the next section, we introduce an electoral competition model, and players have a contin-

uous but not quasiconcave payoff function when they are onlyinterested in the policy outcome.

The following example shows that when a payoff is continuousbut not quasiconcave, the vio-

lation of feeble better-reply security may lead to the nonexistence of a PSNE.

Example 2. There are two players with strategy setsXi = [−1, 1], i = 1, 2. The payoff of

playeri, ui : X1 ×X2 → R, is given by

u1(x1, x2) = |x1 − x2|, and u2(x1, x2) = |x1 + x2|.

Then, the best response correspondence for each playeri, BRi(x−i) : X−i ⇒ Xi, is

BR1(x2) =





1 if x2 < 0,

{−1, 1} if x2 = 0,

−1 if x2 > 0,

BR2(x1) =





−1 if x1 < 0,

{−1, 1} if x1 = 0,

1 if x1 > 0.

Hence, nonexistence of a PSNE is evident in the lack of an intersection in the two best re-

sponse correspondences. Moreover, there is no value ofαN that satisfies both of the conditions

of feeble better-reply security. To see this, consider the strategy profilex = (x1, x2) = (0, 0).

It is obvious thatx is not a PSNE. In this profile, given an opponent’s strategyx−i = 0, each

player i maximizes his payoff atxi = −1 andxi = 1. Hence, in order to satisfy the sec-

ond condition of feeble better-reply security, we needαi > maxxi∈Xi
ui(xi, 0). However, this

violates the first condition of feeble better-reply security.
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3 The Existence Proofs in Electoral Competition Models

3.1 The Model

Consider an economy with two goods: aprivate goodand apublic good. In this economy,

there is a continuum of voters, and all of them have the same quasilinear preferences over the

two goods, which are represented by adirect utility function, u : R× R → R, given by

u(b, g) = b+ ϕ(g), (1)

whereϕ(g) is increasing and strictly concave,b is the individual voter’s consumption level

of the private good, andg is the per capita value of the public good. In this model,income,

h, is the only characteristic that determines preferences over the policies. We assumeh is

distributed according to a probability measure onH with a mean of̄h. As the public good is

financed entirely by tax revenue, the political issue is aflat tax rate. Then, we define a voter’s

indirect utility function, v : H × [0, 1] → R, by

v(h, t) = (1− t)h+ ϕ(th̄). (2)

Note thatv(h, t) is continuous and strictly concave int. Hence,v(h, t) is single-peaked int.

By using (2), we define the monotonic bliss point of a voter whose income ish, θh ∈ [0, 1], as

θh = argmax
t∈[0,1]

v(h, t). (3)

We assume that there are two political parties,Party L and Party R. Following Roemer

(1997), each party wants to maximize the utility of some voter whose income ishL or hR with

hL < hR, respectively. Furthermore, we assume that parties have mixed motivations in the

sense that they are interested in winning the election as well as in ideology, i.e., the policy

implemented after the election. Letki ≥ 0 be the intrinsic value that partyi = L,R places on

holding office. We assume that the values ofki are common knowledge.

The randomly distributed median voter’s income has a cumulative distribution functionG

such that we assume it has no mass-point and its support is continuous in [hL, hR]. As a

consequence of (3) and the assumption of the distribution ofthe median voter’s income, for

each partyi = L,R, there is a single ideal policyθhi, andθhR < θhm < θhL, whereθhm is

the median voter’s bliss point. For simplicity, we writeθhR = θR, θhm = θm andθhL = θL,

respectively.

In the game, each partyi independently and simultaneously announces a policyxi ∈ Xi =

[0, 1]. Then, each voter casts their vote for the party whose announced policy gives the highest

utility according to the indirect utility function defined by (2). When the distribution ofhm
does not have a mass-point, the probability of tie is zero, unlessxL = xR. Finally, parties

implement their announced policies if they win the election.
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Given a pair of announced policies(xL, xR), let π : X → [0, 1] be the probability thatL

wins the election. From (2),π(xL, xR) is indeed

π(xL, xR) = Pr[v(hm, xL) ≥ v(hm, xR)]. (4)

For a givenm, he strictly prefersL toR if and only if

(xR − xL)hm > ϕ(xR h̄)− ϕ(xL h̄).

Defineσ : X → R by:

σ(xL, xR) =





0 if ϕ(xR h̄)−ϕ(xL h̄)
xR−xL

≤ hL
ϕ(xR h̄)−ϕ(xL h̄)

xR−xL
if ϕ(xR h̄)−ϕ(xL h̄)

xR−xL
∈ (hL, hR)

1 if ϕ(xR h̄)−ϕ(xL h̄)
xR−xL

≥ hR.

(5)

Then,σ sets a cut-off wealth level at which the probability ofL winning the election be-

comes either zero or one. Then, by using the cumulative distribution function of the median

voter’s income, we can writeπ(xL, xR) as

π(xL, xR) =




1−G(σ(xL, xR)) if xL < xR

G(σ(xL, xR)) if xL > xR.
(6)

Further, assume thatπ(xL, xR) = p for somep ∈ [0, 1] whenxL = xR. Unlike Roemer

(1997) who applies an equal-sharing rulep = 1/2 when the two parties announce an identical

policy, we assume that the winning probability forL is some constantp in [0, 1] at the event of

tie.

By the probability of winning function,π(xL, xR), and the indirect utility function,v(h, xi),

we define an objective function,EΠi : X × R → R, of the partyi = L,R by

EΠL(xL, xR, k
L) = π(xL, xR)(v(hL, xL) + kL) + (1− π(xL, xR))v(hL, xR) and

EΠR(xL, xR, k
R) = π(xL, xR)v(hR, xL) + (1− π(xL, xR))(v(hR, xR) + kR).

(7)

Throughout, we let−i = L or R, wheni = R or L. Following Roemer (1997), we also

assume a decreasing hazard rate.7 Let σ′

i(xi, x−i) denote the first derivative ofσ with respect

to xi for eachi = L,R.

Assumption 1. Let σ andG be twice differentiable. The hazard rateσ
′

i(xi,x−i)G
′

i(σ(xi,x−i))

G(σ(xi,x−i))
is

decreasing inxi.

7As we show in Lemma 2,σ(xi, x−i) is decreasing inxi for any givenx−i. Then, for instance, ifG is linear

(the underlying distribution is uniform),−G′

i
(σ(xi,x−i))

G(σ(xi,x−i))
is decreasing inxi. Thus,σ with decreasing|σ′

i(xi, x−i)|
is enough to satisfy this assumption.
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Assumption 1 is a relatively common assumption in the literature of electoral competition

models (e.g. Ortuño-Ortı́n (1997), Roemer (1997), Ortuño-Ortı́n (2002), Bernhardt, Duggan

and Squintani (2009), Hummel (2013) and Takayama (2014)) and in the literature of auction

theory (e.g. Branco (1997) and Bhattacharya, Goel, Gollapudi and Munagala (2010)), it as-

sumes a more general version of monotone hazard rates. We denote this electoral competition

model asG.

To state our main theorem, let

x̂L(xR) = argmax
xL∈XL

EΠL(xL, xR, k
L) and x̂R(xL) = argmax

xR∈XR

EΠR(xL, xR, k
R).

Condition (Conditions on Discontinuities). Each intrinsic valueki, for i = L,R, in G respec-

tively satisfies the following conditions: ifxL = xR, then

EΠL(x̂L(xR), xR, k
L) ≥ lim supx̃L→(xR)− EΠL(x̃L, xR, k

L); and

EΠR(xL, x̂R(xL), k
R) ≥ lim supx̃R→(xL)+

EΠR(xL, x̃R, k
R).

In the appendix, we present an illustrative example, which shows that a largerkL or kR

induces a larger discontinuity in the objective function. Now, we state our main theorem in

this model.

Theorem 2. If Conditions on Discontinuities hold, an electoral competition modelG has a

PSNE.

Notice that whenkL = kR = 0, the objective functions are continuous. Therefore, Condi-

tions on Discontinuities hold. This case is the model proposed by Roemer (1997), which is a

special case of the gameG. As a corollary to our main theorem, we obtain the following result.

Corollary 1. WhenkL = kR = 0, an electoral competition modelG has a PSNE.

3.2 Preliminary Results

Proposition 1. Under Assumption 1, the set of maximizers ofEΠi(xi, x−i, k
i) in response to

x−i is convex.

In order to prove Proposition 1, we observe how Assumption 1 affects the shape of the

objective functions. Moreover, because the arguments forL andR are analogous, we focus

on the situation forL. In what follows, we will prove Proposition 1 by studying twocases:

xL > x̄R andxL < x̄R. First, we study the case ofxL > x̄R.

Proposition 2. Let x̄R ∈ [0, 1) be an arbitrary policy. WhenxL > x̄R, EΠL(xL, x̄R, k
L) is

quasiconcave inxL.
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The proof of Proposition 2 rests on two results. We show that,for a givenx̄R ∈ [0, 1),

EΠL(xL, x̄R, k
L) is single-peaked, constant or monotonically decreasing. In preparation, no-

tice that because the median voter’s income is located betweenhL andhR, andv(h, t) is strictly

concave int, whenxL > x̄R, there is a unique policy which satisfiesv(hi, x−i) = v(hi, xi) for

eachi = L,R. Thus, defineIi(x−i) by xi to satisfyv(hi, x−i) = v(hi, xi) whenxL > x̄R, and

0 otherwise.

Now, by taking the first derivative ofσ(xL, x̄R), we obtain the following lemma.

Lemma 2. σ(xL, x̄R) is decreasing inxL.

Next, we claim thatπ(xL, x̄R) is either zero or one in certain intervals.

Lemma 3. SupposexL > x̄R in [0, 1]. If xL ≥ IL(x̄R), π(xL, x̄R) = 0. On the other hand,

whenxL ≤ IR(x̄R), π(xL, x̄R) = 1. Finally, if x̄R ≥ θL, π(xL, x̄R) = 0.

Proof. Fist consider a case wherexL ≥ IL(x̄R). Then, a voter whose bliss point isθL is

indifferent betweenL andR only if xL = IL(x̄R). Otherwise, he strictly prefersR. Then,

because by assumptionθm ∈ (θR, θL), the median voter strictly prefersR. Hence, ifxL ≥
IL(x̄R), π(xL, x̄R) = 0. Symmetrically, we can prove that whenxL ≤ IR(x̄R), π(xL, x̄R) = 1.

Finally, supposēxR ≥ θL. This indicatesxL > x̄R ≥ θL. By θm ∈ (θR, θL), the median voter

strictly prefersR. Hence, ifx̄R ≥ θL, π(xL, x̄R) = 0.

Proof of Proposition 2.First of all, asxL > x̄R, we can write theL’s objective function by

EΠL(xL, x̄R, k
L) = G(σ(xL, x̄R))(v(hL, xL)− v(hL, x̄R) + kL) + v(hL, x̄R).

Then, the first derivative ofEΠL(xL, x̄R, k
L) with respect toxL, EΠ′

L(xL, x̄R, k
L), is

σ′

L(xL, x̄R)G
′

L(σ(xL, x̄R))(v(hL, xL)− v(hL, x̄R) + kL) +G(σ(xL, x̄R))v
′(hL, xL). (8)

WhenθL ≤ x̄R, by Lemma 3,EΠL(xL, x̄R, k
L) is constant atv(hL, x̄R) and the result is

immediate. Thus, we only consider the following two cases.

Case 1:θR ≤ x̄R < θL. To start with, we consider the case ofIR(x̄R) < xL ≤ IL(x̄R). By defi-

nition of Ii, IR(x̄R) ≤ x̄R. First, suppose that whenxL is close enough tōxR,EΠL(xL, x̄R, k
L)

is strictly increasing. Notice that this only depends on themagnitude ofkL and there is only one

cut-off of kL to make it increasing or decreasing. In this case, we consider the case wherekL

is smaller than this cut-off so that the first term in (8) is also small, while the other case is con-

sidered in the second part of this proof. Thus, there must be aunique pointx′L ∈ (x̄R, IL(x̄R))

for which (8) is equal to0. Then,

σ′

L(x
′

L, x̄R)G
′

L(σ(x
′

L, x̄R))

G(σ(x′L, x̄R))
= − v′(hL, x

′

L)

v(hL, x′L)− v(hL, x̄R) + kL
. (9)
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Becausev(h, xL) is strictly concave and increasing forxL < θL, v′(hL, x′L) > v′(hL, xL)

andv(hL, xL) − v(hL, x̄R) > v(hL, x
′

L) − v(hL, x̄R) > 0 for anyxL ∈ (x′L, θL). Noting that

the RHS is negative, the RHS is increasing. On the other hand,Assumption 1 and Lemma 2

indicate that for anyxL > x′L, the LHS is decreasing. Thus,x′L is unique whenx′L ∈ (x̄R, θL).

Moreover, by Lemma 2, sinceG(σ(xL, x̄R)) is decreasing inxL, andv(hL, xL) is decreasing

for xL ≥ θL, EΠL(x
′

L, x̄R, k
L) is maximized atθL for anyx′L ∈ [θL, IL(x̄R)). Overall, there is

a unique pointx′L ∈ (x̄R, IL(x̄R)) for which (8) is equal to0.

Second, instead, suppose that whenxL is close enough tōxR, EΠL(xL, x̄R, k
L) is decreas-

ing. Then, for anyx′L ∈ (x̄R, IL(x̄R)), we must have

σ′

L(x
′

L, x̄R)G
′

L(σ(x
′

L, x̄R))

G(σ(x′L, x̄R))
≤ − v′(hL, x

′

L)

v(hL, x′L)− v(hL, x̄R) + kL
.

However, as is mentioned above, since the RHS is increasing while the LHS is decreas-

ing, the above inequality holds for anyx′L ∈ (x̄R, θL). Then, for anyx′L ∈ [θL, IL(x̄R)),

EΠL(x
′

L, x̄R, k
L) is maximized atθL. Thus,EΠL(xL, x̄R, k

L) is monotonically decreasing in

xL.

Finally, whenIL(x̄R) ≤ xL, by Lemma 3,EΠL(xL, x̄R, k
L) is constant atv(hL, x̄R), which

completes the proof in this case.

Case 2:̄xR < θR.

Case 2-1:IR(x̄R) < θL. Notice that whenIR(x̄R) < xL < IL(x̄R), by the same argument

with the one in Case 1,EΠL(xL, x̄R, k
L) is single-peaked. When̄xR < xL ≤ IR(x̄R), by

Lemma 3,EΠL(xL, x̄R, k
L) is equal tov(hL, xL) + kL, which is maximized atIR(x̄R). When

IL(x̄R) ≤ xL, by the same logic as in the third case of Case 1, we can complete the proof in

this case.

Case 2-2:IR(x̄R) ≥ θL. Becauseσ′

L(xL, x̄R) < 0 by Lemma 2 andv(hL, xL) is strictly

decreasing inxL when θL ≤ IR(x̄R) < xL, by the first derivative,EΠL(xL, x̄R, k
L) is

strictly decreasing inxL for IR(x̄R) < xL < IL(x̄R). WhenxL ≤ IR(x̄R), by Lemma 3,

EΠL(xL, x̄R, k
L) is equal tov(hL, xL)+kL, which is single-peaked atθL. WhenIL(x̄R) ≤ xL,

by the same logic with the third case of Case 1, we can completethe proof in this case.

Next, we analyze the shape of the objective function whenxL < x̄R.

Lemma 4. Let x̄R ∈ (0, 1] be an arbitrary policy, and takexL < x̄R. WhenθL ≥ x̄R, then

EΠL(xL, x̄R, k
L) ≤ lim supx̃L→(x̄R)− EΠL(x̃L, x̄R, k

L).

Proof. WhenθL ≥ x̄R, v(hL, xL) is increasing inxL, andv(hL, xL) ≤ v(hL, x̄R). Also by

Lemma 2,π(xL, x̄R) < π(x̄R − ε, x̄R), whereε > 0 is sufficiently small. Then we complete

the proof by substituting them into (7).

Lemma 5. Let x̄R ∈ (0, 1] be an arbitrary policy, and takexL < x̄R. WhenθL < x̄R, then

there is a unique policyx∗L ∈ [IL(x̄R), x̄R) which maximizesEΠL(xL, x̄R, k
L).
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Proof. SupposeθL < x̄R. First, for anyxL ∈ [IL(x̄R), x̄R), we haveπ(xL, x̄R) = 1, im-

plying EΠL(xL, x̄R, k
L) = v(hL, xL) + kL. As we assumev(hL, xL) is single-peaked atθL,

there is a unique policyx∗L = θL ∈ [IL(x̄R), x̄R) that maximizesEΠL(xL, x̄R, k
L). Sec-

ond, by Lemma 2, for anyxL ≤ IL(x̄R), L can maximize their payoff by choosing a policy

xL = IL(x̄R). As the objective functions are continuous whenxL 6= x̄R, EΠL(xL, x̄R, k
L) ≤

v(hL, IL(x̄R)) + pkL = v(hL, x̄R) + pkL for anyxL < IL(x̄R). Overall, we obtain the desired

result.

Proof of Proposition 1.There are two cases to consider.

Case 1:̄xR ≤ θL. Maximizers ofEΠL(xL, x̄R, k
L) are greater than or equal tōxR by Lemma 4

and Conditions on Discontinuities. Then, Proposition 2 completes our proof.

Case 2:θL < x̄R. In this case, a maximizer ofEΠL(xL, x̄R, k
L) is less than̄xR. Then, from

Lemma 5, the objective function is single-peaked, and hencewe obtain the desired result.

3.3 The Existence Proof

Proof of Theorem 2.Let x = (xL, xR) ∈ X be a strategy profile that is not a PSNE. Except in

the case ofxR = xL, the objective functions are continuous. First, consider the case ofxR 6=
xL. Because the objective functions are continuous in this case, ui(di, x−i) = ui(di, x−i) =

EΠi(di, x−i, k
i). Furthermore, for eachi, setαi = fi(x−i) = supdi∈Xi

EΠi(di, x−i, k
i). Then,

in response to an opponent player’s strategy, each playeri has a best response to it, and hence

the first condition of feeble better-reply security is satisfied.

Let d : X → R+ be the Euclidean distance onX, and letUx(δ) = {y ∈ X : d(y, x) < δ}
be an open neighborhood aboutx with radiusδ > 0. Because(xL, xR) is not a PSNE, there

is some playeri whoseEΠi(xi, x−i, k
i) is not maximized in response tox−i. Then, because

we setαi = fi(x−i) = supdi∈Xi
EΠi(di, x−i, k

i), by Proposition 1, the set of maximizers of

EΠi(xi, x−i, k
i) is convex, which is indeedCαi

i (x). Then, it implies thatxi /∈ Cαi

i (x). Then,

by continuity of the objective functions, we can choose a sufficiently smallδ > 0 such that,

for any(zL, zR) ∈ Ux(δ), zi 6∈ Cαi

i (z) holds.

Second, consider the case ofxR = xL. Again, for eachi, we setαi = fi(x−i) =

supdi∈Xi
EΠi(di, x−i, k

i). Without loss of generality, leti = L. Take a sufficiently smallδ. We

consider aδ-neighborhood of(xL, xR) with xL = xR. Then, by Conditions on Discontinuities,

we have

EΠL(x̂L(xR), xR, k
L) ≥ lim sup

x̃L→(xR)−
EΠL(x̃L, xR, k

L).

Therefore, the first condition of feeble better-reply security holds. For the second condition of

feeble better-reply security, there are two cases to consider. First, for a givenxR, if maximizers

of EΠL(xL, xR, k
L) are less than or equal toxR, we can apply the same argument above.

Second, if maximizers ofEΠL(xL, xR, k
L) are greater thanxR, then because, for anyx′L such

13



thatx′L < xR, the payoff is strictly less thanfL(xR). Therefore, by choosing a sufficiently

small δ, the second condition of feeble better-reply security holds. As a result,G is feebly

better-reply secure. Therefore, by Theorem 1,G has a PSNE.

As Ball (1999) points out, generally a party wants to choose apolicy between their oppo-

nent’s policy and their own ideal policy.8 However, as an office-motivation becomes stronger,

the party obtains an incentive for “undercutting” behaviorsuch that they would be better off by

choosing a policy infinitesimally close to that of their opponent. Then, if one party is relatively

more office-motivated while the other is more policy-motivated, the former party is willing to

choose the same position as the policy-motivated party, forcing the latter to randomize their

announced policy in order not to be predictable. Consequently, a PSNE may not exist.9 One

extreme example is whenkL → ∞ andkR = 0.10 The existence of a PSNE depends on how

differentkL andkR are relative to the electoral uncertainty.11

3.4 Necessary Conditions

Here, we show that Conditions on Discontinuities are necessary for the existence of a PSNE.

If Conditions on Discontinuities do not hold, then there is aparty that can increase the payoff

by choosing a strategy that is infinitesimally close to that of the opponent. However, such an

undercutting behavior decreases the payoff of the opponent. Therefore, the opponent is willing

to randomize their announced policy in order not to be predictable. As a result, a PSNE does

not exist. Drouvelis, Saporiti and Vriend (2014, p.92) provide analogous conditions for the

existence of a PSNE. In fact, their conditions are a special case on the following result because

they specify the distribution of the median voter’s bliss point in their model.

Theorem 3. If an electoral competition modelG has a PSNE, Conditions on Discontinuities

hold.

Proof. Suppose there is a PSNE denoted by(x∗L, x
∗

R). Then, by definition of a PSNE, we have

EΠL(x
∗

L, x
∗

R, k
L) = max

x′
L
∈XL

EΠL(x
′

L, x
∗

R, k
L) and

EΠR(x
∗

L, x
∗

R, k
R) = max

x′
R
∈XR

EΠR(x
∗

L, x
′

R, k
R).

(10)

As the arguments forL andR are analogous, without loss of generality, we clarify the condi-

tion forL. Setx∗L = x̂L(x
∗

R). Then, from (10), as(x∗L, x
∗

R) is a PSNE, it must satisfy

EΠL(x̂L(x
∗

R), x
∗

R, k
L) = EΠL(x

∗

L, x
∗

R, k
L) ≥ lim sup

x̃L→(x∗
R
)−
EΠL(x̃L, x

∗

R, k
L).

8This result is not so hard to prove in our setting. The proof isavailable upon request.
9However, it is often shown that there exists a mixed strategyequilibrium.

10See Saporiti (2008) for more details.
11An illustrative example is found in the appendix.
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Otherwise,L profitably deviates to a strategy that is infinitesimally smaller thanx∗R, contra-

dicting the hypothesis that(x∗L, x
∗

R) is a PSNE.

Another interesting example where an undercutting behavior plays an important role to

assure the existence of a PSNE is the Hotelling model of pricecompetition (d’Aspremont,

Gabszewicz and Thisse, 1979, Dasgupta and Maskin, 1986). Ithas been shown that in the

Hotelling model of price competition, when jumps of payoffsare within a certain range, there

is a PSNE, while otherwise, it fails to exist. One can show that similar to our example of an

electoral competition model here, it fails to be feeble better-reply secure, when jumps become

large.

Let (x∗L, x
∗

R) ∈ X be a PSNE ofG. Notice that in response tox−i, xi which yields the

winning probability of zero to partyi is strictly dominated by other policies that yield a strictly

positive winning probability. Hence, such a policy cannot be an equilibrium strategy. Sym-

metrically, a policyxi that yields the winning probability of one also cannot be supported as

an equilibrium. Thus any strategy that yields a zero or one winning probability would not

constitute a Nash equilibrium. The following proposition states this result.

Proposition 3. If G has a PSNE,(x∗L, x
∗

R), in response tox∗
−i, for eachi = L,R, x∗i yields a

winning probability in(0, 1).

The tie-breaking rule relates to the situation where the twoparties announce an identical

policy at the equilibrium. In particular, by Proposition 3,p must be in a certain interval, so that

we can assure the existence of a PSNE.

Theorem 4. If G has a PSNE,(x∗L, x
∗

R), such thatx∗L = x∗R = x∗, for anyxL ∈ XL and any

xR ∈ XR, we must have

(p− π(xL, x
∗))kL ≥ π(xL, x

∗)(v(hL, xL)− v(hL, x
∗)) and

(π(x∗, xR)− p)kR ≥ (1− π(x∗, xR))(v(hR, xR)− v(hR, x
∗)).

Proof. Suppose there is a PSNE denoted by(x∗, x∗). Then, by definition of PSNE, we have

EΠL(x
∗, x∗, kL) = max

x′
L
∈XL

EΠL(x
′

L, x
∗, kL) and

EΠR(x
∗, x∗, kR) = max

x′
R
∈XR

EΠR(x
∗, x′R, k

R).

As the arguments forL andR are analogous, without loss of generality, we clarify the condi-

tion forL. Then, because(x∗, x∗) is a PSNE, for anyxL ∈ XL,

EΠL(x
∗, x∗, kL) ≥ EΠL(xL, x

∗, kL)

v(hL, x
∗) + pkL ≥ π(xL, x

∗)(v(hL, xL)− v(hL, x
∗)) + π(xL, x

∗)kL + v(hL, x
∗)

(p− π(xL, x
∗))kL ≥ π(xL, x

∗)(v(hL, xL)− v(hL, x
∗)).
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4 Discussion with Related Results

Among the recent equilibrium existence results in the literature, McLennan, Monteiro and

Tourky (2011) and Barelli and Meneghel (2013) study games that may not be quasiconcave.

It is not difficult to show that when players’ strategy spacesare metric and locally convex,

feeble better-reply security is a sufficient condition for MR-security in McLennan, Monteiro

and Tourky (2011).12 In relation to the generalized payoff security in Barelli and Soza (2009),

Carmona (2011) proposes the concept of weak better-reply security and states that the condi-

tions of weak better-reply security and generalized better-reply security are equivalent when

players’ strategy spaces are metric and locally convex, andthe game is quasiconcave. Barelli

and Meneghel (2013) propose continuous security which is the most general condition before

Reny (2013), and generalized better-reply security is sufficient for continuous security.

The first condition of feeble better-reply security is comparable to the one of weak better-

reply security, if a gameG is quasiconcave and thus our existence theorem also allows us

to obtain the results of Bagh and Jofre (2006) and Carmona (2009). Letfi be a real-valued

function onX−i such thatfi(x−i) < supdi∈Xi
ui(di, x−i) for all x−i ∈ X−i and alli. Then,

Lemma 1 of Carmona (2011) shows that if the game is quasiconcave and compact, and satisfies

a generalized payoff security, then there exists an open neighborhoodVx of x and an upper

hemicontinuous correspondenceϕi with nonempty, closed and convex values such that

ϕi(z) ⊆ B̄′

i(z) = {yi ∈ Xi : ui(yi, z−i) > fi(z−i)}

for eachi and for eachz ∈ Vx.

With regard to applicability in the literature of electoralcompetition models, the conditions

of feeble better-reply security are easier to verify than those of weak better-reply security in

Carmona (2011) in two points. The first is that, in electoral competition models, the players’

expected payoff functions do not always satisfy quasiconcavity, and our feeble better-reply

security is still applicable in such models while weak better-reply security is not. The second

is that weak better-reply security requires us to constructan upper hemicontinuous correspon-

denceϕi. However, our condition does not require us to obtain a correspondence.

12Example 2.1 in Tian (2013) is an example for MR-security but not for feeble better-reply security.
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Appendix: Illustrative Example

The following figures in Figures 1 show our illustrative example, whereh̄ is set at50 and

ϕ(th̄) = 4
√
th̄. We set the policy space[0, 1]. The cumulative distribution functionG is

assumed to be linear so that the underlying distribution forh is uniform. The first two figures

show the indirect utility forhR = 80 andhL = 20, respectively. Figure 1c shows the winning

probabilityπ(xL, x̄R) wherex̄R is assumed to be0.1.

The last three figures present the objective function for party L. The first among the three

figures, Figure 1d, is for Roemer’s model, which is a special case of the gameG. As de-

scribed, there is no discontinuity in this objective function. The next two figures are for a

game with mixed motivations. In the first case,kL is assumed to be1. The objective func-

tion in this case is presented in Figure 1e, which satisfies the Conditions on Discontinuities.

In our calculation,θL is 0.5 while θR is 0.03125. The maximizer of the objective function,

x̂L(x̄R), in this case is0.2359. The expected payoff at this point is obviously larger than the

level of lim supx̃L→(x̄R)− EΠL(x̃L, x̄R, k
L) (which is the level set by the white circle in the fig-

ure). However, this is not the case in Figure 1f. In this case,kL = 2 is assumed. As shown,

lim supx̃L→(x̄R)− EΠL(x̃L, x̄R, k
L) is larger than the value at any other points inXL. As such,

this does not satisfy the Conditions on Discontinuities. Then, as described in the main body of

the paper, an undercutting behavior by partyL arises forxL sufficiently close tōxR. Then, a

PSNE fails to exist.
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Figure 1: Illustrative Example

(a) Indirect Utility forhR = 80
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(b) Indirect Utility for hL = 20
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(c) Winning Probability
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(d) L’s Objective Function whenkL = 0
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(e)L’s Objective Function whenkL = 1
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(f) L’s Objective Function whenkL = 2
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