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1 Introduction

In this paper, we develop a theoretical framework of twastalectoral competitions starting
at primaries and study whether or not holding a primary eacactually enhances a party’s
chances in the general election, and how it affects poliommes. Despite many real ex-
amples around the world, theoretical works on party priesadre quite scarce in the litera-
ture. We propose a two-party spatial model to analyze paiy valence issues for office-
seeking candidates who face a two-stage electoral prodesisewoters vote strategically in
the sense that they also consider each candidate’s winnatogbility in the general election
at the time of the primary election. We provide an equilibrianalysis that is analytically
tractable and deals with the multidimensional issues atpgromises and valence, which a
forward-looking politician faces between the two stageslettions.

In our model, voters judge candidates on two aspects: ppliggnises and valence, and
primary election candidates choose policy promises. Irfithestage, the challenging party
holds a primary election. The challenging party has two whatds and one candidate has
higher valence than the other. Voters in the primary chobsgegically between the two
candidates. In the second stage, the winning candidateiprtmary election competes with
the incumbent, where there is uncertainty about the rdadizaf the median voter’s bliss point
in the general election. In the model, we makerbestch-a-sketcassumption that politicians
are committed to one policy for both elections. We define dipal equilibrium by using a
notion of Nash equilibrium. Our result demonstrates thaquailibrium, the challenger with
higher valence chooses the maximizer of the winning prditabi the general election subject
to just beating the other challenger in the primary electidbhen, we compare the political
equilibrium outcome with the outcome from a different sgemauch that a challenger tries to
maximize the expected payoff of the median voter in theityp&e find that under a political
equilibrium, a more moderate policy, which is further aweyni the bliss point of their own
party’s median voter and more appealing to the general ptipul is selected, and the winning
probability of a candidate with higher valence increases.

Finally, we obtain the following predictions from our model

e astheincumbent’s valence increases, the challengingdatechooses a policy promise
that is less favorable to their own party’s median voter ideorto appeal to the general
population;

¢ as the ideological difference between the incumbent gapglicy and the challenging
party’s median policy decreases, valence becomes moretampdo the electoral out-
come.



In practice, primary elections are commonly used to selegardy representative who
competes with other parties’ nominees in the subsequemrtrgleslection._Galderisi and Ezra
(2001) state that in general, the direct primary was thotmbe a method of controlling the
corrupting influences of the urban political machine. Wa@0@) studies the political history
of the US, and claims that the direct primary was the resulirofittempt by politicians to
subject their previously informal procedures to formaksjlwhich started in the late 1880s.
Chhibber and Kollman (2009) study the origins of politicarfees in Canada, Great Britain,
India, and the US. They state that the earliest party cascogddamilton and Jefferson in
the 1790s were created to organize the House of Represestatio policy-making blocs.
Recently, primaries have been adopted in many countries ¢itan the US, including some
European and South American countries (for empirical exidesee Morton, 2006). In 2009,
the UK Conservative Party experimented with the use of opemgpies to select two of its par-
liamentary candidates. Political parties throughouth.d&timerica are relying increasingly on
primary elections to select presidential candidates|(sgeyCand Polga-Hecimovich, 2006).

There is a large body of empirical work on valences and pghi@mises in the litera-
ture. Many studies have analyzed how party elites’ valeaffest voters’ electoral support
for parties (McCurley and Mondak, 1995, Mondak, 1995, Stamé Simas, 2010), although
the relationship between valences, policy decisions, anding chances remains uncertain.
Scholarly evidence from studies of the US, and from recesgszcountry research of Western
Europe, suggests that changes to parties’ or candidatesiogs carry important electoral con-
sequences and shows that there is some relationship bevalegice, voters’ choices, and the
ideological distance between the candidates ((see Abnal, 2013, Clark and Leiter, 2013,
Green and Hobolt, 2008, Adames al., 12012, Buttice and Stone, 2012).

Recently,l Hirano and Snyder (2014) have argued that theafitee underestimates the
value of primaries, and primary elections are most needesfi@ constituencies, where the
advantaged party’s candidate can usually win the genezetieh. On the one hand, an increas-
ing body of empirical research has considered the effectsinfaries on electoral prospects
using more recent or international data sets (for example,Garey and Polga-Hecimovich,
2006, Stonest all, 11992). However, until recently, in the theoretical litenr®, most mod-
els of electoral competition assume that candidates reptieg their political parties com-
pete in one-stage elections. Recently, within the framkwpooposed by Coleman (1971),
Owen and Grofman (2006) develop a model of two-stage elglctompetition between two
parties in one dimension and study candidates’ policy mrst Furthermore, Serra (2011)
proposes a model of party elites such that party elites whie halifferent bliss point with the
party’s median voter decide whether or not to hold a priméegten.

In the literature (e.g., see Adams and Merrill, 2008), inswn that there are two opposing



forces: how do office-seeking candidates balancecdmrifugalincentive to appeal to their
primary voters against theentripetalmotivation to appeal to voters in the general election if
they have to commit to the same policy promises at both staigiém electoral competition?
A difficulty is to formulate what is an optimal policy choicerfeach candidate who faces the
two opposing incentives, especially when voters in priegmare strategic. The literature so
far has assumed that primary voters vote sincerely, or bi@aetis a party bliss point such as
a party’s median voter, where each candidate in the primay to maximize the expected
payoff (see McGann, 2002, Adams and Merrill, 2008, Owen arafrGan, 2006), although
empirical studies suggest that some primary voters argegtcaand consider the candidates’
prospects in the general election (Abramowitz, 1989).

This paper aims to provide a micro-founded tractable motialtevo-stage electoral pro-
cess with policy and valence issues in the presence of pamailhe model is analytically
tractable, and can consider both valence and policy pranisprovides a vehicle for answer-
ing normative questions about holding a primary electiouar fihdings are testable and gener-
ally consistent with the empirical research on primaries thie roles of valences in elections.
Our analysis shows how the difference in the valences ofipalns affects policy promises to
achieve a balance between the centrifugal and centripet@ations in equilibrium.

The closest analysis to ours is Adams and Merrill (2008), pidopose a model where there
are two candidates in one party who try to maximize the joiminwmg probability in both the
general election and the primary election, and voters viotesely. Then, they prove the ex-
istence of a Nash equilibrium when the voter’s utility is came and peaks at the voter’s ideal
point. Furthermore, they show that when the candidates tie/eame valence, they choose
the same policy position in equilibrium, and as the othetymcandidates’ valence increases,
candidates have incentives to shift unilaterally towagdrttedian voter in the general election.
The key difference in our analysis is that voters also caceiethe prospect of each candidate
in the general election, while in their analysis voters asuaed to vote sincerely, and thus
the median voter theorem in the primary election is assumédid. We show that even when
voters vote strategically in the sense that primary votersitler the candidates’ prospective
appeal in the general election, and the expected induceaffpayf primary voters may not
be single-peaked, the median voter theorem in the primamgtieh still holds under a mild
technical assumption. Furthermore, Adams and Merrill 0umerically demonstrate that
primaries benefit weaker parties in that the primary caridgléocate their policy closer to
the center to become more competitive in the general electio their analysis, when nei-
ther party has a primary election, each candidate locatiém giosition of the overall median
voter and each has an equal chance of winning the generabeledéntuitively, a candidate
with lower valence needs to choose a more moderate policydier@o appeal to the general



electorate. When the valence becomes more important cechpath policy in voters’ pref-
erences, this tendency becomes stronger, and so a partyeatker candidates benefits from
holding primaries more than a stronger party because of tire moderate policy choice.

In this paper, we further provide a closed-form analysistenrelationship between the
primary advantage and the salience of valences in votezfepmances, and also a set of testable
hypotheses on the relationship between valences of caedidad the policy promises that
they would choose. In contrast with the numerical analysi®dams and Merrill (2008), our
results show that a candidate with higher valence may betabthoose a more moderate
policy in order to appeal to the general electorate whilewinning the primary election.

The remainder of the paper is organized as follows. Sectidet&ils the model. Section
3 undertakes the equilibrium analysis of policy positiogscandidates. Section 4 provides
some numerical examples and discusses our findings andleekygotheses. The final section
discusses possible extensions of the model.

2 The Model

In the model, we assume that there are two parties: an incoirpbety and a challenging party.
The incumbent party has one politician, who we callitteambent The challenging party has
two candidates, who are called thkallengers We assume that there are two stages of the
election: a primary and a general election. The two cha#endjrst compete in the primary
election, then the winner of the primary competes with tleeimbent in the general election,
and the winner in the general election obtains office.

The timing of the game is as follows.

Stage 1 At the beginning of the game, the challenging candidateslsameously choose their
policy promisesp; andpy, respectively. We assume that a politician in the challeggi
party chooses one policy promise that is common in the pgiral@ction and the general
election if she wins the candidacy in the primary electiore ¥4ll this theno etch-a-
sketchassumptioH.

Stage 2 The primary election is held for the challenging party.

Stage 3 The general election is held.

tAsked whether Mr. Romney had moved too far to the right forgaeeral election in 2012, Mr. Fehrnstrom
said that they would hit a reset button for the fall campalighmost like an Etch A Sketch.” Then, two other can-
didates from the Republican Party held up an Etch A Sketchsa@yvisual aid to their audiences and criticized the
remarkpttp://en. w ki pedia.org/wi ki/Mtt Ronmey presidential canpaign, 2012).


http://en.wikipedia.org/wiki/Mitt_Romney_presidential_campaign,_2012

Each politician is characterized by two aspects: policynpse and valence. The valence
variable is fixed exogenously, and benefits all voters inddeetly of their political opinions.
The incumbent’s policy promise is fixed. The policy spac@®id]. Letp € [0, 1] denote a
policy promise and € IR the valence measured in utility terms. We identify each vaféh
her bliss point. The utility of voter when the winning candidate has valencand policyp
is:

ui(v,p) = v —[p—il. 1)

Assume that the incumbent’s policy promisepisWe assume that, perhaps because of a
commitment to the previous policy,is fixed and publicly known. There are three politicians
in the model. The incumbent’s valence is denotedvby k. The two challengers, called
challengerL and challenger{, have valences; andvy, respectively, withv;, < vy. We
assume that, v;, andvy are public information. Letl, = v — v, + p for eachk = H, L.
Then,u;(vg, di) = w;(v, p) for all i > max{dy, p}.

There is a measureof the right-wing party voters. Let the right-wing party nigalvoter's
bliss point beRk > p. We assume that, ensures that the support of the meaguigcontained
in g = (42X 1. Then, for almost all € 6,

u-(vp, R) > u,(0,p). (2)

This will have the consequence that, in equilibrium, therao voter in the primary election
who is motivated to vote for a candidate whom the incumbentxEat more easily.

We denote the bliss point of the overall median voterbyThis is assumed to be randomly
distributed in[p, R], with a cumulative distribution function, denoted By We assume that
is concave and twice differentiable, and the hazard@% is increasing in the region. We
assume that’ is common knowledge.

We assume that for eaéh= H, L,

0 —wvi| < (R —p). 3)
This assumption rules out two cases.

e v—p+p < vy — R+p—when this holds, the incumbent cannot win the generalielect
Even if challengerr choosesR, she can win the general election with a probability of
one. Thus, challengdi chooses some policy promise that will beat challengar the
primary election, and then wins the general election withadogbility of one.

20ne may wonder if we can extend our analysis to a more genasalwhere; (v, p) = h(v) — g(|p — i|)
with some more general forms g9f We discuss this point in Propositidh 1. We will analyze tetionship
between salience of valences for the electorate and thanwgmpmobability by using a function af rather than
itself and discuss our findings in relation to the empiriderature in Section 4.

5



e v, + R < v + p — when this holds, challengér is too uncompetitive and becomes
irrelevant in the game. If challengéf has higher valence than the incumbent, challenger
H can set any policy with which she can win the general eleatith a probability of
one, otherwise challengéf sets a policy promise that appeals to the median voter in
the general election with the highest probability.

In addition, note tha{(3) is consistent wiff (2), becauseast every voter € ¢ has a bliss
pointr > p, and thus the cutoff poir. must be greater than When<.t2 it requires
R—p>v—wp.

One challenger is denoted liy= H, L and the other challenger is denoted b¥ (i.e.,
whenk = L, —k = H). Define the interval,, for eachk = H, L by

Ik = [maX{Qﬁ - dk, dk}, 2R — dk],

and let; denote the interior of. As we will explain later, for each challengkrthere is an
equilibrium policy promise that belongs to this intervad.darticular, when the equilibrium is
unique, the equilibrium policy promises belong to this agd. Any policy outside off;, gives
a constant winning probability @for 1.

Let 7(vk, pr) denote the probability that candidatebeats the incumbent in the general
election. Then, by the median voter theorem, for each H, L, m(vg, px) is indeed the
probability that)M votes for challengek:

(g, pr) = Pr[ua (vg, pr) > un(0,D)] (4)

Then, for eachy, € I;.:

W(Uk,pk)zl—F(dk;pk)- (5)

For eacht = H, L, when challengek wins the primary election, votets expected utility
is given by:
Eu, (vk, pr) = (1 — m(vg, pi) Jur (0, p) + 7 (vk, pre)ur (U, pio)- (6)
The following definition expresses the notion of Nash equilim for our model.
Definition 1. A political equilibrium in a game of two-stage electoral catifpon is a pair of

policy promisesp; , p};) and a pair of winning probabilities in the primary electidn; , wj,)
such that:

1) wi +wjy = 1;

(2) if Eug(vk, py) > Eug(v_g, p*}), thenw; = 1;



and for eacht = H, L, there is ng,, such that:
(3) Eug(vk, p},) > Eug(v_g, p*,); and

(4) 7T(’Uk7p;€) > ’IUZ ' W(Ukapz>'

In our model, candidates try to maximize the probabilitywémtually winning the general
election subject to the constraints for the primary electio

3 Equilibrium Analysis

3.1 An Equilibrium with the Primary

In this section, we solve for the equilibrium in our game. @uain theorem demonstrates
the following equilibrium. Challengef chooses a policy promise that maximizes median
voter R’s expected payoff. Because challengécan always select a policy promise that will
beat challengef in the primary election, challengéf always wins the primary. As a result,
challengerd chooses the maximizer of the winning probability in the gahelection subject
to just beating challenger in the primary election.

Note that the following three cases are possible.

1. whenv > vy holds. In this case, there is a unique equilibrium and thaliegum policy
promise belongs to eadh.

2. whenvy > v > vy, holds. In this case, there is an interval of policy promis@sahich
challengerH can win the general election with a probability of one, aretd¢texist multiple
equilibria where challengéif wins the general election with a probability of one.

3. whenv; > v holds. In this case, there is an interval of policy promisesathich each can
win the general election with a probability of one. Unliketbecond case, challengéis
decision is affected by challengéis decision, although the minimal point &f; still dom-
inates any policy promise chosen by challengien terms of median voteR’s expected
payoff, and still there exist multiple equilibria.

In what follows, we first focus on the intervalg and I;. Under any of the three cases,
there is an equilibrium policy for each challenger that bgoto the intervals. It is easy to
verify that any policyp,, which is smaller thad, or greater thag R — dy., givesr (v, pr) = 0.

In casd 1L, if a challenger chooses a policy promise in theviat®utside ofl,, the opponent
can easily beat her in the primary election by choosing acpg@romise in/,, and still obtain



a positive winning probability in the general election. Tdfere, in casél1, policy promises
outside ofl;, cannot be supported in equilibrium. Moreover, in both ¢aaer®case|3, because
the minimal point of/; gives the winning probability of one for challeng#f, this choice
by challenger{ can beat challengédr even if challenger. chooses the maximizer of median
voter R’s expected payoff, which is also located/in

Hence, first we show that the equilibrium in the intervalsexuniquely, and then demon-
strate other equilibria outside of the interval when mudtipquilibria exist. To prove the
theorem, we start by showing that in the primary election,rttedian voter theorem holds in
that median voteRR’s most favorable policy promise can beat any other polionpse in the
set of each challenger’s possible choices. In our modebptimeary voters do not necessarily
hold single-peaked induced preferences. In particularytters whose bliss points are more
leftish do not have single-peaked induced preferencedewhihe interval of more rightish
points, their induced preferences are U-shaped. The payaifi the incumbent wins becomes
larger than the payoff when a challenger choosing theserextipolicy promises wins. How-
ever, by [(2), they still prefer a challenger if she choosediarevoterR’s optimal policy. As
such, median voteR’s most favorable policy beats any other policy promisesa@lnidins the
majority.

Second, we will show that median votBis maximal expected payoff from challengBr
is higher than that from challengér and that her equilibrium payoff from challengéris also
higher than that from challengér. Then, by using these two results, we prove the theorem.

We say that for each = H, L, p, weakly beat®_, if given p_,, the following holds:

Eug (v, pr) > Bugr(v_g, p—). (7)
For eachk = H, L, define the set of challenggls promises that weakly beat ;. as follows:
U(p—r) = {pr € [0,1] : Ellg(vx, pr) > Ellg(v_g, p_1)}-
Let
® p; =DrL;
o piy =min{p € Iy : p € Un(py)}.
Theorem 1. There exists a unique equilibriufp; , pj;) in I, and/y withw; = 0 andwj, = 1.

A policy p5, is called aCondorcet winner for challengér if for any p,, € I,

1 (0)

p({r € 6 : Bu, (v, py) > Bur(vg, pr)}) > —



Let
Py = argmax Eug(vg, p).
pEl}
The next proposition shows that sucl,aexists uniquely in/y.
Proposition 1. For each candidaté = H, L, in the intervall,, (i) median voterR’s expected

payoff is single-peaked ai;; (ii) p, is a Condorcet winner for challengér;, (i) p, < R and
if pr. # R, 5o~ (Bur(vr, pr)) = 0 is satisfie

We present the proof of Propositibh 1 together with the resmydemmas in the Appendix.
The second result states that challenglecan yield a higher maximal expected payoff to
median voterR than challengel., and thus in equilibrium she can choose a policy promise
that yields a higher expected payoff to median vdtehan challenger..

Lemma 1. The following holds:
o Bug(vy,pu) > Eug(vr, pr).

o Bur(vy,pjy) > Eug(vr,pr) foranyp;, € I;.

Proof. The first statement is direct frofdug(vy,pr) > Eug(vr,pr). To prove the second
statement, on the contrary suppdsex(vy, pj;) < Eug(vy,pr) for somep, € I,. Then,
the equilibrium condition[(2) requires thgt};, p..), which yieldsw};, = 0 andw; = 1in
equilibrium. However, by the first statemepy; yields«wy = 1 and contradicts the equilibrium
conditions[(8) and_(4). O

Now, we are ready to prove Theoréim 1.

Proof of Theorerh]1First, we show thatp},, p} ), andw}, = 1 constitute an equilibrium. To
begin with, we show thap; = 5, in equilibrium. Suppose not. Then, by Propositidn 1,
Ellg(vg,p;) < Ellg(vg, pr). Then, challengeH selectyj; as

Ellg(ve,p1) + € = Ellg(vr, ph),

3When the utility from policy difference is of a general forme can change the definition @f accordingly
and still prove the rest of the results. However, one tecimimoblem arises for this proposition. Specifically,
defined by

v —vp = g(Ye(pk) — D) — 9(pr — Yi(pr))

is part of the derivation of the winning probabilities (inrceurrent settingYy (px) = %). Therefore, we
cannot guarantee thélbg (v, pr))’ is decreasing, which is needed to ensure that this theordus.ha other
words, as long as the maximizers of voteemndr’’s expected payoffg;, andpzl, satisfyp;, < p};' forr <+ and
(log (v, pr))’ is decreasing, we can obtain this proposition and our remgiresults still work for a general
case ofg. Studying the conditions fog, Y, and F' is analytically complicated and goes beyond our scope.
Therefore, we keep this simple setting in this paper. Thefgrfor a generaj are available upon request.
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for somee, so thatw};, = 1. However, becauseg is strictly increasing in(5), idy, m(vy, py)
is decreasing, and so in order to maximize the winning pribbaim the general election,
challengerH further selectg};, — 6 with EIlg(vy, p}) < Ellg(vy, p5; — d). Thus,p}; is not an
equilibrium strategy for challengé?, and for the same reasaopj; — J is not an equilibrium
strategy. Thus, in equilibrium, it must be the case ijat p;..

Then, by the equilibrium conditionEl(3) arld (4), challengechoose?;, which yields
a higher expected payoff to median vofeiin the primary election than the expected payoff
from challengerl, and at the same time maximizes the winning probability i general
election. By [2), we obtain;;, = 1.

Second, we show that the equilibrium is unique. By Propasiil, p;, is unique. Thus,
p} is unique. Furthermore, becauselin 7(vg, py) is a strictly decreasing function @fy,
7(vg, prr) is uniquely maximized ag}; in I, and thug?; is also unique. O

Theoreni L formally proves that challengéiselects the equilibrium policy that maximizes
the winning probability of the general election while jusidbing challenget in the primary
election. In equilibrium, challengeéf wins the primary election and the equilibrium condition
(@) requires that challengérmaximizes median voteR’s expected payoff. By Proposition 1,
this maximizer exists uniquely and thus the equilibriumiggopromisep; is equal top,, for
challengerL.

Let

Uy = [dy, max {dy,2p — dg}].

Then, ¥ is an interval of policy promises for challengBrthat yields winning probability
in the general election. Note thét; \ {dy} # 0 if and only ifvy > ©.

In casé 1, there is no policy promise for which the winninggataility for challengeit is
one. Therefore, challengéf chooses a policy promise that is just enough to beat chateng
L, and at the same time tries to maximize the winning proligbilia general election.

On the other hand, in caké 2 and dase 3 whgre> v, challengerH is strong enough to
obtain the winning probability of one in the general elegtibut at the same time also needs
to consider beating challengérin the primary election. By Lemnid 4 (p;) # (. In case
[2, obviously¥ ; N Uy (p;) # () and any policy in¥ ;; N Uy (p}) can beat challengdr in the
primary election and yield the winning probability in thengeal election for challengef.
Thus, there exist multiple equilibrium policy promises &vallengerH in these cases.

Cas€e B is a little more complicated. In particular, when lemgler L’s valence is much
higher than the incumbent'si; N Uy (p;) can be empty. This arises when in case 3, the
challengers’ valences are quite close to each other. Betaug vy, 2p — dy) = 2vy — v —

R + p, and comparing it wittEug (v, 2p — dy + 9), it may be possible for challengérto
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beat2p — dy in the primary election by choosiiip — dy + d with § to satisfy

(2 = 7(vr,2p — du +9))
ﬂ-(vLa 215 - dH + 5)

(vg —0) + (v —wg) <. (8)

It is easy to see that wheny is higher oru;, is lower, it is more difficult fors to satisfy [8).

Finally, we obtain the following proposition, which sumnzas the above discussion and
describes the equilibrium policy promises in each case. dlfwve discussion replaces the
formal proof.

Proposition 2. In every casep; is the only equilibrium policy promise for challengér In
addition,

1. In caséllp; is the unique equilibrium policy promise;

2. In case R, any policy promise belonging¥g; N Uy (p;) is challengerH’s equilibrium
policy promise;

3. In case B, ifly NUy(p;) # 0, then any policy promise belonging oy N Uy (p}) is
challengerH’s equilibrium policy promise, otherwisg;, is the unique equilibrium policy
promise.

3.2 Comparative Analysis
In this section, we compare the policy promises resultingifthe following two scenarios.

(A) A challenger tries to maximize her winning probabilitya general election subject to the
primary constraint, which is given by our equilibrium defion;

(B) A challenger tries to maximize the expected payoff of tiedian voter in their party by
choosing they, that solves
max Eug(vg, p). 9)
p

The comparison highlights two results. First, we show thediker parties can benefit more
from a primary election in the sense that the winning prolitghinder (A) is strictly higher
than the one under{B). Second, we show that the policy pegifiesen undef(A) is more
moderate than the one chosen undér (B), in the sense thatasir to the incumbent.

To present these results, we use the relationship betygemdpj,. The main message
here is that in the policy spacg;; is smaller, which implies that its value is closerstcom-
pared withpy or p,.. Note that even whew ; Ny (p} ) contains a strictly positive interval of
policy promises and there are multiple equilibpg, is the rightmost in the sel ; N Uy (p}).
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Althoughpi, is defined as the minimal point in the setlpf N Uy (p}), in this case it yields
the winning probability by notingl y U I, = {p};}, and the most rightish policy among the
equilibrium policy promises in Propositidh 2. Therefottee result thap}, is smaller thary
implies that even when there are multiple equilibria, afeoequilibrium policy promises are
also smaller thap.

In Roemer (1997) and Owen and Grofman (2006), they consideptoblem given by
@@). In our model, challengers need to consider the winnhodpability in the general election.
This is the main point on which our model differs from Owen &rdfman (2006) and Roemer
(1997). We consider how our model makes a difference to theiso from Problem[() under
B), and how the equilibrium changes if the objective of &ajers is to maximize median
voter R’s expected utility rather than the winning probability afein the general electicﬁw.

As a corollary to Theoreiin 1, we obtain the following result.

Corollary 1. The conditionr(vy, p5;) > m(vy, py) holds with equality only ifr(vy, pj;) =

W(UH,ﬁH) =1L

Proof. By Theorenill, becausg; € Uy (p;), itis clear thatp}, < py. For everypy € Iy,
m(vy, py) is strictly decreasing and for evepy; € Iy, n(vy,py) = 1. Thus, we obtain the
“only if” part. O

An implication of this corollary is that unless the challergyparty has a very strong can-
didate, for whichr(vy, pj;) = m(vy, py) = 1 holds, the challenging party obtains a higher
chance of winning in the general election by using a priméegten. This result is consis-
tent with the empirical finding in_ Carey and Polga-Hecimtv2006) that primary elections
can select candidates who are stronger than those selectetthdr procedures. Moreover,
the conditionr(vy, p};) = w(vy,py) = 1 indicates that primaries tend to benefit weaker
parties, which is also shown numericallylby Adams and Mg2008). They label this effect
theweaker party’s competitive primary advantageorollary[1 also implies that through pri-
maries, weaker parties’ candidates may select policigsatlkanore competitive in the general
election. The following theorem states that challenfecan select a more moderate policy
promise through the primary election in equilibrium.

Theorem 2. Letpj, be challengerf’s equilibrium strategy. Then,

4In the literature on voting theory, Myerson (1993) compauesler different electoral systems, the incentives
for candidates to create inequalities among otherwise lgem&ous voters by making a promise that favors small
groups, rather than appealing equally to all voters. Myeesad Weber (1993) also show that the set of equilibria
can vary substantially with the choice of voting system. tifeerent approach, Myerson (1994) broadly argues
that the foundations of any social institution may be unierd in terms of more fundamental games that have
multiple equilibria by using the concept of focal points posed in_Schelling (1960).
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(@) vy < pm;
(b) pir < pr.

Proof. First, by Theorenillpi,, py € Uy (p;). By LemmddEug(vy, py) > Eur(vr, pr).
Furthermorer(vy, py) is a strictly decreasing function of;. Hence, we obtain{a).

To prove((b), note that; € Uy (pr). By Theorenillp;, < pr. Then, again b¥ug(vy, pr) >
Eug(vr,pr) and because(vy, py) is a strictly decreasing function f; in I, we conclude
thatpy, < pr. O

Theorem 2 implies that unddriA), challengérchooses a more moderate policy promise
that is more appealing to the electorate in the generalietectt stems from the condition
that challenger{ tries to maximize the winning probability in the generalagien while just
barely beating challengér in the primary election.

4 Comparative Statics

4.1 Some Examples

Up to now, we have not assumed any particular distributione overall median voter posi-
tion, M. In this section, we present three sets of examples by asguaparticular distribution
function. The first example assumes a linear distributiocfion. The second and third ex-
amples assume a triangular distribution function, whidtves us to study the situation where
the likelihood of the median voter’s position increasesapdme point and then decreases.
Now, we present the first example whereis assumed to be linear in the interyal R].

The implication of this assumption is that the median votasifoon is uniformly distributed
betweerp andR.

R
P}, = Dr = R. Moreoverpy; is the minimaby that satisfies

Example 1. Suppose that'(z) = ”C:I; and thatv > vy > ULB Then, for eachk = H, L,

R—dy ; R—pu+dy—dg
2R—dH—pHL 2R —dy — pu

vg — R+py = (v —R+p). (20)

We present the proof in the Appendix. Note that wher= vy = 0, p3; = R by (10). This
is a natural result, because in this situation there is reréifice between challengéf and
challengerL. Now, becaus&ug(vy, R) > Eug(vy, R), we must have?’, # R. In a sense,
the primary election causes a more moderate policy to beteeland increases the probability

SThis functionF does not satisfy twice-differentiability. Our analysistgl valid.
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that a candidate of higher valence wins. Moreover, in exaffip(3) is critical. Due td (3), it
holds that

Eug(vr, R) > min BEug(vy,pr) = ur(v, D),

< H
becauser(vy,2R—dy) = 0. However, if challengef{ is too strong, challengéi can simply
chooseR and still win the general election with a probability of one.

Owen and Grofman (2006) assume that the electorate maydsdofogically from one side
to the other, and that this shift can be expressed as a rankdange in)/, which is normally
distributed. The next examples have similar features irsémse that there is a single peak in
the likelihood of the median voter’s bliss point. Moreowan)ike Examplé L, challengdr’s
equilibrium position may be to the left at.

We start with the case where challend€s valence is higher than the incumbent’s. This
example corresponds to case 2. Figdre 1 demonstrates thangiprobabilities in the general
election for each challenger. In this case, challengédras the best valence and challenger
has the worst valence among the three politicians. Becawse v, any policy in the interval
[0.2,0.5] yields the winning probability of one. Therefore, there areltiple equilibria, and
pi; = 0.5, which can be chosen when we apply the criterion for medigeroby Proposition
.

As shown in Figuréll, in the entire lin@, 1], challenger{’s winning probability is greater
than0. ChallengerHf can choose any point i, 1] because the minimized median vofes
expected payoff from challengéf exceeds the maximized median vol#és expected payoff
from challenger.. A result such as Example 1 does not hold in this case.

Example 2. Suppose thgt = 0.2, R = 0.8, andv;, = 0.2,0 = 0.5, vy = 0.8. Suppose that

z—p)2 — D
o) = 2 X ((Rf;))Q 2 forx € (]?, #];
1—2x 4= foru e (B2 R

Then,p, = p; = 0.7, py = 0.8, andp}; = 0.5 with (v, py) = 1 for all py € [p, 0.5].
Proof. Note thatdy; = —0.1 andd;, = 0.5. First, we consider the first derivativé as follows:

(z—p) _ FtR.
Fla) = { 4 x =L forz € (p, 55~ 1;

R—x D
4 x ((Rf@)Q for z € (22, R

By calculation, we can show th 7}2) is increasing forz € [p, R]. Without loss of
generality, fixk = H or L. We denote the first derivative of the winning probabititi, px)
with respect tqy, by 7/ (v, pr). For somep, € I, if % < HE

di+pg -5

(v pe) = —3F/(%52%) = 2 x T
di,+p (koka’ 713)2
T(op,pe) = 1= F(%5) =1 -2 x =,
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if di+pi P+R
and |f—2 > B,

R,dk‘”’k
7T/<Ukapk‘) = _%F/(dk;pk> = -2 X (}3_5)2
R—%k Pr N2
T pe) = 1 — F(%gRe) =2 x Sz
First, suppose thai¢i2: < 2tE Note that
Ellp(vg, pr) = 1-— d'“(;@gfﬁ (Ht ey (11)

Thus,EIT; (v, pr) > 0. Then,Eug(vg, pr) takes a maximum whep, = min{p + R —
dx, R} for eachk = H, L. Therefore, in the first case, we obtain our candidate smiuti
py = 0.8 andp;, = 0.5 by Lemmd 2.

Second, suppose th%ift% > ’”TR. Then, the first-order condition yields

, (R— di ;Pk )2 R_ % ;Pk
Ellg vk, pr) = 2% R 2 X~ * (dr — pr)
PV s (R — %% 4 dy — py)
(R—ﬁ)2 D) k Pk) -

WhenE(vy, px) = 0, becausgRR — %t2e) > 0,

QR—dk—pk+2dk—2pk:0.

Then, we obtairp, = 2%, which impliespy = 0.5 andp;, = 0.7. However,py = 0.5

is impossible becausd i < 2 Thus, we concludgy = 0.8. By Lemmd2 and by the
first case, we concludg, = 0.7.

Finally, we are interested iny; € I, which maximizesr(vy, py) by satisfying

Eugr(vg, py) > Eug(vg,0.7).

Note thatr(vy,0.5) = 1, m(vy,py) = 1 for py € [0.2,0.5]. By calculation, we obtain
Eur(vg, py) > Eug(vg,0.7) for py € [0.2,0.5]. Furthermore, we obtaipi;, = 0.5. O

The following examples show how the relative changes ofnade between challengers
affect equilibrium outcomes.

Example 3. Suppose that' is defined as in Example 2, and that 0.2andR = 0.8.

(a) Letv =0.8,vy, = 0.3,vyg = 0.4. Thenpy = 0.73 andp;, = p; = 0.77, and there exists a
uniquep;; = 0.61 with 7(vg, pj;) = 0.21.
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Figure 1: Winning Probabilities for Examplé 2
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(b) Letv = 0.8,v, = 0.4,vyg = 0.5. Then,py = 0.7 andp,, = p; = 0.73, and there exists a
uniquep;; = 0.53 with 7(vg, pj;) = 0.45.

(c) Letv = 0.3,v, = 0.5,vy = 0.8. Thenpy = 0.8 andp;, = p; = 0.77, and there exists a
uniquepy;, = 0.7 with 7(vg, py) = 1 for all py € [0,0.7].

In Example 8,{r) and_ {b) are the cases where the incumbeatter bhan the challengers
in terms of valences, and (c) is the opposite case such thai¢bmbent has the worst valence
among the three politicians. The first two examples cornedpo cas€ll and the last example
corresponds to cake 3 in Section 3.1. First, compare phaaddb) of FiguréR2. As Theorem 2
implies,p}; is more moderate thai, andpy, and the winning probability gfj; is higher than
that forpy. As the incumbent’s valence is higher than challengs, the winning probability
of p3; is not equal to one and there is no other equilibrium polidyerEfore, we can uniquely
determine challengeii’s equilibrium policy in these two cases.

On the other hand, in Figuteé 3, the incumbent is much weakewpaoed with the chal-
lengers. Thus, even for challenggy there is an interval of policy promises with which she
can win the general election with a probability of one. Sarlil with Exampld_R, there are
multiple equilibria because there is an interval of policgmises such that challeng&r can
win the general election with a probability of one.
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Figure 2: Winning Probabilities and Expected Payoffs @rafad () of Exampl&]3
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Figure 3: Winning Probabilities and Expected Payoffs f)rofcExampld 3
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4.2 Primary Advantages

In this section, we study how the change in the salience @& changes our equilibrium
outcome. For this purpose, we redefine voters’ utility wheviraning politician has valence
and implements policy by

ui(v,p) = Av — [p — i (12)

for some constamkt > 0. This \ captures the salience of valence in voters’ prefereﬁc‘ﬁs.

convey a simple intuition, we make the assumption of a umfdistributionF” under Example

[ so that we can focus on the effects of valences on winningagsa In the new setting,
assumption(3) is replaced with the following: for edch H, L,

A0 = wi)| < (R —D). (13)

To measure the magnitude of the advantage of holding prasane define arimary ad-
vantageby a functionS : IR x [0,1] x [0,1] — IR such thatS(vy, p};, pr) = 7(vg, ply) —
7(vy, py). Then, the party’s winning chance increasesyy,, pj;, pr) because of the pri-
mary electior{ﬂ By Corollary(1,S(vy, p;, pr) is always positive.

We start with the case where the challenging party is wedlear the incumbent party. The
following proposition shows that a weaker party usuallydfga from a primary election, as
the salience of valenckincreases, although in the extreme case, as we will expsen, the
opposite result may hold.

Proposition 3. Suppose that'(z) = g:’; and thato > vy > vr. Then, the change in the

primary advantage wheh changes is given by

9S(vy, py,pu)  (R—p— M) (vg —vr) + Moy —vp)(ve + v —0) — (R — pj)o
oA 2(R —p) (R —py + \v) .

Proof. Note that the primary advantage is given by

R—ph
2(R—p)
5This is the simplest way to incorporate the salience of \@den voters’ preferences, and obviously there
are many other possibilities for modifying the functionadrfi.| Clark and Leiter (2013)’s empirical study of nine
Western European countries over the period 1976 to 2008ateh that when voters face more ideologically
distinct policy positions they weigh valences more heawlyd concludes that voters may view valence and
policy positions as complementary. It may be interestingee how different forms of the salience of valence

relative to policy positions would result in different eljoiium outcomes.
Serra [(2011) defines the “primary skill bonus” as the inaeealsthe expected campaigning skill of their

nominee. As in Serra (2011), we obtain a similar result ferghimary skill bonus such that challengéralways
wins. Theoremll confirms this result.

S<,UH7p;{7pH> = (14)
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By taking the derivative of (10) in Propositioh 1 with respm:/\ﬁ we obtain

IR —py)  (R—p—)(vg —vr) + Mvg —vr)(vg +vp —0) — (R —p*H)T).

O\ R —py + v
By substituting% into (14), we obtain the desired result. O

When o is sufficiently high, the advantage could decrease, becthgsamcumbent wins
the general election with a much higher probability and d@limost impossible for challenger
H to win the general election. Then, the maximumis induced expected preference from
challengerL, Eug (v, R), increases ai increases, because the incumbent having very high
valence wins the general election with an even higher piidhyabThus, challengerd may
need to shift her policy promise towarlin order to meeEug(vy, R) and win the primary
election.

As we have seen, the benefit of the primary election restseditferences between politi-
cians’ valences. Next, we consider the casef> v > vy, which is the simplest case in
terms of calculation. For notational convenience, we dedgt= v, — v for eachk = H, L.
Then,Ay > 0> Ay andn(vg, p3;) = 1 hold. We compare the primary advantages under the
two situations:Ay € {Al, A%}, We denote the primary advantages at eAéhand A% by
Si(viy, pi, P1) and S (v}, ps, o), respectively.

Proposition 4. Suppose that'(z) = =% and thatvy > v > vy, so thatr (v, pj;) = 1 holds.

Then, the difference between the two primary advantag§igs?,, p5, po) — S1(vi, v, D1), IS

given by%, and the primary advantage &t?, is higher than the one akl, if and only
if AL, < A% holds.

R—p)

Proof. The detailed calculation fo$s(v3;, p5, p2) — Si(vj;, pi, p1) is found in the Appendix.
Then, the rest follows. O

WhenAL < AZ% holds, as the salienceincreases, the challenging party benefits more
from holding the primary election. This is similar to the fing in/Adams and Merrill (2008).
However, in the opposite case where voters care more abtarceabeing reasonable, as
increases, the advantage decreases.

Finally, we investigate the relationship between valenpedicy promises, and winning
chances. Let”? : R — (p, R) satisfy Eug(h(vy), R) = Eugr(h(vy), P(vy)). Then, by
Example1, there existsyg, = P(vy) to satisfy [10), and by the implicit function theorei,
is continuously differentiable. We characterize how ag@obiasR — P(vy) or the winning
probabilityr(vy, P(vy)) changes wheny changes in the next proposition.

8A detailed calculation is available in the Appendix.

19



Proposition 5. Suppose that'(z) = 7=~
Suppose thatlQd) holds in the: neighborhood ofi; for sufficiently smalé > 0. Then, for any
vy in thee neighborhood ofiy,

d R P(v ANvg—v
(A) & e (p§” = == (Pg}H)ix holds and as? — p increasesk — P(vy) increases;
(R P('UH)) _
. A vy —0) .
(B) = R P(om) ( R 1)’
din7(vy,P(vy)) _ A
©) dvg ~ R—P(vy)"

As v > vy and by [(IB)\(vg — ©) + R — p > 0 holds for anyvy in the e neighborhood
R—P(vp)
of vy. Therefore, in@),% > 0. This implies that a candidate with higher valence

can choose a Iarge@%;’”. Intuitively, if a candidate is stronger, she can try to agfe
the general electorate while still winning the primary él@e. This is in contrast with the
finding inlAdams and Merrill (2009), which numerically commpathe two cases where the two
challengers with the same valence have the same or higlestoetelative to the incumbent’s
valence, and shows that in the case where the three paigidiave the same valence, the
challengers need to choose a more moderate policy to appeiaé tgeneral electorate. In
Proposition’ b, wheny increases, because of this increment in her valence, dgeaiteé?
can choose a more moderate policy, which increases her mgrprobability in the general
election.

As the difference between both parties’ median bliss paietseases, Propositioh 5 im-
plies that by[(B), the effect of valence on policy positiolative to the ideological distande—
p decreases, and Hy|(C), the effect of valence on winning @saincreases. Buttice and Stone
(2012) study US House elections and show that the effectrafidate quality increases with
reduced differences between candidates on ideology. Gemetation of Propositidd 5’5 (A)
and [Q) is that agt — p decreases, the policy deviation froR) R — P(vy) decreases and
the effect of valence on winning chances increases, whidomsistent with the finding in
Buttice and Stone (2012), even with the presence of primagctien

4.3 Testable Hypotheses

This section summarizes the testable hypotheses from odelnfar empirical research. The-
orem[l indicates that any force expanding theletp; ) may possibly shift challengeil’s

9Some recent empirical research has found that as partiesbaverged ideologically, valence considerations
have become more important in voters’ choices (see Greehlahdlt, 2003).
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policy promise toward the overall median voter. In partacuif challengerl’s valence de-
creases or challengéf’s valence increases, challendgércan shift her policy promise toward
p to appeal more to the general electorate. The followinggsan formally states this result.

Proposition 6. Holding all else constang;; decreases
e aswv; decreases; or
e asvy increases.

Proof. First, whenv, decreasesFEur(vy,pr) decreases for any givew, € I, because
ug(vr,pr) ( > ug(v,p) by (3)) decreases andv;, p;,) also decreases. Because the maxi-
mum of Eug(vy, pr) decreases, the set of possiple to beat the maximum dfur(vy, pr)
expands. On the other hand, because others are fixedlhes not change. Therefore, we can
say thafpj, decreases.

Second, to study the case wherg increases, iy > v, because?}, = min{p € Iy :
p € Uy (p;)} andmin Iy = p+ vy — v € Uy (p}) imply thatp}, = p + vy — v, the result
is direct. Therefore, suppose that < . Note that wheny increases, for a similar reason
asEug(vr, p} ) decreasing in the first caséur(vy, pr) increases for anyy € I;. Because
Eug(vg,pr) is fixed andEug(vy, py) is increasing ipy by Lemmd.2 in the Appendixy?,
decreases to satisBug (v, pr) = Eug(vy, pjy). O

Now we consider the case wherchanges. Wheny > v, the result is direct, because
Py = P+ vy — v, as shown in the second case of Proposltion 6.

Proposition 7. Holding everything else constant, whejp > v, pj; decreases as increases.

The other case ofy; > v is more complicated compared with the other two cases in
Propositior 6 becaugereduces the winning probability for a challenger; howestthe same
time, it increases (v, p). Thus, the result depends on the shapepénd the distributiorF'.
This can also be seen froin_(10), although under the assumgftiexampld Il the result still
holds.

Proposition 8. Suppose that'(z) = -2 andvy < v. Holding everything else constant;,
decreases, asincreases.

o)
]

5 Concluding Remarks

In this paper, we have proposed a simple model of a two-stlegéian with a primary and
a general election. By allowing voters to care both abouicpgromises and valence, we
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showed that the existence of primary elections brings outi@moderate policy promise and,
at the same time, increases the probability of a candiddtewaience winning. Our model is
simple and tractable. At the same time, it is stable enoudgmia itself to various extensions.

Recently, Hirano and Snyder (2012) studied the impact ofidals on primary and gen-
eral election competition using data for US House incumbaimning for reelection over the
period 1978 to 2008. They find that incumbents involved iatre¢ély serious scandals are
very likely to be challenged in the primary and lose. In thaty, they point out that primary
elections can improve accountability by removing incuntbevho face reelection in districts
dominated by one political party.

In our current setting, only the challenging party holdsiengry election; however, we can
interpret our result in the context of a primary electiondhi®} the incumbent party. Supposing
that the expected value of a policy promise from the challenparty is fixed ap, our analysis
shows that a low-valence incumbent loses the primary eled¢t a high-valence challenger.
There are a number of directions in which our model can benebet@. First, an important as-
sumption in this paper is that there is no primary electiarttie incumbent party. Modelling
primary elections in both parties and analyzing the equilib is an obvious extension, al-
though technically it would complicate the analysis subissdly. Specifically, each politician
on each side has to predict who would be their opponent in¢hergl election at the time of
the primaries. Adams and Merrill (2008) show that when batttips hold primaries and two
candidates in each party have the same level of valenceptitercandidates within the party
choose the same policy promise. Furthermore, they showathanh one candidate’s valence
increases, this may shift the other party’s candidatestipos toward the median voter in the
general electorate. Studying whether this tendency sild$in our framework when voters
vote strategically and candidates’ valences are not naighsthe same is a promising future
research direction.

Next, one may try to relax the no etch-a-sketch assumptia@iloying politicians to revise
a policy promise within a certain constraint in the genelatton. As there is valence in the
model and valence also captures the honesty of candidategayibe interesting to see how
the equilibrium policy choices vary, if candidates can d®a different policy in the general
election within a certain distance, which is a function dievee, from their policy promise in
the primary.

Furthermore, studying how different institutional arrangents affect the equilibrium out-
comes in our model would be interesting. One example is ox@ss/oting.. Chen and Yang
(2002) and Cho and Kang (2014) study an open primary eleetitntwo competing candi-
dates and the possibility of crossover voting. In our curreadel, crossover voting is elimi-
nated by assumption and our setting is more akin to closagpies.
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One interesting question is whether the open primary systads to more moderate out-
comes than our current model. Gerber and Morton (1998) éraflyr examine how different
primary election laws affect the types of candidates etertenonpresidential American elec-
tions. It would be useful to study whether the theoreticaldetion matches the empirical
observations in Gerber and Morton (1998).

Another direction for future research is introducing a aertype of error to median voter
R’s position. In this paper, we have assumed that it is pupkobwn and exogenously given.
The extension would require careful consideration of the@tiong of the interaction between
the two distributions for overall median voter and this erAdthough this might be technically
challenging, it may provide more realistic predictions atbihe equilibrium outcome in the
primaries.

Moreover, in this paper, we have assumed that valence andicy poomise are inde-
pendent and voters’ utility is a function of the two variablén the original model of Roemer
(1997), itis assumed that the policy promise relates toghedte to fund public goods, and ex-
penditure on public goods is also included in the analysihohgh our settings are quite dif-
ferent, Anh and Oliveros (2012) studies elections that Kemeously decide multiple issues,
where voters have independent private values over buntliesues, while Lizzeri and Persico
(2001) studies public goods provision under various elatiacentives. It would be interest-
ing to examine the equilibrium outcome and who would benefinfthe existence of primaries
by analyzing our model using the original setting in Roem&o().

Furthermore, Adams and Merrill (2009) have developed a mofipolicy-seeking par-
ties in a parliamentary democracy, and in their model, palitgs are uncertain about voters’
evaluations of the parties’ valence. Adaaisl. (2013) extend that model to situations where
voters hold coalitions of parties collectively responsitar their valence-related performances.
In our paper, it is assumed that the valence values are egaghrgiven. It would be interest-
ing to add uncertainty about valence and consider the aspeotlective responsibility for it,
as inAdamst all (2013).
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Appendix: Lemmas and Proofs

Lemma 2. Take somé& = H,L andr € [max{p,dx},1]. Then, voter’s expected payoffs

are single-peaked ahin{r, p,} in the intervaljmax{p, d; },r] for eachk = H, L wherel =

7' (k) (ur (Vg PR ) —ur (3,P))
(VK ,Pk)

Proof. As we restrict our attention to the intenvahax{p, di}, ] in this lemma, we assume
pr < r. Then,

Eu,(vg, pr) = (1 = 7(vg, i) ) (0 — (r = P)) + 7 (vk, pi) (v — (r — pi)).-
Taking the first and second derivatives, then

oo (Bur(vi,pi)) = 7' (g, o) (ur (g, i) — (0, ) + 7 (vk, P)

38—;3 (Bugr(vi,pi)) = 7" (v, pi) (wr 0k, ) — e (0, p)) + 27" (vg, p).
Let p;, maximizer’s expected payoff in this case. #f(vg, p}.) = 0, Eu,(vg, p}) = u,(v,p)
would hold, and byl(2) this is a contradiction. Therefore,ca@ assume that(v, p}) # 0.
Then, note that
(o pr) _ 5E()
Cow(epp)  1— PR
As (15) is strictly positive, by the definition @f,, we must have, (v, p}.) > . (v, p). Because

(15)

/0 A6+ ’ r
% is increasing;- =) is increasing. Therefore,
17F(%) 7 (Vk,P})
() G U 6
7 (Uk, D},) Tk, pf)  (m(ve, pf))

As (v, pj) > 0, we obtain
/ 7\\2
Uk7pk))
N )
P S )
As 7' (v, py)) < 0, we obtain

Tr”(”kaPZ) > W/(Uk,pZ)
(v, pp) (7w (o, P}))

Then, we obtain
7T,(’Uk7 pZ)
W(Ukva)

W/(vkypz) Y
0,

7(vk,py,) (Ur(vkap@ - ur(v,p)) +1=

ﬂ-”(vkva

W’(Uk,p};) (UT(Uk,pZ) - ur@lﬁ))'

(Ur(vk,p@ - ur(q_}7p)) >

Thus, because’ (v, pj,) < 0 and

2 7|'” ) R T r _ .
2 (Bur(o ) = 7 (on 7h) (S8 (uy (00, 25) = (0,9)) + 2)

,(Uk,pz)) (17)
(ur (0, ) — e (0,) +2) < 0.

' (Uk: 7172
W(vk 7]72)

< 7' (vg, p)
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Thus, ifp, < p}, thenEu! (vg, pr) > 0 and if p, > pj, then% (Eug(vk, pr)) < 0. Now
we showp; = p; for anyr. Note that as:,.(v,p) = v — (r — p), U (vg, Px) — - (0,p) =
vx — h(v) — (p — px), which does not depend on Therefore, we obtain a maximizgg that
does not depend anin this case. O

Lemma 3. Take somé = H, L andr € [max{p, dy}, 1].

(i) In the interval[r,2R — di], voterr’s expected payoff i§-shaped with a minimum at
min{p, 2R — d;} if there isp] to satisfyl = 0P 7@)(1:(11’“;%)7%(“1))), or decreasing if
P
such apj, does not exist.

(i) It holds thatEw, (v, R) > Eu,(vg, 2R — dy.).
(iii) If » < R, thenEuw, (v, ) > Eu,(vg, R).

Proof. We restrict our attention to the intenjal 2 R—d,] in this lemma, and so we can assume
pr € [r, 2R — dy], therefore

Eu,(vg, pr.) = (1 — 7(v, px)) (0 — (r — p)) + 7 (vr, pe) (vk — (P — 7))-
Note that

Eu,(vg, 2R —dy) = v—(r—p)
Eu,(vg,7) = (1 —=m(vg,r))(0— (r —p)) + 7(vg, ) - Vg
Eu, (v, R) = (1 —7(v, R))(v — (r —p)) + 7(vg, R) (v, — (R —1)).

It is clear thatEu,. (v, R) > Eu,(vg, 2R — di) by (Z). Thus, we obtairi_{ii). Moreover, if
r < R, thenr € I andn (v, r) is decreasing. BY (2, (vx, r) > u,(vg, R) > u,(v,p). Thus,
we obtain[(iil). Taking the first and second derivatives & &xpected payoff, then

oo (Bur(ve,pr)) = ' (g, pic) (ur (0, i) — (0, D)) — m(vg, i)

2 JEE
%@ (BEur(ve,pe)) = 7" (v, pi) (wr (vi, i) — (0, D)) — 27" (vk, pc).-
By @), u.(vx, R) > u.(v,p). Thus, forp, sufficiently close tak with p, > R, u,(vg, px) >
u.(v,p). AS W/(”’“’?.’f) < OL_E“/T(% pr) < 0. Now, suppose that there igia € [R, 2R — d]
to satisfyl = ZCerblurer)—w®P) Becaysdr is concaver” (vy, pi) > 0, which indicates

ﬂ-(vknﬁz)
that Eu (vy, p) > 0. Thus, we conclude that ff, < p},, Eul.(vx, px) < 0 and ifp, > py,
Eu! (vg, pr) > 0, and we obtain the desired result (i). O
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Proof of PropositioIL.To start with, note that = (I”QdL, 1] contains the support of the pri-

mary voters’ bliss points, and their bliss points are gretitenp. Becausémax{p, d.}, 1] is
contained iy, Lemmag R and]3 hold for the primary voters.

7 (v, BE) (ur (v ,PE) —ur (D,D))

Fix k = H, L. To prove part (i), we first claim that there is pd to satisfyl =
Note that

(v, Py )

UR(Uk,2R - dk) =V — (2R - dk - R) = —R+]5‘|‘T} = UR(@,ﬁ).

As ur(vg, pr) is decreasing ipy at the interval R, 2R — d), we conclude that for any, €
[R,2R—dy,), ur(vk, pr) > ugr(v, p) holds. Thus, becausé(v, px) is negative in this interval,
we conclude that there is i € [R, 2R — d;) that satisfied = ”/(”’“’ﬁ’cR)(“:('iZ"’g)_“R(ﬁ’ﬁ”.
Thus, Lemmal3 implies th&fug (v, px) is decreasing in the intervaR, 2R — clik]. On the
other hand, Lemmia 2 completes our claim (i) for the intefigl R).

Moreover, by Lemmal2, it is clear that median vof&s expected payoff is single-peaked
atmin{ R, p;}. Itis also clear that i), # R, thenp, = px, which satisfies the first-order
condition. Thus, we obtain (iii). Finally, we will completr proof by proving part (ii).

(Case l)p, < R. Suppose that;, < p,. Consider voter with » > R. As shown in Lemmal2,

voterr’'s expected payoff is increasing ip., pr]. Becauser is arbitrary in the set of > R,

1(9)
5

p(r €0 : Eup(vg, pr) > Eup(vg, pr)) >

Similarly, we can prove thai, beats any policy, > p,.. Consider voter with r < R. By
Lemmd3, voter’s most preferred policy promise i8in the interval R, 2R — d;]. By Lemma
[2, voterr’s expected payoff is decreasingify., R]. Therefore, voters who have bliss points
r < R strictly preferp.

(Case Il)p, = R. Note that in this casey,, > R. Suppose thai;, < R. Consider voter with

r > R. By Lemmd2, voter strictly prefersR, and soR beatsp,.. Similarly with Case I, this
establishes our claim in this case. Now, supposejthat R. Consider voter with r < R.

By Lemmad_3, voter strictly prefersk. Therefore,R strictly beats,.. O

Proof of ExampléllFix k = H, L. For anyp;, € I},

(g, pr) = —%F,(dk;pk) = _Q(Rl—ﬁ)
w(ogpr) = 1= F(Ee) = 1 — G,

By the first-order condition®- (Eug (vk, pi)) = 7' (vk, pi) (Px — di) + 7 (0x, pi),

0 di, — p di +pr — 2p Dk — D
— (E pp))=—"-—-+1—-——7——=1-— .
(98)k ( UR<,Uk7 k)) 2(R - p) 2(R - Z_)) R - Z_)
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Thus, the above is greater than zero if and onpy, iIK R and equal to zero only when = R.
By Proposition 2, we obtaify, = R. Next, observe that

Bup(vp, R) = F(U8) (0~ R+ p) + (1 - F(i0)) o
Eur(vn,pn) = F(U28)(0— R+ p)+ (1 - F(U52)) (0 — R+ piy).

Becausdiug(vy, py) is continuous irpy € Iy, by the intermediate value theorem, if

Eug(vy, R) > min Eug(vy, py),

pu€ly
that is,
d+ R dp + R .
F(==)@ = R+p)+ (1= F(==)) vy > min Bug(vg.ps).  (18)
pu€lH

together with Lemma@l1, there exist®’a that satisfies

dp+R—2p R—d
Eug(vm, py) = L(R—p)p( v—R+p)+ T_;) S VL. (19)
Note that by LemmAl3,
min Eug(vy,py) = Eu.(vyg, 2R — dy) = v — (R — p). (20)
paElH

By (@), (18) holds. Now,[(19) can be rewritten as the RHS o}.(Finally, note that because
v > vy > vr, and by Lemmal2, for anyy < ply, BEur(vy, py) < Eug(vy,pl). Because
Py € Ug(p}), we obtain the desired result. O

The detailed calculation for Propositign 3odifying (10) in Examplé Il for\v, instead ofv,
we obtain

R+ MAL—p R—pH—l—)\(AH—AL)
Ny — R+ pr = A
VH T PH = S A b i YT 3R+ AAn—p—pn

(AW —R+p). (21)

Let R —py = D andR —p = D. By multiplying both sides of (21) bR+ Ay —p—py =
D + D + A\Ay, the LHS becomes

= —(D*+ D (D+ X0) — My (D + AAy)) ,
and the RHS is
(D + M) v+ (D + MAp — Ap)) (Mo — D).
Thus, [21) can be rewritten as

—D?—-2D)\o = —Avg (D + )\AH) + (D + )\AL))\UL + )\(AH — AL)()\Q_) — D)

, (22)
= —QDA(AH — AL) + )\QULAL — )\QUHAH + )\QE(AH — AL)
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Thus, [21) becomes
D2 -+ 2D v = QD)\(AH — AL) —+ )\QUHAH — )\QULAL — )\QQ(AH — AL) (23)

By taking the derivative, we obtain

D — )\T})(AH — AL) + )\(UHAH — ULAL) — Dv
D+ \v ’
Therefore, we obtain the desired result. O

o

The detailed calculation for Propositianh Note that
p+ R— Ay 1 DVANT:

F = — —. 24
By substitutingF” from (24), the primary advantage is given by
. . 1 AA
S(vw, Py, pr) = 7(vm, py) — 7(vm, R) = ot Q(T_Hp) (25)
By (25), the difference in the two primary advantages is
. . .o —AAY AAZ
52(UH7p27p2> - Sl(UHuplapl) - 2(R — p) + 2<R _p) . (26)
O
Proof of Propositio b.By taking a derivative of.(23), we obtain
d(R—P(vu)) _ MAm—Ap) 27)

d(R—p)  R—Pvg)+ v

By Example[1,5;, = R and by [b) of Theorehl2R > P(vy). Therefore, we obtain

a(h—Pu)
awp >0

Next, by substitutind (24) intGiug(vy, R) = Eug(vg, P(vy)), we obtain

(5 z2s) 00— Rep)+ (5 o) wuy

_ (f;ygj;)ﬁ _ Q?Q_Hm) (Mo — R+ p) (28)
P(vg)—p RVAN
+ (1 — 2((5_)@17 + Q(R_Hﬁ)) (Avg — R+ P(vg)) .

Taking the first derivative of (28) with respectig, we obtain

d}Z(UH) \ di(vH) \
0=\ o225 — 20y | M = B+D) — | sty — sy | A — B+ Plon))
Plom)—p , A dP(vxr)
+ (1 B =oaa 2<Rf%>) <A + "don ) :
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Arranging orders in[(29), we obtain
dP(vy) _ M(R—p) +AAy)

= 30
dUH P(UH) —R ( )
Organizing terms in[(30), we obtaif](B). Next, becauétéf) = —%—, we
obrain 0 dy + P(vgy) 1 dP(vy)
+ (v VH
F(X = : — ). 31
o () mm e () 2
Substituting[(3D) to(31), we obtain
0 dH+P(UH) A )\AH+R_p
F = : —1]. 32
Thus, by [3D),
dr(p.Plon) _ _ 0 p (M)
dvyg vy 2
_ (1 _ AAH+R—17> (33)
2(R-p) P(ug)-R ) *

Becauser(vy, P(vy)) =1—F (W), dividing the above byt (v, P(vy)) yields

our desired result. O

Proof of Proposition B.By taking the derivative 0f(23) with respect tpwe obtain

8(R —p;}_]) . )\UL — )\UH - 2D

v 2(D + \v) A

Because; < vy, we obtain the desired result. O
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