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Abstract

Since the introduction of better-reply security by Reny9@p the literature studying
the existence of a pure strategy Nash equilibrium (PSNE)isnoditinuous games has
grown substantially. In this paper, we introduce a weakamotif better-reply security,
which is applicable to both quasiconcave and nonquasisengames. Our conditions for
feeble better-reply securitgre simple, easy to verify and particularly useful in eleaito
competition games. We also provide necessary and sufficteritions for the existence
of a PSNE in a canonical electoral competition game. Fin#llg paper demonstrates
why a PSNE fails to exist when a particular type of discontjnaxists in a model.
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1 Introduction

Many important games such as Hotelling’s model, variousiamngames and Bertrand com-
petition have discontinuous payoffs. Since the introductf better-reply securitypy Reny
(1999), the literature studying the conditions for the #se of a pure strategy Nash equilib-
rium (PSNE) has grown significantly.

In this paper, we introduce a weak notion of better-replysgg which is applicable to both
guasiconcave and nonquasiconcave games. Our conditiofeefue better-reply securigre
simple, easy to verify and particularly useful in electaranpetition games. We also provide
necessary and sufficient conditions for the existence of MEPI& these games. Finally, by
using the notion of feeble better-reply security, we dentrams why a PSNE fails to exist
when a particular type of discontinuity exists in a model.

In the literature, Carmona (2011) proposes the conditione#k better-reply securityand
establishes an existence result which can also imply thepia Reny (1999) and Barelli
and Soza (2009).On the other hand, McLennan, Monteiro and Tourky (2011) waake
hypotheses of Reny (1999)’s existence theorem and propes&R-securitycondition, which
is also applicable to nonquasiconcave games.

However, with regard to applicability, as pointed out by R¢B013¥, some of the hy-
potheses in previous studies are difficult to verify. Fotanse, MR-security by McLennan,
Monteiro and Tourky (2011) requires us to construct an dpethat restricts the set of strate-
gies for which payoff security is satisfied, or weak betegty security by Carmona (2011)
requires us to construct an upper hemicontinuous correlgyme? In the view that in a politi-
cal competition model, quasiconcabity of payoffs is uguatit assumed, and MR-security by
McLennan, Monteiro and Tourky (2011) is difficult to applyewevelop the concept &éeble
better-reply securityrom weak better-reply security in Carmona (2011) and MBusi¢y in
McLennan, Monteiro and Tourky (201%1).Our feeble better-reply security is equivalent to

tAmong many, the recent study of Bich and Laraki (2013) usesideas of approximation games and a
sharing equilibrium in Simon and Zame (1990) to show theterise of an approximate equilibrium in the class
of quasiconcave games with discontinuous payoffs. Bafetlivindan and Wilson (2014) study a type of Colonel
Blotto game to demonstrate the existence result. Prokapgo(#013) proposes a new form of the better-reply

security condition, thetrong single deviation property
2Reny (1999) also provides sufficient conditions, nanpelyoff securityandreciprocal upper semicontinuity

for quasiconcave and compact games to be better-replyessouthat the game has a PSNE. Bagh and Jofre
(2006) generalize the condition of reciprocal upper semtioaity by allowing for the payoffs of all players to
drop down at some point as long as the payoff of one player fumpprelative to his old payoff, somewhere in his
strategy set. Carmona (2009) establishes the conditiongak upper semicontinuipndweak payoff security

which together are sufficient for the existence of a PSNE.
3See footnote 2 in Reny (2013).
“Moreover, weak better-reply security is only applicabledoasiconcave games.
5Judging from page 1661 in McLennan, Monteiro and Tourky (QQit appears that they are unaware of

the analogs of the two conditions of Carmona (2009) in theitisy. We believe that our feeble better-reply



Carmona (2011)’s weak better-reply security for quasiesrg@ames.

Our proofs using feeble better-reply security are brief. Mentioned above, proving the
PSNE existence by using the MR-security condition of MclaamnMonteiro and Tourky
(2011) requires a construction of a restriction operatour feeble better-reply security does
not require constructing such a restriction operator. hreotvords, although MR-security is
more general than feeble better-reply security, feebleebetply security is easier for veri-
fication and application. We show this using a model of el@ttoompetition, in which the
players’ expected payoff functions do not always satisfyticwity or quasiconcavity.

We build an electoral competition model on the basis of thdehm Roemer (1997), which
is a one-dimensional two-party model with uncertainty d@tibe median voter’s bliss point.
In Roemer’s model, the parties are interested solely in tieyafter the election. We ex-
tend his model in the sense that the parties are also interestvinning the election. Feeble
better-reply security allows us to provide a simple proofha existence in the model, which
have been increasingly important in political scienceditere (Ball, 1999, Aragones and Pal-
frey, 2005, Saporiti, 2008, Bernhardt, Duggan and Squin2@®9, Hummel, 2013, Drouvelis,
Saporiti and Vriend, 2014, Takayama, 2014). Further, ag@lleoy to our main theorem, we
prove the existence of an equilibrium in Roemer’s originaldel.

We also provide necessary and sufficient conditions forxistence of a PSNE by applying
the notion of feeble better-reply security. This concefuved us to demonstrate why a PSNE
fails to exist when a particular type of discontinuity ezigt a model. These necessary and
sufficient conditions are indeed a general version of thes gneposed in Drouvelis, Saporiti
and Vriend (2014) and the ones shown by using the Hotellindehof price competition in
d’Aspremont, Gabszewicz and Thisse (1979) and Dasguptiaséin (1986).

The organization of this paper is as follows. The second@edefines the concept of fee-
ble better-reply security, and then provides the main #@orThe third section provides the
existence results in the electoral competition model. &isedection concludes with a discus-
sion of the relationship between feeble better-reply sgcand other existence conditions in
the literature. Finally, the appendix includes an illust@example and figures to describe the
existence results using the electoral competition model.

2 The Theorems
Consider a noncooperative normal form game

G: (X17___7XN,U1,---7UN>7

security is an analog of weak better-reply security of Caran(2011) in their setting, which the two conditions

in Carmona (2009) are equivalent to.
5The proofs for the model using MR-security are availablerumuest.



where, for each € {1,..., N}, player:'s strategy setX; is a honempty compact convex
subset of a metrizable locally convex topological vectacsy and playei's payoff function
u; IS a bounded function from the set of strategy profiles- HiNzl X;toR.

2.1 The Main Theorem

For eachi € NV, define a functiony, : X — R, by u,(d;, ;) = liminfu;(d;, 2_;). Thisis

the payoff that strategy; can almost guarantee to playef his opponents play any strategies
close enough ta:_;. In order to define feeble better-reply security, for eachtegy profile
that is not a PSNE, we examine if such a strategy profile sadittiie following two conditions.
The first condition is a version of payoff security, similarthe better-reply security of Reny
(1999). In the second condition, because we do not imposeadhdition of quasiconcavity
in our existence theorem, we set a restriction on the conué>ohthe upper contour set of
a given player. Finally, we apply the fixed point principlatsed in McLennan, Monteiro and
Tourky (2011).

Fora € R, we define

Bif(x) = {yi € Xi:u(yi,z—) > a}; and
Cf(z) = con B (x),
wherecon Z is the convex hull of the séf.

Definition 1 (Feeble better-reply securitylror a setZ C X, a gameG is feebly better-reply
secure onZ if there is somex™ = (ay,...,ay) € RY such that the following conditions
hold:

1. foreach € N and any: € Z, B{(z) is nonempty; and

2. foranyz € Z, there is some playérc N such that; ¢ C/"(z).

The game? is feebly better-reply secure atc X if there is some neighborhodd, of =
such that it is feebly better-reply securel@n Then, the gamé' is feebly better-reply secure
if it is feebly better-reply secure at eache X which is not a PSNE.

Letl’ = {(z,u) € X x RY : u(x) = u} be the graph of the game’s vector payoff function,
and letl be its closure. We now review the definitions for betteryeggcurity introduced in
Reny (1999) and3-security developed by McLennan, Monteiro and Tourky (2011

Definition. Playeri cansecurea payoff ofa; € R on Z C X if there exists some, € X;
such thatu;(y;, 2" ;) > o, foranya’ ; € Z_,.

Moreover, playet can securey; atz € X if he can secure;; on some neighborhood of

Definition (Better-reply security)A gamed is better-reply securé whenever(z, o™¥) € T'
andz is not a PSNE, there is some playemd some > 0 such that he can secutige+ ¢ at x.
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McLennan, Monteiro and Tourky (2011) show that betteryegglcurity is equivalent to the
following condition.

Definition (B-security) A gameG is B-secure orfZ € X ifthere is someY € RY ands > 0
such that the following conditions hold:

1. every playel can securey; + ¢ on Z; and

2. for each: € Z, there exists some playésatisfyingu,(z) < a; — «.
The game&? is B-secure atr € X if it is B-secure on some neighborhood:of

In comparison with the second condition Bfsecurity, the second condition of feeble
better-reply security has additional strength. Howevédrem( is quasiconcave(;"(z) is
replaced byB;"(z), and it then becomes weaker. Moreover, as mentioned by Maren
Monteiro and Tourky (2011), thein B-security plays an important role and makes it harder
to satisfy. As a result, feeble better-reply security is kegadhanB-security in general. This
also implies that feeble better-reply security is more galitban better-reply security. Next is
an example that is not better-reply secure but is feeblybetply secure.

Example 1(Page 1647 in McLennan, Monteiro and Tourky (201 T)here is one player with
a strategy sek;, = [0, 1]. His payoff,u, : X; — R, is given by

0 ifx1:0,

ey =10
(xl_i) |f0<l’1§1

McLennan, Monteiro and Tourky (2011) show that this exangplet B-secure, and hence,
not better-reply secure. However, it is feebly betteryegdcure. To see that, set = i
Notice thatr; = 1 is the only maximizer ofi; atu;(1) = i At eachz; € [0,1), it is feebly
better-reply secure. Particularly, at = 0, becausd € B%(O), BE(O) # () and thus the first
condition of feeble better-reply security holds. To seedbeond condition of feeble better-
reply security also holds at; = 0, note that) ¢ CE(O). Finally, because; is continuous in
other points, by setting}" = wu;(z1) + € for ¢ > 0 sufficiently small, eaciBlo‘fl(xl) is not
empty butz, itself does not belong té?lo‘f1 (z1). Thus, this example is also applicable to the
concept of feebly better-reply security.

Now, we state our first main result.

Theorem 1. If a gameG is feebly better-reply secure, then it has a pure strateghNgui-
librium.

To prove Theorem 1, we use the following fixed point theorencivis proved in McLen-
nan, Monteiro and Tourky (2011).



Lemma (Lemma 7.1 in McLennan, Monteiro and Tourky (2011)¥t X be a nonempty con-
vex compact subset of a topological vector space an® letX = X be a set-valued map-
ping. If there is a finite closed covéf,, ..., H; of X such thatﬂZeHj P(z) # ( for each
j=1,...,J, then there exists* € X such thatt* € con P(z").

Lemma 1. Suppose thal/y, - - - , U, are subsets ok and, for eacth = 1,--- ,[, a gameF
is feebly better-reply secure di,. Then,G is feebly better-reply secure on any nonempty
U ey Un.

Proof. For eachh = 1,--- ,l andi € N, there is some’ € R such thath?(z) # ( for
any z € U, holds. For each, let o; = maxj, of, and leth; be such thabz?i = ;. Also,
leta = (aq,---,ay). By definition of feeble better-reply security, for eagtthere is some

y; € X; such thaty; € Bl.a?z(z) foranyz € U,,. Then, for anyz € U, z € U,, for each:.
Thus, we havey; € B (z) and soB;"(z) # () foranyz € U.

Foreachh = 1,...,l and anyz € U,, there is some playerc N such that; ¢ Cf‘?(z).
Then, because; > o, we havey; ¢ C{(z) for anyz € U,,. Thisimplies that, for any € U,
there is some playerwith z; ¢ C(z). O

(2

Proof of Theorem 1Aiming at a contradiction, suppose th@atis feebly better-reply secure
and has no PSNE. Becau&eis a compact subset of metrizable topological vector spaise,
covered by closed subséi, . . ., H,; such that, for each = 1, ..., [, there is some* € RY
and an open neighborhoad of Hj, such that is feebly better-reply secure @,.

For eachr, letU, = ,.,c, Un- Define a function) : X — R™ by

Y(z) = | max of,..., max al ).
1 ) N

h:x€Hy, h:x€Hy,

Then, from the proof in Lemma 17 is feebly better-reply secure di,. As a result, it is
feebly better-reply secure at

Foreachi € N, let P(z) = BY(z), andP : X = X by P(z) = Pi(z) x -+ x Py(x).
The remaining task is to show th&t satisfies the hypotheses of Lemma 7.1 in McLennan,
Monteiro and Tourky (2011). Then, there is somfec X such thatz* € conP(z*), i.e.
x € Cf’ i(z*)(x*), for all i. However, we hypothesized thatis feebly better-reply secure at.
Thereforez* ¢ C}”"(r*)(x*) for somei, contradicting the result in Lemma 7.1 in McLennan,
Monteiro and Tourky (2011).

Choose a particular € X. Because) is upper semicontinuous and takes finitely many
values, there is a closed subggtc U, of x such that);(z) < v;(z) forall i andz € Z,. By
Lemma 1, sincé& is feebly better-reply secure df)., we have

M P(z)= () BYP(z) > (] BI“(2) #0,

2E€70, 2E€70, 2€70,



for all . Hence,

Meez, P(2) = M.ez, Fa(2) x -+ X Py(2)
= (iez, P1(2) X+ X Neeg, Pn(2) # 0.
BecauseX is compact, itis covered by some finite collectionff so thatG; satisfies Lemma
7.1 of McLennan, Monteiro and Tourky (2011). 0J

Recently, Reny (2013) provides some generalizations oéthalibrium existence results
in Reny (1999), McLennan, Monteiro and Tourky (2011) andeBaand Meneghel (2013).
Reny (2013) proposes the conceppofnt security with respect to a subset of playeysising
ordinal preference relations. Reny (2013) expresses hidittons by using its local nature in
order to overcome practical difficulties in proving conaiits proposed in previous studies. Our
feeble better-reply security comes from a similar idedaalgh our aim is to use it in electoral
competition games to obtain simpler proofs, but not to psep@m more general condition. In
the next section, we provide the simple proofs by using timeept.

In the next section, we introduce an electoral competitioaeh, and players have a contin-
uous but not quasiconcave payoff function when they areiotdyested in the policy outcome.
The following example shows that when a payoff is contindmutsnot quasiconcave, the vio-
lation of feeble better-reply security may lead to the nastexice of a PSNE.

Example 2. There are two players with strategy séfs = [—1,1], i = 1,2. The payoff of
playeri, u; : X; x Xs — R, is given by

ul(l'l,l'g) = |[L’1 — l'2|, and UQ(IL'l,IL'Q) = |IL’1 —|—{L'2|.

Then, the best response correspondence for each playé;(z_;) : X_; = X, is

1 if To < 0, —1 if T <0,
BRi(z3) = S {—1,1} if 2, =0, BRy(z1) = {—1,1} if 2z, =0,
—1 if 29 >0, 1 if z; > 0.

Hence, nonexistence of a PSNE is evident in the lack of amsattion in the two best re-
sponse correspondences. Moreover, there is no valu€ tiat satisfies both of the conditions
of feeble better-reply security. To see this, consider thaegy profiler = (z1,z2) = (0,0).

It is obvious thatr is not a PSNE. In this profile, given an opponent’s strategy= 0, each
playeri maximizes his payoff at; = —1 andx; = 1. Hence, in order to satisfy the sec-
ond condition of feeble better-reply security, we need> max,. cx, u;(x;,0). However, this
violates the first condition of feeble better-reply segurit



3 The Existence Proofs in Electoral Competition Models

3.1 The Model

Consider an economy with two goods:pevate goodand apublic good In this economy,
there is a continuum of voters, and all of them have the sarasilinear preferences over the
two goods, which are represented bgigect utility function« : R x R — R, given by

u(b, g) = b+ ¢(9), (1)

where(g) is increasing and strictly concave,is the individual voter’s consumption level
of the private good, ang is the per capita value of the public good. In this modetome
h, is the only characteristic that determines preferences the policies. We assumnieis
distributed according to a probability measureférwith a mean of.. As the public good is
financed entirely by tax revenue, the political issuefiaetax rate Then, we define a voter's
indirect utility functionv : H x [0,1] — R, by

v(h,t) = (1 —t)h + ©(th). (2)

Note thatv(h,t) is continuous and strictly concave inHence,v(h, t) is single-peaked in.
By using (2), we define the monotonic bliss point of a voter sehimcome i, 6,, € [0, 1], as
0, = argmaxv(h,t). 3)

te[0,1]

We assume that there are two political partiearty L and Party R Following Roemer
(1997), each party wants to maximize the utility of some wvateose income i%;, or hy with
h; < hg, respectively. Furthermore, we assume that parties haxedmotivations in the
sense that they are interested in winning the election akaseh ideology, i.e., the policy
implemented after the election. Lt > 0 be the intrinsic value that pariy= L, R places on
holding office. We assume that the valueg:bre common knowledge.

The randomly distributed median voter’s income has a cutiveldistribution function?
such that we assume it has no mass-point and its support isieous in[h,, hg]. As a
consequence of (3) and the assumption of the distributidcheofmedian voter’s income, for
each party. = L, R, there is a single ideal polic§,,, and6,,, < 65, < 0,, whered,,  is
the median voter’s bliss point. For simplicity, we writg, = 0y, 65, = 0, andf,, = 6;,
respectively.

In the game, each partyindependently and simultaneously announces a palicy X; =
[0, 1]. Then, each voter casts their vote for the party whose arcealjpolicy gives the highest
utility according to the indirect utility function defined/{2). When the distribution of,,,
does not have a mass-point, the probability of tie is zerteasr; = z. Finally, parties
implement their announced policies if they win the election

8



Given a pair of announced polici¢s;, zg), letw : X — [0, 1] be the probability thal.
wins the election. From (2)(x, zr) is indeed

m(xp, xr) = Prlv(hm, xr) > v(hy, xR)] 4)
For a givenm, he strictly preferd. to R if and only if
(xr — xL)hm > p(zrh) — @(zL h).

Defines : X — R by:

0 if eerh)—e@rh) ~ hy
) ) tp—rL T
O’(CL’L,.TR) _ <p(:cRx}2:f£xL h) if <p(:cRxh}::i£xL h) c (hL, hR) (5)
1 if eenh)—el@rh) > p
TR—T] —

Then, o sets a cut-off wealth level at which the probability ofwinning the election be-
comes either zero or one. Then, by using the cumulativeildigion function of the median
voter’s income, we can write(z, rr) as

(g 2n) = 1—G(o(zp, zR)) ?f xp < Tg ©)
G(o(zr,zR)) if x> xR

Further, assume that(z,,zr) = p for somep € [0,1] whenz;, = xr. Unlike Roemer
(1997) who applies an equal-sharing rple- 1/2 when the two parties announce an identical
policy, we assume that the winning probability fois some constantin [0, 1] at the event of
tie.

By the probability of winning functiong (z, z), and the indirect utility functiory(h, x;),
we define an objective functiolill; : X x R — R, of the partyi = L, R by

Ell(xp, 2R, k") = n(xp, 25)(v(hg, 21) + k) + (1 — 7(xp, xg))v(hy, 2r) and

7
Ellg(xp, x5, k%) = m(xp, 2r)v(hg, xr) + (1 — 7(xp, 25)) (v(hg, vg) + kT). ?)

Throughout, we let-: = L or R, wheni = R or L. Following Roemer (1997), we also
assume a decreasing hazard fateet o/(z;, _;) denote the first derivative of with respect
to z; for eachi = L, R.

Assumption 1. Let ¢ andG be twice differentiable. The hazard ra‘fgé“’éz;)(ff(;’ff)i)’m*i)) is
decreasing in;.

’As we show in Lemma 27(z;, z_;) is decreasing im; for any givenz_;. Then, for instance, i€ is linear
(the underlying distribution is uniform ,ggg‘(’f;ff;))) is decreasing im;. Thus,o with decreasingo’ (z;, z_;)|
is enough to satisfy this assumption.



Assumption 1 is a relatively common assumption in the ltteeof electoral competition
models (e.g. Ortufio-Ortin (1997), Roemer (1997), Qut@itin (2002), Bernhardt, Duggan
and Squintani (2009), Hummel (2013) and Takayama (2014))mthe literature of auction
theory (e.g. Branco (1997) and Bhattacharya, Goel, Gollapod Munagala (2010)), it as-
sumes a more general version of monotone hazard rates. Weedérs electoral competition
model agj.

To state our main theorem, let

Zr(zp) = argmax EIl (2, tg, kY) and Zg(x;) = argmax EIlz (2, 25, k7).
rre€Xr TRrEXR

Condition (Conditions on Discontinuities)Each intrinsic valué?, fori = L, R, in G respec-
tively satisfies the following conditions: if, = xg, then

EHL(/JI\L(.TR), TR, /{ZL)
Ellg(2r, Tr(rr), k™)

> limsup;, (- BL(Z1, 2k, k"); and
> lmsupz, @, Bllg(2r, Zr, k7).

In the appendix, we present an illustrative example, whivbws that a largek” or k%
induces a larger discontinuity in the objective functionow\ we state our main theorem in
this model.

Theorem 2. If Conditions on Discontinuities hold, an electoral conipet model G has a
PSNE.

Notice that wherk? = kf* = 0, the objective functions are continuous. Therefore, Gondi
tions on Discontinuities hold. This case is the model prepdsy Roemer (1997), which is a
special case of the gange As a corollary to our main theorem, we obtain the followiaguilt.

Corollary 1. Whenk? = k' = 0, an electoral competition modélhas a PSNE.

3.2 Preliminary Results

Proposition 1. Under Assumption 1, the set of maximizerskif;(z;, z_;, k') in response to
r_; IS convex.

In order to prove Proposition 1, we observe how Assumptiofffdcts the shape of the
objective functions. Moreover, because the argumentd.fand R are analogous, we focus
on the situation for.. In what follows, we will prove Proposition 1 by studying twases:
x;, > Tr andx; < Tp. First, we study the case of > zj.

Proposition 2. Let 7z € [0, 1) be an arbitrary policy. When;, > Zg, Ell; (21, Tg, k*) is
guasiconcave in,.
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The proof of Proposition 2 rests on two results. We show tlwata givenziz € [0, 1),
Ell; (21, Tr, k") is single-peaked, constant or monotonically decreasingpréparation, no-
tice that because the median voter’s income is located leetiyeandh r, andv(h, t) is strictly
concave in, whenz; > Zg, there is a unique policy which satisfie&;, z_;) = v(h;, z;) for
eachi = L, R. Thus, defind;(x_;) by z; to satisfyv(h;, z_;) = v(h;, z;) whenz; > zx, and
0 otherwise.

Now, by taking the first derivative of(z;,, Zr), we obtain the following lemma.

Lemma 2. o(zy, Zr) is decreasing in ..
Next, we claim thatr(x,, Zr) is either zero or one in certain intervals.

Lemma 3. Supposer;, > zg in [0,1]. If 2 > [(ZR), 7(zr,Zr) = 0. On the other hand,
Whenllj'L < ]R(Zf'R), W(ZUL,ZZ'R) =1. Fina”y, if IR > 9[/, W(ZUL,ZZ'R) = 0.

Proof. Fist consider a case wherg, > I, (zr). Then, a voter whose bliss point 6 is
indifferent between. and R only if x;, = I.(zg). Otherwise, he strictly prefer8. Then,
because by assumptidh, € (0x,0.), the median voter strictly prefer®. Hence, ifz;, >
I (ZR), m(z, Tr) = 0. Symmetrically, we can prove that whep < Ir(Zg), 7(xL,Zr) = 1.
Finally, suppose&r > 6. This indicatesc;, > 7z > 6. By 0,, € (0g, 0;), the median voter
strictly prefersk. Hence, iftg > 0p, m(zp, zr) = 0. O

Proof of Proposition 2.First of all, asx; > 7, we can write thd.’s objective function by
Elly(zp, T, k") = G(o (2L, Zr)) (v(he, 21) — v(hy, Tr) + k*) + v(hy, TR).
Then, the first derivative dtll; (zy, Z g, k*) with respect tocy,, EIT, (21, Zg, k%), is
o (21, 2R)Gy (0(xr, TR))(v(hp, 21) — v(hy, Zg) + k) + G(o(xr, Zr))V (hp, z).  (8)

Whend, < zg, by Lemma 3EIl, (2, Zr, k") is constant av(hy, Zz) and the result is
immediate. Thus, we only consider the following two cases.
Case 19 < Ty < 0. To start with, we consider the caselgf(zr) < x; < I (zg). By defi-
nition of I, Ir(Zr) < Zg. First, suppose that when is close enough to, Il (21, Tr, k*)
is strictly increasing. Notice that this only depends onttagnitude of:” and there is only one
cut-off of £ to make it increasing or decreasing. In this case, we contliéecase wherg”
is smaller than this cut-off so that the first term in (8) izoadsnall, while the other case is con-
sidered in the second part of this proof. Thus, there mustreéque point;, € (zg, I1(Zr))
for which (8) is equal t@. Then,

op (2L, Tr)Gr(0(2, Tr) v'(he, ) ©)
G(o(x},ZR)) v(hp, o) —v(hy, Tgr) + kX
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Because(h, ) is strictly concave and increasing foy < 0, v'(hp,27) > v'(hg, z1)
andv(hp,zr) — v(hp,zr) > v(hg,2,) —v(hg,Zg) > 0 foranyz, € (27,60.). Noting that
the RHS is negative, the RHS is increasing. On the other hasslymption 1 and Lemma 2
indicate that for any:;, > 2/, the LHS is decreasing. Thus; is unique when, € (zg, ).
Moreover, by Lemma 2, sina€(c(z ., Zr)) is decreasing i, andv(hy, x) is decreasing
for xyp > 0p, EllL (2, TR, k*) is maximized a¥;, for anyz’, € [0y, I(Zg)). Overall, there is
aunique point;, € (Zg, I.(Zg)) for which (8) is equal td.

Second, instead, suppose that wheris close enough t@, EIl, (21, T, k*) is decreas-
ing. Then, for any, € (Zg, I1.(Zr)), we must have

oy (@, Zr)G (0@, TR) _ v'(hr, ) .
G(o(2),TR)) — w(hg,2}) —v(hg,Zg) + kX

However, as is mentioned above, since the RHS is increashilg wthe LHS is decreas-
ing, the above inequality holds for any, € (zg,60;). Then, for anyz), € [0, 1.(ZR)),
Ell; (2, Zp, k*) is maximized at);. Thus,Ell; (1, Tr, k) is monotonically decreasing in

Ty,
Finally, whenIy () < xr, by Lemma 3EIl,(zy, Zg, k¥) is constant at(hy, Zr), Which

completes the proof in this case.

Case 27r < 05.

Case 2-1:1p(Zr) < 6. Notice that whenr(zr) < z, < I.(Zg), by the same argument

with the one in Case 111, (xy, Zg, k*) is single-peaked. Whenr < z; < Igr(Zg), by

Lemma 3EIl, (zy, Zr, k") is equal tov(hy, z1) + k*, which is maximized afz(z ). When

I (zr) < xr, by the same logic as in the third case of Case 1, we can caoanpletfproof in

this case.

Case 2-2:1z(Zg) > 6,. Becauser)(z,zr) < 0 by Lemma 2 and(hy,z.) is strictly

decreasing int; whend;, < Ig(Zgr) < x, by the first derivative Il (x, Tg, k") is

strictly decreasing irx;, for Ix(zr) < xp < Ip.(Zgr). Whenx, < Ig(zg), by Lemma 3,

Ell, (21, Zr, k*)is equal tov(hy, x1)+ k%, which is single-peaked &t. WhenI, (7) < zp,

by the same logic with the third case of Case 1, we can comletproof in this case. [

Next, we analyze the shape of the objective function wher: zp.

Lemma 4. Let zz € (0, 1] be an arbitrary policy, and take, < zz. Whené, > zg, then
EllL(zp, Tg, kY) <limsup;, .- EIlL(ZL, Zg, k").

Proof. Whenf, > zg, v(hy,zy) is increasing incy, andv(hy, z) < v(hp,Zg). Also by
Lemma 2,n(z,Zr) < m(ZTr — €, Zr), Wheres > 0 is sufficiently small. Then we complete
the proof by substituting them into (7). O

Lemma 5. Let zz € (0, 1] be an arbitrary policy, and take, < zz. Whené, < Zg, then
there is a unique policy; € [I.(Zr), zr) which maximizeIl, (xy, g, k).

12



Proof. Suppose), < zg. First, for anyx, € [I.(Zr),Zr), we haver(zr,zg) = 1, im-
plying EIl (2, Tr, k*) = v(hp,xr) + k*. As we assume(hy,x;) is single-peaked dt;,
there is a unique policy; = 0, € [I1(ZTr),Tr) that maximizesEll; (v, g, k*). Sec-
ond, by Lemma 2, for any; < I;(Zg), L can maximize their payoff by choosing a policy
ry = I (Zg). As the objective functions are continuous when# z g, Ell; (zy, T, k*) <
v(hr, I1(ZR)) + pk* = v(hy, Zg) + pk’ for anyz;, < I.(zg). Overall, we obtain the desired
result. O

Proof of Proposition 1.There are two cases to consider.

Case 17y < ;. Maximizers ofEll, (x, Tr, k) are greater than or equaltg by Lemma 4
and Conditions on Discontinuities. Then, Proposition 2 ptates our proof.

Case 20, < Zy. In this case, a maximizer dfll; (z, Zr, k*) is less tharcy. Then, from
Lemma 5, the objective function is single-peaked, and harecebtain the desired result]

3.3 The Existence Proof

Proof of Theorem 2Letz = (z1,zr) € X be a strategy profile that is not a PSNE. Except in
the case ofp = z, the objective functions are continuous. First, consilerdase ofp #

xr. Because the objective functions are continuous in this,eg&d;, ;) = w;(d;, z—;) =
EIL;(d;, z_;, k). Furthermore, for each seto; = fi(z_;) = supy cx, ElL;(d;, z_;, k). Then,

in response to an opponent player’s strategy, each pldyas a best response to it, and hence
the first condition of feeble better-reply security is Jatid.

Letd : X — R, be the Euclidean distance dn, and letU,.(§) = {y € X : d(y,z) < d}
be an open neighborhood abautvith radiusé > 0. Becausdz,, zr) is not a PSNE, there
is some playei whoseEIl;(z;, z_;, k') is not maximized in response 0 ;. Then, because
we seto; = fi(z_;) = supy cx, EIL(di, s, k'), by Proposition 1, the set of maximizers of
EIL (x;, z_;, k') is convex, which is indeed?"(z). Then, it implies that;; ¢ C;*(x). Then,
by continuity of the objective functions, we can choose digehtly smalld > 0 such that,
for any(zp, zr) € U,(9), z; & C;"(2) holds.

Second, consider the case of = z,. Again, for eachi, we seta; = fi(z_;) =
supg e x, BIL;(d;, x_;, k'). Without loss of generality, let= L. Take a sufficiently small. We
consider a&-neighborhood ofzy, zr) with z;, = xg. Then, by Conditions on Discontinuities,
we have

EllL(ZL(zR), vg, k¥) > limsup EllL(Zp,xg, k).

Tr—(zR)”
Therefore, the first condition of feeble better-reply sé@gurolds. For the second condition of
feeble better-reply security, there are two cases to cendkirst, for a given: i, if maximizers
of Ell;(z1, xr, k*) are less than or equal tog, we can apply the same argument above.
Second, if maximizers dfll; (zr, zr, k) are greater thamy, then because, for any; such
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thatz, < xg, the payoff is strictly less thayfi, (xz). Therefore, by choosing a sufficiently
small §, the second condition of feeble better-reply security Bolds a resultg is feebly
better-reply secure. Therefore, by Theoreny has a PSNE. O

As Ball (1999) points out, generally a party wants to choopelay between their oppo-
nent’s policy and their own ideal polié&yHowever, as an office-motivation becomes stronger,
the party obtains an incentive for “undercutting” behawoch that they would be better off by
choosing a policy infinitesimally close to that of their oppot. Then, if one party is relatively
more office-motivated while the other is more policy-moted the former party is willing to
choose the same position as the policy-motivated partgjrfgrthe latter to randomize their
announced policy in order not to be predictable. ConseyenPSNE may not exi$t.One
extreme example is whelf — oo andk? = 0.19 The existence of a PSNE depends on how
differentk” andk” are relative to the electoral uncertairty.

3.4 Necessary Conditions

Here, we show that Conditions on Discontinuities are nexgdsr the existence of a PSNE.
If Conditions on Discontinuities do not hold, then there saaty that can increase the payoff
by choosing a strategy that is infinitesimally close to thfahe opponent. However, such an
undercutting behavior decreases the payoff of the opporniéetrefore, the opponentis willing

to randomize their announced policy in order not to be ptaflie. As a result, a PSNE does
not exist. Drouvelis, Saporiti and Vriend (2014, p.92) pdevanalogous conditions for the
existence of a PSNE. In fact, their conditions are a speai¢ on the following result because
they specify the distribution of the median voter’s blisgan their model.

Theorem 3. If an electoral competition modél has a PSNE, Conditions on Discontinuities
hold.

Proof. Suppose there is a PSNE denoted By, =7,). Then, by definition of a PSNE, we have

EllL (2}, 2%, k*) = max EI (2}, 2%, k") and
xILEXL

Ellg (2}, 2%, k%) = max Ellg(z}, 2, k7).
xinXR

(10)

As the arguments fof. and R are analogous, without loss of generality, we clarify thedie
tion for L. Setz} = z(z},). Then, from (10), a$x; , 23;) is a PSNE, it must satisfy

Bl (Zp(x}), o5, k¥) = Bl (2}, 2%, k*) > limsup Bl (T, 25, kY).

EL—>(1”§)*

8This result is not so hard to prove in our setting. The proakilable upon request.
9However, it is often shown that there exists a mixed strassgylibrium.

10See Saporiti (2008) for more details.

An illustrative example is found in the appendix.
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Otherwise,L profitably deviates to a strategy that is infinitesimally $svahanzj,, contra-
dicting the hypothesis that7 , z7,) is a PSNE. O

Another interesting example where an undercutting belhaeys an important role to
assure the existence of a PSNE is the Hotelling model of marepetition (d’Aspremont,
Gabszewicz and Thisse, 1979, Dasgupta and Maskin, 198®&aslbeen shown that in the
Hotelling model of price competition, when jumps of payddfe within a certain range, there
is a PSNE, while otherwise, it fails to exist. One can show #ivailar to our example of an
electoral competition model here, it fails to be feebledyeteply secure, when jumps become
large.

Let (z7,23,) € X be a PSNE ofj. Notice that in response te_;, x; which yields the
winning probability of zero to partyis strictly dominated by other policies that yield a strctl
positive winning probability. Hence, such a policy cannetdm equilibrium strategy. Sym-
metrically, a policyz; that yields the winning probability of one also cannot bepsuped as
an equilibrium. Thus any strategy that yields a zero or onenimig probability would not
constitute a Nash equilibrium. The following propositidgates this result.

Proposition 3. If G has a PSNE(z7}, z7},), in response ta*;, for eachi = L, R, x} yields a
winning probability in(0, 1).

The tie-breaking rule relates to the situation where the paxies announce an identical
policy at the equilibrium. In particular, by Propositiony@nust be in a certain interval, so that
we can assure the existence of a PSNE.

Theorem 4. If G has a PSNE(z], 23,), such thate} = z3, = «*, for anyz, € X, and any
rr € Xp, We must have

(p— m(wp, x*))k* > w(xp, %) (v(hy, 21) — v(hg, 2%)) and

(m(x*, 2g) — p)kT > (1 — 7(z*, 2g)) (v(hg, xg) — v(hg, z*)).
Proof. Suppose there is a PSNE denoted b¥, z*). Then, by definition of PSNE, we have

EIl, (2%, 2%, k*) = max Ell (2}, 2", k) and
:B/LEXL

Ellz(z*, 2*, k™) = max Ellg(z*, 25, k7).
:BIREXR

As the arguments fof. and R are analogous, without loss of generality, we clarify thedie
tion for L. Then, becausec*, z*) is a PSNE, for any.;, € X,
Bl (2%, 2%, k*) > EIl (2, 2%, k%)
v(hp,2z*) + pk* > n(xp, 2*)(v(hy, vr) — v(hg, 2%)) + 7(zp, 2°)kY 4+ v(hg, 2¥)
(p — m(xp, 2*))k* > 7(xp, %) (v(hg, z) — v(hg, 7).
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4 Discussion with Related Results

Among the recent equilibrium existence results in the diigre, McLennan, Monteiro and
Tourky (2011) and Barelli and Meneghel (2013) study gamesiay not be quasiconcave.
It is not difficult to show that when players’ strategy spaees metric and locally convex,
feeble better-reply security is a sufficient condition foRMecurity in McLennan, Monteiro
and Tourky (20113}? In relation to the generalized payoff security in Barelldg®oza (2009),
Carmona (2011) proposes the concept of weak better-replyiseand states that the condi-
tions of weak better-reply security and generalized be#ply security are equivalent when
players’ strategy spaces are metric and locally convextlamdame is quasiconcave. Barelli
and Meneghel (2013) propose continuous security whicheisitbst general condition before
Reny (2013), and generalized better-reply security is@afft for continuous security.

The first condition of feeble better-reply security is comgtde to the one of weak better-
reply security, if a gamé&- is quasiconcave and thus our existence theorem also allsws u
to obtain the results of Bagh and Jofre (2006) and Carmon@9(2Q et f; be a real-valued
function onX_; such thatf;(z_;) < sup, cy, ui(d;, ;) for all z_; € X_; and alli. Then,
Lemma 1 of Carmona (2011) shows that if the game is quasigerazad compact, and satisfies
a generalized payoff security, then there exists an opaghberhoodV, of = and an upper
hemicontinuous correspondengewith nonempty, closed and convex values such that

¢i(z) C Bj(2) = {yi € X w;(yi, 2—i) > fi(2=i)}

for eachi and for eachr € V.

With regard to applicability in the literature of electoc@impetition models, the conditions
of feeble better-reply security are easier to verify thavsthof weak better-reply security in
Carmona (2011) in two points. The first is that, in electo@hpetition models, the players’
expected payoff functions do not always satisfy quasicathgaand our feeble better-reply
security is still applicable in such models while weak breteply security is not. The second
is that weak better-reply security requires us to constnaipper hemicontinuous correspon-
dencep;. However, our condition does not require us to obtain a spoadence.

2Example 2.1 in Tian (2013) is an example for MR-security kattfor feeble better-reply security.
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Appendix: lllustrative Example

The following figures in Figures 1 show our illustrative exaley whereh is set at50 and
©(th) = 4V'th. We set the policy spac®,1]. The cumulative distribution functiot¥ is
assumed to be linear so that the underlying distributiorhfisruniform. The first two figures
show the indirect utility forh = 80 andh, = 20, respectively. Figure 1c shows the winning
probabilityr(z, zr) wherez is assumed to be.1.

The last three figures present the objective function fotypar The first among the three
figures, Figure 1d, is for Roemer's model, which is a specalecof the gamg. As de-
scribed, there is no discontinuity in this objective fuoati The next two figures are for a
game with mixed motivations. In the first cagé, is assumed to b&. The objective func-
tion in this case is presented in Figure le, which satisfie<Cinditions on Discontinuities.
In our calculationgd;, is 0.5 while 65 is 0.03125. The maximizer of the objective function,
Zr(Zg), in this case i9).2359. The expected payoff at this point is obviously larger thae t
level oflim supz, _, (7 ,.)- EIlL(Zz, Zr, k%) (which is the level set by the white circle in the fig-
ure). However, this is not the case in Figure 1f. In this cases= 2 is assumed. As shown,
lim supz, _, (z,)- Ell, (71, Tr, k*) is larger than the value at any other points¥ip. As such,
this does not satisfy the Conditions on Discontinuitiesef,ras described in the main body of
the paper, an undercutting behavior by pakitarises forz;, sufficiently close tarz. Then, a
PSNE fails to exist.
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Figure 1: lllustrative Example
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