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1 Introduction

Nonparametric efficiency estimators are widely used tools to benchmark the performance of
economic agents (firms, hospitals, banks, farms, etc.). The basic idea of these estimators is
to use a sample of observed input-output pairs to estimate the production possibility set,
i.e., the set describing how economic agents could use inputs to produce outputs, and then
benchmark each producer relative to the upper boundary or frontier of the set.!

The nonparametric efficiency estimators that we focus on here include data envelopment
analysis (DEA) (Farrell, 1957; Charnes et al., 1978; Banker et al., 1984) which imposes
convexity on the production set, and free disposal hull (FDH) (Deprins et al., 1984) which
relaxes the convexity assumption and assumes only free disposability on inputs and outputs.
Based on the different assumptions on the returns to scale of the frontier, DEA estimators
are further divided into constant returns to scale (CRS-DEA) and variable returns to scale
(VRS-DEA) among others. Currently, VRS-DEA, CRS-DEA and FDH are the three widely
used tools in the literature. Their theoretical and statistical properties are well-documented
(e.g., see Kneip et al., 2015, 2016).

Recently, Kneip et al. (2015) established the central limit theorems (CLTSs) results for
the simple mean (or unweighted) technical efficiency estimates, which were further extended
to the context of aggregate (or weighted) efficiency (Simar and Zelenyuk, 2018), conditional
efficiency (Daraio et al., 2018), sources of Malmquist productivity change (Simar and Wilson,
2019), overall and allocative efficiency (Simar and Wilson, 2020), Malmquist productivity
indices (Kneip et al., 2021) and aggregate Malmquist productivity indices (Pham et al.,
2023), to name a few.

It is worth noting that Simar and Zelenyuk (2018, 2020) only focused on aggregate output-
oriented efficiency. In many contexts, researchers may need to use input-oriented efficiency,
which is a similar yet different measure and which also implies a different aggregation weight.
In principle, the CLT results for aggregate input-oriented efficiency are “analogous” to the
output-oriented framework developed by Simar and Zelenyuk (2018) and so we make a
modest contribution from a pure theoretical perspective. However, before the analogous

theoretical framework is spelled out by someone, one can hardly hope it will be practically

L See Sickles and Zelenyuk (2019) for a comprehensive review and examples.



used by an applied researcher. Indeed, practitioners typically need to see the exact formulas
spelled out precisely, and preferably without errors and typos, so it would be easy to make and
could be checked by anyone, that can then propagate to the applied work, by undermining its
validity and related policy implications. While theory can be obvious for some, the reality
often is that the absence of a well-presented theoretical framework, even if “analogous”,
sometimes stalls its practical applications. Hence, providing such a framework is one of
the goals of this paper. As importantly, we also provide the free tools (the programmed
and tested in many scenarios R codes) to simplify the life of practitioners interested in
implementing this framework. Furthermore, we also illustrate the use of this approach for
real data sets.

Another important goal of this paper is to provide the practitioners with information
about the performance of this approach in small samples, for different ranges of samples (10,
20, 50, 100, 200, 300, 500, 1000) and different dimensions of the models. Such information
is very important for practitioners to understand the levels of accuracy one can expect (or
hope) for the samples in hand and for the models they intend to use. For example, such
information can suggest to a practitioner that for the sample they have (say about 300
observations) they need to use some adequate dimension reduction approaches to reduce the
model dimension to no more than four, if they want to achieve the desired level of accuracy.
Such information can hardly be obtained from just knowing that the theory is “analogous”
or even from deriving the full theory itself. At best it can be obtained from extensive Monte
Carlo (MC) simulations, for various scenarios, and we perform them in this work.

Interestingly, performing such simulations nudged us to discover further theoretical im-
provements that can be made to the current theory found in Simar and Zelenyuk (2018,
2020). These improvements are based on the adaptation and extension of ideas of data
sharpening for DEA from Nguyen et al. (2022) and an alternative estimator of the variance
from Simar et al. (2023), and we improve upon these two works as well. Again, these im-
provements are modest from the perspective of high-level mathematics, yet they turn out to
provide substantial improvements for practitioners in terms of application of the theory for
relatively small samples and especially for relatively high dimensions of the DEA models, as
confirmed by the evidence from the simulations.

The rest of the paper is organized as follows. Section 2 briefly introduces the theoretical



background on technical efficiency and aggregate efficiency, and then briefly summarizes
the main theoretical results for aggregate input-oriented efficiency, adapted from Simar and
Zelenyuk (2018) for aggregate output-oriented efficiency. Section 3 introduces the existing
methods to improve the finite sample performance of CLT results for aggregate efficiency,
including the variance correction method in Simar and Zelenyuk (2020) and a variant of the
data sharpening method in Nguyen et al. (2022). Our proposed method is also introduced in
Section 3. Section 4 conducts extensive MC experiments to compare the performance of all
these methods. In Section 5 we use the well-known Philippines rice data set and Penn World
Table data set as two examples to illustrate the differences between all these methods in
the estimated variance as well as the estimated confidence intervals for the aggregate input-
oriented and output-oriented (respectively) efficiency. Section 6 concludes and recommends
future research directions. Additional results are provided in a separate, supplementary

Appendix.

2 The Theoretical Background

2.1 The Production Economics Model

The economic agents or decision making units (DMUs) are assumed to use p number of
inputs € R to produce ¢ number of outputs y € R%. Suppose the best-practice technology
available to all DMUs is characterized by technology set W, defined as

U := {(x,y) | x can produce y}. (2.1)

That is, ¥ includes all the feasible combinations of inputs and outputs given the current
technology and we assume the standard regularity assumptions of production theory hold,

in particular:
Assumption 2.1. The production set ¥ is closed.
Assumption 2.2. No free lunch; i.e., (z,y) €V ifx =0,y =0, y #0.

Assumption 2.3. V(z,y) € ¥, (i) Tz 22z = (z,y) € ¥ and (1) y Sy = (v,y) € ¥, e,

mputs and outputs are strongly disposable.



The frontier or technology contained in ¥ is defined as

V= {(z,y) | (x,y) €V, (¥/7,7y) ¢ ¥ for any 7 € (1,00)}. (2:2)

Intuitively, the technology frontier represents the set of technically efficient input-output
allocations.

The gap or the distance between an input-output allocation in W and the frontier of W is
deemed as technical inefficiency, which can be measured in different ways, e.g., in different
directions or with different types of measurements. Farrell-type measures of efficiency (input-
oriented and output-oriented) appear to be the most popular in practice. Since the previous
developments for the aggregate context were mainly done for the output orientation, here
we will focus on the input orientation, where the Farrell input efficiency measure (Farrell,
1957) is defined as

O(z,y | ¥):=inf{f > 0| (z,y) € U}, (2.3)

which calculates the proportion of inputs that can be scaled downward by the same scalar,
holding outputs fixed. By construction in (2.3), 0 < f(x,y | ¥) <1 for any (z,y) € V.

Another useful measure of efficiency is the cost efficiency (or the overall input efficiency).
The cost efficiency for a DMU (z,y) facing input prices w € R% can be defined as
Cmin

)
wTlz

Clz,y | w,¥) = (2.4)

where C,,;, is the minimum cost of producing a specific output vector of y given input prices

w and production set W, defined as
Conin = min {w’z > 0| (z,y) € ¥} =w’z*, (2.5)

where x* is the argmin. Thus, cost efficiency can also be written as

wlx*

Clw,y | w, V)=

(2.6)

wlz
By construction, 0 < C(z,y | w, V) < 1.
The technical efficiency and the cost efficiency are well known to be closely related by

Mahler’s inequality, as
Cla,y | w, W) < b(z,y | ). (2.7)



This inequality can be used to define the input allocative efficiency (Fére et al., 1985), which

is

Cla,y |w, V)
O(z,y| V)

By construction, 0 < A(z,y | w, V) < 1. Consequently, the technical, cost and allocative

Az, y | w, V) = (2.8)

efficiency are related to each other in the following way,
Clz,y|w, V) =0(z,y | V) x Az, y | w, ). (2.9)

However, all the above introduced measures, ¥, W9 0(x,y | V), C(z,y | w,¥), and
A(z,y | w, V) are not observed and hence must be estimated from the data on input quan-
tities X; € RY, output quantities ¥; € R and input prices w; € RY, which we will denote
as S, = {(X;,Y;,w;) }1,. After introducing the aggregate efficiency, we will come back later

to discuss the estimators.

2.2 Aggregate Efficiency

Researchers and policy makers are often more interested in the efficiency of a group of
producers (such as the efficiency of an industry or a group within it), usually called aggregate
efficiency. How to adequately aggregate the individual efficiency into a group efficiency is
a question by itself that has been explored in the literature quite substantially, in the past
seven decades.?

Here we will follow the approach of Féare and Zelenyuk (2003) who proposed using Koop-
mans aggregation theorem, in the output-oriented context and extended it further in Fare
et al. (2004), and more recently in Mayer and Zelenyuk (2019). Specifically, their aggregate

technical efficiency for a group of n producers is given by
0:=> 0(X;,Y;|¥)S; (2.10)
i=1

where S; is the ith observation’s cost weight, defined as

T

Si= =7
> i wz’TXi

(2.11)

2 For a recent review, see Zelenyuk (2020).



The aggregate cost efficiency is given by

C:=) C(X.Y;|w;,¥)s; (2.12)

i=1

while the aggregate allocative efficiency is given by

"Zt:: ZA(XH}/; | wia\D)Sg7 (213)
i=1
and where
Tx0o
S8 = il (2.14)

CXLwl XY
and where X? = 0(X;,Y; | ¥)X;, i.e., X? is the efficient input vector to produce the given
output vector Y;.

Similar to the relationship between the individual efficiency defined in (2.9), for aggregate

technical, cost and allocative efficiency, we also have
C=0xA. (2.15)

The above mentioned aggregate efficiency measures can also be expressed as ratios of

simple means (Simar and Zelenyuk, 2018). Specifically,

e~ (1/n) >0 wl X?
0= 0(X.,Y,| VS, = =1 2.1
2O Vil WIS, = Sy (216)
;- R ) 3wl X
and
P\ v o (A n) 30wl X
A—;A(XZ,YZ | w;, U)Se = (/) S X0 (2.18)

where w] X7 is the minimum cost in (2.5) for a DMU with an allocation (X}, Y;) facing input
prices w; and X/ is the argmin of the cost function. These expressions are useful as they
can be used to develop the theoretical results for the aggregate efficiency by utilizing the
statistical theory of the ratio of sample means. For the sake of conciseness, we will focus

only on the aggregate input-oriented Farrell technical efficiency.
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2.3 The Estimators of Individual Efficiency and their Asymptotic
Properties

Given a random sample S,, = {(X;, Y;)}",, if one assumes the production technology set ¥
is convex and exhibits CRS, one could use the CRS-DEA estimator (Charnes et al., 1978),
given by
0. - i < V. > X S ] )
Ocrs(z,y | Sn) 6;3.1.?5” {«9 |y < ;S,K, Ox > leZXz, Vs > O} (2.19)

Alternatively, if one assumes V¥ is convex but exhibits VRS, one could use the VRS-DEA
estimator (Banker et al., 1984) given by

»S1ye435n

2 = mi < Y;, Oz > X, =1, Vs >0p. (2.2

Ovrs(z,y | Sp) , Inin {H\y_;sl 0 Hx_;sl l,;sl ,Vsl_()} (2.20)
Alternatively, if one allows non-convexity and only assumes strong disposability of all inputs
and all outputs, the FDH estimator proposed by Deprins et al. (1984) could be used, which

for the input-oriented Farrell efficiency measurement is given by VRS-DEA with additional
constraint s; € {0,1} added, or by computing

Orpr(z,y | S,) = min  max (X) (2.21)

€Dz j=lp \| T;
where for a vector a, a; denotes its j-th component and D,, = {i | (X;,Y;) € S,,X; <
z,Y; >y}

The FDH, VRS, and CRS estimators of #(z,y | ¥) have well-developed statistical prop-
erties.®> To summarize, all the estimators are consistent with a convergence rate n* where
Kk =2/(p+q), 2/(p+q+1), and 1/(p+q) for the CRS, VRS, and FDH estimators, respectively.
Under an appropriate set of assumptions, all these estimators also have non-degenerate limit-
ing distributions. Moreover, as recently pointed out by Kneip et al. (2015), all the estimators
are biased, where the order of the bias is O (n™"). If k < 1/2, the bias term of their average
does not vanish quickly enough (relative to the variance) to zero, and the usual CLT does
not apply here. Kneip et al. (2015) also established new CLTSs for the simple mean efficiency.
The bias term for the simple mean (as well as individual efficiency) can be estimated using

a generalized jackknife-type approach proposed by Kneip et al. (2015).

3 See Kneip et al. (1998), Park et al. (2000), Kneip et al. (2008), Park et al. (2010), Kneip et al. (2015),
and a recent review by Simar and Wilson (2015).



2.4 The Estimators of Aggregate Efficiency and their Asymptotics

In the conclusion section, Simar and Zelenyuk (2018) mentioned that “The same ideas can
also be adapted to the case of aggregation of other measures based on the Farrell-type
efficiency measures, such as input oriented technical, allocative, and cost efficiency mea-
sures; the input and output oriented scale efficiency measures; the input and output oriented
Malmquist Productivity Indexes; the Hicks-Moorsteen Productivity Index, etc.” In this sec-
tion, we adapt the theoretical results in Simar and Zelenyuk (2018) to the case of aggregate
input-oriented technical efficiency. The CLT theory turns out to be essentially the same as
Simar and Zelenyuk (2018), and we restate it here for the sake of being self-contained. We
will focus on the variant form of aggregate efficiency in (2.16), denoted as ¢,,, namely

T R wl XD

T 2wy X

(2.22)

where X? = 0(X,;,Y; | ¥)X; is the hypothetical efficient input vector (given output vector
Y;) for the ith producer by projecting the ith producer to the frontier U9 through the input
orientation. To simplify the notation, denote Z; = w! X; and Z2 = w! X?. Now, our interest
is the ratio of the true means ¢ = y; /o, where p; = E(Z?) and puy, = E(Z;). If the true
efficiency 0(X;,Y; | ¥) is observed, by the classical CLT for the ratio of means, we have

Vi (pn — ) =55 N(0,02), (2.23)
where
2 2
o= |42 g 00 (2.24)

ooy pape ]
and where of = Var(Z?), 03 = Var(Z;), and 15 = Cov(Z?, Z,).

However, 6(X;,Y; | ¥) is not observed, making ¢,, unobserved, and the best we can hope
for is an estimate of 6(X;,Y; | ¥) from a random sample of data S, = {(X;,Y;)},, e.g.,
using FDH, or VRS-DEA or CRS-DEA estimators as discussed above in Subsection 2.3, to
obtain 8(X;,Y; | S,). Then an estimate of ¢, can be obtained by plugging 8(X;,Y; | S,) into
(2.22), i.e., via

-~ -1\ 79
~ M1 M Zi:1 Z
n - o~ - 1 n ] 9
H2n n Z’[:l Zi

(2.25)
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where ZB = wiT@\(Xi, Y: | S,)Xi. Through extending the theory of Kneip et al. (2015), we
can establish the CLT for &, by providing an estimate of the bias and variance, analogous
to Simar and Zelenyuk (2018). These results are summarized as follows.

Notice that é\(Xi, Y | ) is a biased estimator of 6(X;,Y; | ¥). Thus, @, is also a biased
estimator of ¢,,. The bias of §,, comes from the bias of the numerator fi; ,,. However, similar
to Kneip et al. (2015) and Simar and Zelenyuk (2018), the bias of /i1, can be consistently
estimated using the generalized jackknife method. The procedures described by Kneip et al.

(2015) are as follows. Split the sample into two evenly sized subsamples (for simplicity,

assuming n is even) S ]}2 and S /20 SO that S 5 N 87(12/)2 = () and S( 5 U Sn/2 S,. We
estimate the simple mean of Z? for each subsample, denoted as ,ug)nm Where [l =1,2. More
specifically,
im=20" > ZP=2t Y (XY | SY,)Z (2.26)
{il(X:,Y:)es),} {il(x:,v)es),}
Then compute
A nm = 2(#57)“% + 7 ). (2.27)

Repeating the above process for M times, we end up with the estimate of the bias term for

fi1,n given by

1 ~
Ml n = Z ,ul,n,m - Nl,n)- (228)

=1

Thus, the bias term for @,, is given by

~

By n
o = = (2.29)
MZ n

B

After obtaining the estimate of the bias term for ¢,, we have the following CLT for the

aggregate input-oriented technical efficiency.

Theorem 1. Under the appropriate set of assumptions described in Theorem 3.1, 3.2 or 3.3
of Kneip et al. (2015), for k > 2/5 for CRS-DEA or VRS-DEA cases, or for k > 1/3 for

FDH case, as n — oo, we have
\/ﬁ (@n - B\go,n - 90 + Rn,n) i> N(Oa 0—37)7 (230)

9



and if k < 1/2, we have
NG (% — Bon— o+ Rn,ﬁ> £5 N(o, o2), (2.31)

where R, ,. = o(n™") and @,, is a random subsample version, with size n, = |n**| < n, of

Ot Formally,

~

-1
" .t z{u(xi,m)esnm} Zi

where S, is a random subsample, with the sample size n,, of S,.°

Remark 1. Although the aggregate efficiency p, in (2.22) is related to the cost, we cannot
use the trick of dimension reduction we have for cost efficiency in (2.4) as described in
Lemma 3.2 in Simar and Wilson (2020). Hence we keep the usual convergence rates defined

by k for aggregate input-oriented efficiency.

In the Remark 1 of Simar and Zelenyuk (2018), if x = 2/5 for CRS-DEA or VRS-DEA

cases, or k = 1/3 for FDH case, both (2.30) and (2.31) are applicable. However (2.31)

2
©

estimated. To estimate ai, Simar and Zelenyuk (2018) suggest plugging the corresponding

is preferred due to a smaller remainder term. Further, ¢- is not observed and must be

empirical estimates of these components in ai, ie.,
~2 ~2 ~
g o g
~ =2 1n 2,n 12,n
o-ga,n =¥ ~9 + -2 3 (233)

/\2 ~ A~
Hin  Hon H1nH2an

where 57, = Var(Z?), 62,, = Var(Z:), and 615, = Cov(Z?, Z,).

3 Improving the Approximation

For the simple mean efficiency (Kneip et al., 2015) and aggregate efficiency (Simar and Ze-
lenyuk, 2018), their extensive MC experiments found that when the sample sizes increase,
the coverages of the estimated confidence intervals based on the corresponding CLT results
approximate the nominal coverage, which supports the established theoretical results. How-

ever, these authors also found that the estimated confidence intervals often under-cover the

4 |n?%| denotes the largest integer that is less or equal to n2~.
® Note that 8(X;, Y;|S,) is computed relative to all the data points in S, rather than S,, .
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true values, especially for small sample sizes and high dimensions measured by the number
of inputs and outputs specified. This under-covering phenomenon in relatively small sample
sizes was also observed for the aggregate input-oriented efficiency with MC results presented
in Section 4. Some of the improvements were made through Simar and Zelenyuk (2020),
Nguyen et al. (2022), and Simar et al. (2023) for the simple mean output-oriented efficiency,
and through Simar and Zelenyuk (2020) for the aggregate output-oriented efficiency. In this
section, we will adapt these methods to further improve the finite sample performance of the

CLT results for aggregate input-oriented efficiency.

3.1 Improvements from Simar and Zelenyuk (2020)

To further improve the finite sample performance of the CLT results for the simple mean
and aggregate efficiency, Simar and Zelenyuk (2020) proposed a simple method to correct
the used statistics by adding a squared bias of mean efficiency into the variance estimator,
thus making the variance estimate slightly larger than for the case where no squared bias was
added (i.e., the original methods in Kneip et al., 2015 for simple mean efficiency and Simar
and Zelenyuk, 2018 for aggregate efficiency). The extensive MC experiments confirmed the
improved performance of their variance correction method over the original methods in Kneip
et al. (2015) for simple mean efficiency and in Simar and Zelenyuk (2018) for aggregate
efficiency. It is worth noting that Simar and Zelenyuk (2020) focused on the output (or
revenue) orientation context and left the input (or cost) orientation to the readers. Inter
alia, we will fill this gap.

More specifically, for the aggregate input-oriented efficiency, following Simar and Ze-

lenyuk (2020), we use a corrected version for the variance estimate,

~2
~2 g
= _ ~2 1n
Opn =Pn | =5~ + =5 — 2=

Hin  Hop M1nl2n

~9 ~
02,n 012.n

(3.1)

h =<2 _ ~2 §2
where 0, =07, +

n- Lhat is, we add the estimated squared bias of mean efficiency for

1, into its variance estimator Gfm, thus making the variance estimate slightly larger than

for the case where no squared bias was added, i.e., the original method in (2.33).
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3.2 Improvements from Nguyen et al. (2022)

Although the variance correction method in Simar and Zelenyuk (2020) increases the per-
formance of the CLT results for finite sample sizes, it is also observed from the simulations
that the coverages of the Simar and Zelenyuk (2020) method are often still smaller than the
nominal coverages. Recently, Nguyen et al. (2022) proposed the data sharpening method
to further improve finite sample approximation of CLT results for the simple mean output-
oriented technical efficiency. This data sharpening method is inspired by Simar and Zelenyuk
(2006) and Kneip et al. (2011). The two latter papers used the sharpening to derive simple
consistent bootstrap approximations of distribution of efficiency scores.

The data sharpening method works by smoothing out the observations near the boundary;,
i.e., the so-called “spurious ones” and those with efficiency estimates close to one, where the
magnitude of the closeness to one is determined based on the sample size and the convergence
rate of the estimators. Nguyen et al. (2022) found that the Simar and Zelenyuk (2020)
variance correction method combined with the data sharpening method results in a better
performance compared to the initial approaches of Kneip et al. (2015) as well as Simar
and Zelenyuk (2020). It is worth noting that Nguyen et al. (2022) only focused on the
simple mean efficiency and did not investigate whether the data sharpening methods are
also effective for the aggregate efficiency. Inter alia, we will also fill this gap.

Specifically, we adapt the idea of the data sharpening method in Nguyen et al. (2022) to

the input-oriented technical efficiency as follows,

R 0(X:,Yi | Sy), if 0(X,,Y;]8,) <1—7,
0(X;,Y;|S,) = (3.2)

o~

0(X;,Y; | S,) x g, otherwise ,

where the sharpening parameter 7 needs to be small enough, such that preserves the prop-
erties of the CLTs and provides robust and good performances in the MC experiments.
Later, we will derive the theoretical range for 7. Further, ¢; is a random independent num-

ber drawn from a uniform distribution on the interval [1 — 7,1]. It can be shown that

0(X:,Y; | Sy) = 0(X;,Y; | S,), where

~

X;/e;, otherwise .

12



Then the regular nonparametric efficiency estimators are applied for the sharpened sample
points {(X;,Y;)}",, but with the reference set being the original sample S, = {(X;, V;) Ay
It is worth noting that the data sharpening method will have an effect on the estimates of
efficiency and on its bias and variance, yet it does not have an effect on other quantities,
such as fiy and 03 ,.

Now, we will formally derive the theoretical range for 7 that preserves the properties of
the CLTs. What we need is to keep 7 small enough so that the CLTs expressed in (2.30) and
(2.31) are still valid for the sharpened estimates. For notational simplicity, in what follows,
we denote 0; = é\(Xi,YZ-|Sn) and 5\1 = E(Xi,YASn). Our data sharpening method in (3.2)

then can be expressed as,

>

’\:{(91 1f9i<1—7', (34)

: b, if1—7<0;<1,

where ¢; = 1 — U; and U; ~ Unif(0, 7) is independent of @, so that Prob(@» — @ >0)=1.

The consequence of this is that

—1\ " ry
~o_nT i wi 0K,

n - n 9 35
v Tty wl X (35)
-1 Tn
in (2.30) and (2.31) will be respectively replaced b
(2.30) P y rep y

= n~t Z?:l szé\ZXZ (3 7)
T Do wi X '
=~ nt D (il(XiY)ES s } w;é\in’
On, = (3.8)

n;! Z{i\(Xi,Yi)ESnN} szXz' .

So, to keep the CLTs in (2.30) and (2.31), we need in all the cases that 0; — 6;) = 0p(n™%)
where £ = min(k, 1/2).
Now by Markov Inequality, we have that for all a > 0,
E(0; — 0:)

13



Since @ — @ = @UJ(@ > 1 —7) where 1(.) is the indicator function and given that U; is

independent of @-, we have

E(6,U, 1(6; > 1 — 7)) =E(6,4(8; > 1 — 7)) E(U;) (3.10)
=3 /1_7 07 (0)do (3.11)
:gTé £(0), (3.12)

where f (5) is the density of @\z and 0 is, by the Mean Value Theorem, some number in the

interval (1 —7,1). So we end up with
E0; — 6;) = co7?, (3.13)
for some finite ¢y > 0. So by the Markov inequality in (3.9), we have for all a > 0,

< o (3.14)

It is clear that if 7 = n~7 for v > K/2 this probability converges to zero as n — 00, so

that (@ - ¢/9\Z) = 0,(n™%), as required.’ Therefore, to keep the CLTs properties for aggregate

input-oriented efficiency, we only need 7 =n~7 and v > k/2.

3.3 Owur Proposed Method

More recently, Simar et al. (2023) proposed using the bias-corrected individual efficiency
estimates instead of the original individual efficiency estimates, to obtain the variance esti-
mator for the simple mean efficiency. The simulation results in Simar et al. (2023) showed
the effectiveness of their proposed method on improving the finite sample approximation of
CLT results for the simple mean efficiency. They also provided a theoretical justification.
However, similar to Nguyen et al. (2022), Simar et al. (2023) only focused on the simple mean
efficiency and did not investigate whether their methods are also useful for the aggregate
efficiency. Inter alia, we will also fill this gap.

We propose adapting the method in Simar et al. (2023) to the case of aggregate efficiency

(with a focus on input-oriented technical efficiency). Specifically, for the original variance

6 Nguyen et al. (2022) use the same property for deriving a lower bound to -, but without a formal proof
using only an intuitive (and correct) argument. Moreover, the upper bound for « is generally not needed for
our purposes of data sharpening in the context of approximation of the CLT's.
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estimator of aggregate efficiency in (2.33), we propose replacing 0(X;, Y;|S,,) by 0(X;, Y;|S,) =
é\(XZ-, Yi|S,) — BL at every place (the relevant quantities are @, /J\in, f1,, and 012,,), where
Ei is the estimated individual bias using the generalized jackknife method of Kneip et al.

(2015). That is, we estimate o as follows:

012,n

Ten =P T YR T 2, (3.15)
where
Bn=8n— Bon, (3.16)
i = fivn = By, (3.17)
52, = Var(6(X,, Yi|S.) Zy), (3.18)
and
Giam =Cov(0(X;,Yi|Sn) Zi, 7). (3.19)

Note that, comparing (3.15) with (2.33), we not only use the bias-corrected individual ef-
ficiency to obtain estimates for o2 but also for ¢, p; and o1. Our proposed method here
is different from the simple mean case in Simar et al. (2023), as the variance of aggregate
efficiency is more complicated, involving several moments and the covariance term in a non-
linear relationship.

Compared with (2.33) and (3.1), (3.15) has the potential to improve, since (3.15) replaces
the g(Xi, Y:|S,) in (2.33) by its bias-corrected estimate 5(XZ-, Yi|S,) at every relevant place.
To see this, we may view pr as a function of only p, 07 and oy since the replacement only
has effects on these three terms in the variance estimator. Hence, the Taylor expansion of

07, in (2.33) around o is given by

omn
Efm = Ji + Ay (s — 1) + Ax (6?2 — 0?) + A3(G1y — 012) + Ry, (3.20)

while the Taylor expansion of our proposed estimator 512%” in (3.15) around 0?0 is given by
‘}?om = U<2p + Ay (i — ) + A2(5in —03) + A3(Gran — 012) + R, (3.21)
where A; = 2%;;—% — QZT?’ Ay = 1712, and Az = —%, while R, is the remainder of a smaller

order, i.e., o(n™"), and can be ignored for our purposes here.
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According to Lemma 1 in Simar and Zelenyuk (2018), we have 52 — 02 = o(n™"/2),

G1a — 012 = o(n™%2), 11y — uy = O(n™"). Thus, the first order error in (3.20) is given by
AQ(E% - 0'%) + Ag(b\'lg - 0'12) = O(TL_H/2), (322)
while the second order error is given by

Ay(fir — 1) = O(n ™). (3.23)

Similarly, for (3.21), we also have 57 — 02 = o(n™"/?) and 715 — 01 = o(n™"/2), but iy — ju; =

o(n™"). Thus, the first order error in (3.21) is given by
AZ(gin —03) + A3(Gram — 012) = o(n="/?), (3.24)
while the second order error is given by
Ai(j1 — p1) = o(n™"). (3.25)

That is, while using the bias-corrected individual efficiency estimate does not reduce the
first order error (it is still of the order o(n™%/2)), it turns out we are able to reduce the second
order term from O(n™") to o(n™"), which is an improvement.”

How important is this reduction in the theoretical order from O(n~") to o(n™") in prac-
tice? By and large, it depends on the actual sample: the actual data generating process it
came from, its size and, as usual, the luck of the particular draw. The only way to sense
it is to investigate it in various scenarios, as we do in the next section. We will see that,
although (3.20) and (3.21) are asymptotically equivalent, the proposed method can be a
substantial improvement for relatively small samples. Indeed, it is possible that for a partic-
ular sample the second order error O(n~") is substantially larger than the first order error
o(n™"/?), i.e., similarly as was pointed out and confirmed in simulations for a simpler case
of the simple mean efficiency by Simar et al. (2023), and as we can see it in our simulations

for the aggregate efficiency reported below.

7 This theoretical justification is similar to that in Simar et al. (2023) and is adapted to the more com-
plicated case of the weighted efficiency.
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4 Monte-Carlo Evidence

4.1 Details on Monte-Carlo Simulations

Our Monte-Carlo experiments follow a similar strategy and framework as that found in Simar

and Zelenyuk (2020). Formally,

P
Yi = H(x?i)ﬁj7 (4.1)

j=1
where 1 p vector 2f = (29;,29;, ..., 2%,) and 29, S Unif(0,1),Vj € 1,...,p. In addition, the

ith true input-oriented efficiency score is generated from 6; = 1/);, where A; ~ |N(0,0.42)|+
1, i.e., we generate \; from the half normal distribution and then shift it up by 1 so that

n
=1

A\; > 1. Upon obtaining the frontier points {(x?,;)}",, we then set the ith observed input
as x; = 22/0;, i.e., by projecting (x7,y;) from the frontier into the production set (z;, ;).
Thus, a simulated sample {(z;,v;)}, is created.® For each experiment, represented as one
combination of (p, ¢, n), we perform 1,000 trials of MC. For each trial, we check whether the
estimated confidence intervals cover the true aggregate input efficiency. We then report the
average of each trial’s coverage over 1,000 trials.

Table A.1 in the subsection A.1 of the separate Appendix A lists the values of §;’s and
w;’s for each dimension p, where the ;s are identical as in Simar and Zelenyuk (2020) and
the values of w;’s are randomly chosen by the authors. The true aggregate input efficiency
is obtained through simulating 10, 000, 000 random realizations (z¢, z;) and then computing

it using (2.22).

4.2 Simplified Nomenclature

In the simulations, we are going to thoroughly investigate the performance of our proposed
method compared to the initial method in Simar and Zelenyuk (2018) and the variance
correction method in Simar and Zelenyuk (2020). Further, we will also compare the above
three methods for the cases—with and without the data sharpening method in Nguyen et al.
(2022). Before presenting our MC results, to simplify the notation, we denote:

e Soll: the original method in Simar and Zelenyuk (2018), i.e., the method in (2.33).

8 Although not critical, the scenarios are calibrated so that the average efficiency is around 0.75, which
is similar to the values from the empirical research.
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Sol2: the variance correction method in Simar and Zelenyuk (2020), i.e., the method

in (3.1).

Sol3: our proposed variance correction method, i.e., the method in (3.15).

Sol4: Soll combined with the data sharpening in (3.3).

e Solb: Sol2 combined with the data sharpening in (3.3).

Sol6: Sol3 combined with the data sharpening in (3.3).

4.3 Monte-Carlo Results
4.3.1 General Remarks

As discussed earlier, to maintain the consistency of the density estimator after the data
sharpening, the values of v need to be no less than #/2 where & = min(x,1/2). In our
simulations, we first consider various values of v from 0.55x, 0.65x, 0.75k, 0.85k, 0.95k, K,
1.2k and 1.5k and then select the v with the best performance. Interestingly, and unlike in
Nguyen et al. (2022), for our context of input orientation we find that the level of v near
k seems to yield the best performance. Consequently, in the following section we report
the simulation results with v = k. The empirical coverages from the simulation results for
0.55k, 0.65k, 0.75k, 0.85k, 0.95k, 1.2k and 1.5k are reported in the subsection of A.2 in the
separate Appendix A.

4.3.2 Main Results

Figure 1 reports the empirical coverages for the aggregate input-oriented technical efficiency
across dimensions and across finite sample sizes for Sol1-Sol6 when the nominal coverage
is 0.95. The Monte Carlo simulations from Figure 1 confirm the results from Simar et al.
(2023): across different sample sizes and across different dimensions, in increasing order of
performance are Soll, Sol2, Sol3 for the cases without data sharpening; and in increasing

order of performance are Sol4, Sol5, Sol6 for the cases with data sharpening.” For instance,

9 For the values of the empirical coverages, see Table A.2 in the separate Appendix A. Further, when
k = 2/5 for VRS-DEA, Simar and Zelenyuk (2018) finds that both Theorem 2 and Theorem 3 in Simar and
Zelenyuk (2018) are applicable, while Theorem 3 is preferred. Thus, for p = 3 and ¢ = 1, we only include
the results from the preferred method.
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when n = 100, p = 4, ¢ = 1, the empirical coverage under Soll, Sol2, and Sol3 is 0.487,
0.612, and 0.874, respectively, and under Sol4, Sol5, and Sol6 it is 0.772, 0.902, and 0.992,
respectively. These results confirm that the proposed method in (3.15) further improves
upon previous approaches for the approximation of the CLTs from Simar and Zelenyuk
(2018) and their input oriented versions which we have presented here. In other words,
for relatively small sample sizes, it is indeed useful to utilize the bias-corrected individual
efficiency estimates (instead of the individual efficiency estimates) at every place they appear
in the variance estimator of the aggregate efficiency.

Comparing the results without and with the data sharpening (i.e., comparing Soll vs.
Sol4, Sol2 vs. Sol5, Sol3 vs. Sol6), we see that the data sharpening methods (Sol4, Sol5
and Sol6), in general, have better performance when the sample size is smaller than 100.
Further, when the sample size is smaller than 200, the improvements of Sol6 are even more
substantial and persistent relative to all the other five methods. For instance, when n = 200,
p =5, ¢ = 1, the empirical coverage under Soll, Sol2, Sol3, Sol4, Sol5, and Sol6 is 0.587,
0.721, 0.946, 0.765, 0.924, and 0.996 respectively. The empirical coverage under Sol6 is 0.996,
i.e., higher than all the other five methods and higher than the nominal coverage of 0.95.

However, it is also important to note that when the sample size is larger than 200, the
data sharpening methods in this context of input-oriented aggregate efficiency may perform
worse than the corresponding methods without data sharpening methods, implying that the
improvements of data sharpening methods might be limited to relatively small sample sizes
(e.g., up to about 200 for the dimensions we have considered here).

We also try various values of the tuning constant v, where those results are reported in
the subsection A.2 of the separate Appendix A. We find that the level of v near x seems
to yield the best performance for our context (input-oriented aggregate efficiency).!® This
finding is different from Nguyen et al. (2022) who found the level of « near 0.75k seems
to yield the best performance in a different though similar context (about the simple mean
output-oriented efficiency). This suggests that the choice of the tuning constant seems to
play a more important role than we had thought earlier, and hence this topic (selection of

) may constitute a fruitful avenue for future research.

10 We also present simulation results for the aggregate output-oriented efficiency in the Appendix B, which
also shows that the level of v = k seems to yield better performance.
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Figure 1: Empirical Coverages for the Aggregate Input-Oriented Efficiency when v = &
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Furthermore, it is also important to note that Sol6 may slightly overshoot sometimes
(e.g, see Figure 1), especially when the dimensions are high. For instance, when n = 100,
p = 7 and ¢ = 1, the empirical coverage under Sol6 is 1.000 when the nominal coverage
is 0.95 (see Figure 1). Such overshooting phenomenon is not unique for Sol6, and is also
observed for the other methods. Importantly, and as pointed out by Simar et al. (2023) who
observed similar phenomena in their simulations, the error coming from such overshooting
might be more preferable than the error from undershooting (provided that the length of the
confidence intervals is similar). This is because the overshooting means a more conservative
approach (i.e., not rejecting the correct).

To conclude for this section, our general conclusion is that: when the sample sizes are
relatively small (around 200 or less for the dimensions we have considered here), our proposed
method combined with the data sharpening method (Sol6) provides a better performance;
for the larger sample sizes, our proposed method without the data sharpening method (Sol3)

provides a better or the same performance as other suitable methods known to date.

5 Empirical Illustrations

In this section, we use two real data sets to illustrate the differences between the six methods
(Sol1-Sol6) discussed above in the estimates of variance as well as the confidence intervals for
the aggregate efficiency. To provide different perspectives of the usefulness of our proposed
method, we use VRS-DEA estimators in the input orientation for one data set in section 5.1
while using CRS-DEA estimators in the output orientation for another data set in section

5.2.

5.1 Inference for Aggregate Efficiency with Philippine Rice Data

The first illustration uses the same data set as Simar and Zelenyuk (2020) and Nguyen et al.
(2022). This data set is a balanced panel data set, consisting of 43 rice producers in the
Tarlac region of the Philippines over 1990-1997.'' The rice producers are modeled to use

three inputs (area planted xq, labor used x5 and fertilizers x3) and their prices (wy, we and

1 This data set was compiled by International Rice Research Institute and widely used in Coelli et al.
(2005) for various illustrations of efficiency and productivity estimations. The data are available at http:
//www.uq.edu.au/economics/cepa/crob2005/software/CROB2005.zip.

21


http://www.uq.edu.au/economics/cepa/crob2005/software/CROB2005.zip
http://www.uq.edu.au/economics/cepa/crob2005/software/CROB2005.zip

ws) to produce one output (rice y).

Table 1: Summary Statistics for the Pooled Data for Rice Producers

Variable Min Q1 Median Mean Q3 Max
Yy 0.090 2.790 5.110 6.540 8.920 31.100
1 0.200 1.000 1.750 2.144 3.400 7.000
T 8.000 49.750 87.500 108.342 152.000 437.000
T3 10.000 67.725 142.200 189.235 254.350 1030.900
wy 313.868 2905.218  4666.360  5289.332  6599.473  27787.784
Wo 22.960 53.268 68.856 70.767 84.716 219.556
w3 6.903 12.832 14.078 14.885 16.190 32.396
cost 832.867 8815.604 16730.395 20871.644 27882.586 113983.620

Table 1 summarizes the variables used in the estimation for the pooled data, where
cost = wyx1 + woZy + wsrs. Same as Simar and Zelenyuk (2020), we first obtain the results
using only 43 observations for each year separately and then using all the 344 observations
for the pooled data. Table 2 summarizes the results using VRS-DEA estimators in the input
orientation. For Panel B with data sharpening methods, we let v = k as indicated from
MC simulations in the previous Section, and k = n=%/> as we use VRS-DEA estimators and
p=3,q=1

First, for Panel A without data sharpening, for each year, in increasing width of confi-
dence intervals (Cls) lie Soll, Sol2 and Sol3; this result is due to the fact that, while Sol1-Sol3
yield the same aggregate efficiency estimates, the estimates of o, are typically the smallest
for Soll and the largest for Sol3, with Sol2 being between these two. For Panel B with data
sharpening, for each year, in increasing width of CI lie Sol4, Sol5 and Sol6. Again, this result
is due to the fact that, while Sol4-Sol6 yield the same aggregate efficiency estimates, the
estimates of o, are usually the smallest for Sol4 and the largest for Sol6. These results are
consistent with the findings in the MC simulations that our proposed method yields slightly
larger coverages than the previous methods, with and without the data sharpening method,
suggesting a potential improvement of our proposed method for the finite sample sizes.

Second, the addition of the data sharpening method has two effects: (1) decreasing the

estimates of aggregate efficiency; (2) decreasing the estimates of o,. Due to the effect (i),
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the centering of the estimated CI with the data sharpening method will be slightly further
away from 1 (toward 0) than the corresponding case without the data sharpening method,
as the data sharpening method “smoothes out” the observations with estimated efficiency
that equal 1 and within the neighborhood of 1. Meanwhile, due to the effect (ii), the
data sharpening method yields a narrower CI than the corresponding case without the data
sharpening method. Note that a narrower CI for the data sharpening method does not mean
it will perform worse than the corresponding case without the data sharpening method, since
the data sharpening method might have a more accurate estimate for the aggregate efficiency
by smoothing out the spurious observations. In other words, the data sharpening method
might have a more accurate estimate for the centering of CIs. This is mainly confirmed in our
previous Monte Carlo evidence, where we find that: Sol6 persistently gave better coverage
when the sample sizes are relatively small (up to 200), meanwhile when the sample size was
relatively large (> 200), Sol3 usually performed better.

All in all, combining the above first and second discussions, for this specific empirical data
set, we anticipate that Sol6 is likely to be more accurate for each year (with the sample size
43), while for the pooled sample (with the sample size 344), Sol3 is likely to be more accurate.
And indeed our results show that for the pooled sample the CI for Sol3 ([0.3423,0.5147]) is
expected to have a better coverage than that for Sol6 ([0.3447,0.5093]) as the CI of Sol6 is
contained by the CI of Sol3. Although, and importantly, note that in the latter case, all the
methods give very similar estimates of the CIs, supporting the theory that says they are all
asymptotically equivalent. Meanwhile, the difference is fairly substantial among the methods
for the individual years where the samples are relatively small, emphasizing the importance
to select a method that promises higher accuracy. Thus, based on our discussions in the
theoretical and simulation sections, we would recommend relying more on Sol6 for these

relatively small samples.

5.2 Inference for Aggregate Efficiency with Penn World Table
Data

Our second illustration uses the publicly available data from Penn World Table (PWT 10.0,

Feenstra et al., 2015), which provides information on relative levels of aggregate input,
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output, income, etc, for many countries across the world from 1950 to 2019.!? Following
Fére et al. (1994), Kumar and Russell (2002), and Badunenko et al. (2008), we model the
production of countries using labor and capital stock to produce GDP. The labor is measured
using the number of persons engaged (in millions), i.e., the variable emp in PWT. The capital
is measured using capital stock at current PPPs (in millions 2017 US$), i.e., the variable cn
in PWT. The GDP is measured by output-side real GDP at current PPPs (in millions 2017
US$), i.e., the variable cgdpo in PWT. The output price is the same for all countries. To
illustrate the evolution of the aggregate inefficiency over the latest 30 years (from 1990 to
2019), we will use the same sub-set of 84 countries/regions that was considered in Badunenko
et al. (2008) and Pham et al. (2023).'

In previous DEA studies that utilized PWT data, output orientation is usually deployed
(Féare et al., 1994; Ray and Desli, 1997; Kumar and Russell, 2002; and Badunenko et al.,
2008) and so we focus on this case here. We use CRS-DEA estimators and p = 2, ¢ = 1,
thus x = n~?/%. When using data sharpening methods, we let v = x.'* We obtain the results
using only 84 observations for each year separately from 1990 to 2019 as the technology might
have changed over time. Further, we focus on aggregate inefficiency while also presenting
the results for simple mean inefficiency to compare.

Figure 2a presents the dynamic changes of the aggregate output-oriented inefficiency
over 1990-2019." As expected, the “Standard” (i.e., the estimated aggregate inefficiency
without bias correction) is substantially below the “Bias-Corrected” (i.e., the estimated
aggregate inefficiency with bias correction). This is also true for the case using the data
sharpening method, where the “Standard+Sharpened” (i.e., the estimated aggregate ineffi-
ciency without bias correction and with the data sharpening method) is below the “Bias-
Corrected+Sharpened” (i.e., the estimated aggregate inefficiency with bias correction and
with the data sharpening method). Comparing the cases with and without the data sharpen-
ing method, it is also expected that the “Standard” is below the “Standard+Sharpened” and

12 The data are available at https://www.rug.nl/ggdc/productivity/pwt/?lang=en.

13 The countries/regions included in our sample are listed in the separate appendix C.

14 We also consider the case with v = 0.75x as indicated from Simar et al. (2023) for the simple mean
output-oriented inefficiency. These results are presented in the subsection C.2 of the separate appendix C,
which are similar to those for v = &.

15 Tables C.1 and C.2 in the separate appendix C present more details on the results of our estimations
for aggregate inefficiency and simple mean inefficiency, respectively.
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that the “Bias-Corrected” is below the “Bias-Corrected+Sharpened”, as the data sharpening
method “smoothes out” the observations that are spuriously equal to 1 and those within the
neighborhood of 1.

Notice that the average values of annual aggregate inefficiency estimates from 1990 to
2019 (i.e., we first calculate the aggregate inefficiency estimate for each year and then cal-
culate average value of aggregate inefficiency estimates over these 30 years) are 1.7916 for
“Bias-Corrected” and 1.7966 for “Bias-Corrected+Sharpened”, implying that large ineffi-
ciency exists in these countries/regions covered in our sample and that they have the poten-
tial to nearly double their GDP without increasing inputs.

Further, Figure 2a shows that, for all these four cases, the aggregate inefficiency generally
first decreases from 1990 to 1997, then increases until 2006, then it is very disruptive from
2007 to 2011 (during the global financial crisis), then again decreases until 2016 and increases
again until 2019.

Figure 2b presents the corresponding results for the simple mean output-oriented ineffi-
ciency. The relationships among the “Standard”, “Bias-Corrected”, “Standard-+Sharpened”
and “Bias-Corrected+Sharpened” still hold as those for aggregate inefficiency. The aver-
age values of the annual simple mean inefficiency estimates from 1990 to 2019 are 2.1345
for “Bias-Corrected” and 2.1362 for “Bias-Corrected+Sharpened”, which are slightly larger
than the corresponding case for aggregate inefficiency (1.7916 and 1.7966, respectively).

Further, the dynamic changes of the simple mean inefficiency are substantially different
from the aggregate inefficiency, especially before 2005. This confirms the expectations that
it is useful for empirical researchers to report both unweighted and weighted inefficiency
to check whether there is any substantial difference, potentially presenting a different big
picture of the performance of a group of interest.

Figure 3a presents the estimates of the standard deviation o, for the aggregate output-
oriented inefficiency for Sol1-Sol6 over 1990-2019. It is clear that Sol3 has larger estimates
for o, than Soll and Sol2, and that Sol6 has larger estimates for o, than Sol4 and Sol5,
suggesting that the estimated confidence intervals using our proposed method (3.15) will be
slightly wider than the previous methods, whether taken with or without the data sharpening
method. Further, for each year the results for Sol3 and Sol6 are generally similar in terms of

the estimates for o,. The results for the standard deviations for the simple mean inefficiency
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presented in Figure 3b are similar to those for aggregate inefficiency where Sol3 and Sol6
have slightly larger values than the remaining methods.

To compare Sol3 and Sol6 which could generate wider confidence intervals, we present the
dynamics of aggregate inefficiency estimates and their Cls in Figure 4a. The center of the
CIs is the corresponding bias-corrected aggregate output-oriented inefficiency. The results
for Sol3 and Sol6 in Figure 4a are generally similar in terms of centers and boundaries of
CIs, although the centers and lower boundaries for Sol6 are slightly higher than those for
Sol3. Figure 4b presents the corresponding results for simple mean inefficiency, which are
generally similar to Figure 4a for aggregate inefficiency.

As a conclusion for this empirical illustration section, we use two different real data sets
and different estimators (input-oriented VRS vs. output-oriented CRS) to show the practical
differences of the newly proposed method for approximating the new CLT theorems for

aggregate efficiency.

6 Conclusions

The CLT results for the aggregate output-oriented efficiency estimated via DEA and FDH
developed by Simar and Zelenyuk (2018) are useful recent advancements of the statistical
theory for efficiency and productivity analyses, complementing with the CLT results for the
individual and simple mean efficiency developed by Kneip et al. (2015). However, the CLT
results for the aggregate input-oriented efficiency have not been developed yet, although
they are analogous to the output-oriented framework. We fill this clear gap in the literature
through establishing the CLT results for the aggregate input-oriented efficiency, developing
the practical tools for the implementation of these CLTs, and testing them in extensive MCs.

Further, for relatively small sample sizes, the coverages of the estimated confidence inter-
vals based on the CLT results for aggregate efficiency are well below the nominal coverage.
This under-covering phenomenon in relatively small sample sizes was also observed for the
simple mean efficiency. Some of the improvements were made through Simar and Zelenyuk
(2020), Nguyen et al. (2022), and Simar et al. (2023) for the simple mean output-oriented ef-
ficiency, and through Simar and Zelenyuk (2020) for the aggregate output-oriented efficiency.
However, whether the methods in Nguyen et al. (2022) and Simar et al. (2023) are effective

to improve the finite sample performance of CLT results for aggregate input-oriented and
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output-oriented efficiency remains unknown. We fill the clear gap in the literature to thor-
oughly examine the performance of these methods in Simar and Zelenyuk (2020), Nguyen
et al. (2022) and Simar et al. (2023) (compared with the developed CLT results in this pa-
per) for aggregate input-oriented efficiency through extensive simulations, although we also
provide MC evidence for aggregate output-oriented efficiency. Finally, we use two empiri-
cal illustrations to illustrate the differences between all the existing methods for aggregate
input-oriented and output-oriented efficiency.

Specifically, to obtain the variance estimator for aggregate efficiency, we use the bias-
corrected individual efficiency estimate to replace the individual efficiency estimate at every
place. Although the logic of using the bias-corrected individual efficiency estimate to obtain
the variance estimate is the same as the simple mean case in Simar et al. (2023), our proposed
method here is slightly more complicated, as the variance of aggregate efficiency involves
several first moments and also the covariance term. This newly proposed method involves
no additional cost and preserves the developed CLT results for the aggregate input-oriented
efficiency. We also provide a theoretical justification for the proposed improvement, similar
to that in Simar et al. (2023): while the first order of the error is kept as the developed
theoretical results for aggregate input-oriented efficiency in this paper, there might be some
benefits to correct the second order of the error in the variance estimate.

In our extensive Monte-Carlo experiments, we compare the performance of our methods
with the methods in Simar and Zelenyuk (2018) and Simar and Zelenyuk (2020) for both
cases—with and without data sharpening methods in Nguyen et al. (2022). We find that:
when the sample sizes are not large (< 200), our proposed method combined with the data
sharpening method provides a better performance; and when the sample sizes are relatively
large (> 200), our proposed method without the data sharpening method provides a better
performance. In general, this holds for both small and large dimensions. Therefore, we are
able to show that the methods in Nguyen et al. (2022) and Simar et al. (2023) are not only
useful to improve the finite sample performance of CLT results for the simple mean efficiency,
but also are useful for aggregate efficiency, although of course this is not a panacea.

Finally, this paper also shows that the selecting of the tuning parameter in the data
sharpening methods plays an important role here, which was not discovered previously in

Nguyen et al. (2022) and Simar et al. (2023), indicating that this might be a fruitful area
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for future research. We hope further research could hopefully bring more insights on this
challenging topic. Our proposed method in this paper could be extended naturally to ge-
ometric means of the Malmquist index, technical efficiency change, scale efficiency change,

technology change, and others.
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Appendix A Additional Simulation Results for Aggre-
gate Input-Oriented Efficiency

In this appendix, we present additional simulation results for aggregate input-oriented effi-
ciency, that is not shown in the paper. Table A.1 lists the values of 3;’s and w;’s for each

dimension p, used in the simulation function in (4.1).

A.1 Additional Simulation Results for the Main Results

Tables A.2-A.4 present additional results not shown in the paper for the case with v =
k. Table A.2 presents the coverages of estimated confidence intervals for aggregate input-
oriented efficency using the VRS-DEA estimator across different sample sizes and dimensions.
Table A.3 presents the average value of estimated aggregate efficiency and bias using the
VRS-DEA estimator, while Table A.4 presents the average value of the standard deviation
for aggregate efficiency using the VRS-DEA estimator.



Table A.1: The Values of 8; and w;

g 04 04 04 04 04 0.05

Ba 0.2 0.2 02 0.2 0.1
B3 0.1 0.1 0.1 0.15
B4 0.15 0.15 0.2
Bs 0.05 0.125
Be 0.075
B, 0.025
w1 1 1 1 1 1
Wy 1.5 15 15 15 1.5
ws 2 2 2 2
Wy 1 1 1
Ws 0.5 0.5
We 1
wr 1
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A.2 Simulation Results for Various Values of Tuning Parameter

Figures A.1-A.7 present empirical coverages for the aggregate input-oriented efficiency for

~v = 0.55k, 0.65k, 0.75k, 0.85k, 0.95k, 1.2k, and 1.5k respectively.
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Figure A.1: Empirical Coverages for the Aggregate Input-Oriented Efficiency when vy =

0.55k
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Figure A.2: Empirical Coverages for the Aggregate Input-Oriented Efficiency when v =
0.65k
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Figure A.3: Empirical Coverages for the Aggregate Input-Oriented Efficiency when v =
0.75k
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Figure A.4: Empirical Coverages for the Aggregate Input-Oriented Efficiency when vy =

0.85k
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Figure A.5: Empirical Coverages for the Aggregate Input-Oriented Efficiency when v =
0.95k

] e
@< @<
o o
Q (9]
g 3 g 3
g e
S o 7 8 o
N N
o o
e e
° T T T T T T T = T T T T T T T
10 20 50 100 200 300 500 1000 10 20 50 100 200 300 500 1000
Sample size Sample size
p=3,q=1
e e
|l semar= . —
@« _ @<
o o
Q (9]
g S g 2
g -
S o7 8 o
N N
o o
e e
e = T T T T T T T = T T T T T T T
10 20 50 100 200 300 500 1000 10 20 50 100 200 300 500 1000
Sample size Sample size
e e
@« @ _J
o o
(9] (9]
g 3 g S
o ]
3 3 %
o ©° o ©
N N
o o
e e
e T T T T T T T e T T T T T T T
10 20 50 100 200 300 500 1000 10 20 50 100 200 300 500 1000
Sample size Sample size
— Soll - - Sol2 Sol3 --- Sol4 Sol5 -—- Sol6 ---- 0.95

26



Figure A.6: Empirical Coverages for the Aggregate Input-Oriented Efficiency when v =
1.2k
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Figure A.7: Empirical Coverages for the Aggregate Input-Oriented Efficiency when v =

1.5
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Appendix B Simulation Results for Aggregate Output-
Oriented Efficiency

In this appendix, we present the simulation results for the aggregate output-oriented technical

efficiency.

B.1 Details on Monte-Carlo Simulations

Our Monte-Carlo experiments closely follow Simar and Zelenyuk (2020). Formally,

v (zi) = [ =7, (B.1)

j=1
where 1 x p vector z; = (21, Toi, ..., ZTp;) and xj; S Unif(0,1), Vj € 1,...,p. In addition,
we generate the true inefficiency scores from A\; ~ |N(0,1)| + 1 (i.e., we generate the true
inefficiency from the half normal distribution and then shift it up by 1). The observed output
is y; = y?(x;)/ N\, i.e., by projecting y?(x;) from the frontier into the production set. Thus a
simulated sample S, = {(x;, v;)}7_; is created. The values of (;’s are set the same as Simar

and Zelenyuk (2020) and the output price is set to be 1.

B.2 Data Sharpening Methods

Let S, = {(X;,Y;)}, denote a random sample of input-output pairs, and X, Y | Sp) >
1 is the estimated output-oriented Farrell technical efficiency. Denote X;(Xi,Y;- | Sp) =
1/X(Xi,Y; | Sn) < 1. We adapt the data sharpening method in Nguyen et al. (2022) as

follows.

~

(XY | S,), (XY [ S,) <1—7,
AM(Xi, Y [ Sn) = (B.2)
X;(Xi, Y; | S,) X €;, otherwise ,
where 7 =n"7, v > k/2, and Kk = 2/(p+ ¢+ 1) for the VRS-DEA estimator. Further, ¢; is
a random independent draw from a uniform distribution on the interval [1 — 7, 1]. It can be

shown that A;(X;,Y; | S,) = 1/AN(X;,Y; | S,), where

Y, A, Y ]S,) > 1/(1-7),
v — (B.3)

g;Y;, otherwise .
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The observations after the data sharpening are (X, 371) Then the regular nonparametric
efficiency estimators are applied for the sharpened sample points { (X, 2) ? 1, but with the
reference set being the original sample S,, = {(X;,Y;)} ;.

B.3 Owur Proposed Method

Similar to the case for aggregate input-oriented efficiency, we use bias-corrected individ-
ual efficiency estimate to improve the variance estimator for the aggregate output-oriented

efficiency.

B.4 Simulation Results

Figures B.1-B.8 present empirical coverages for the aggregate output-oriented efficiency for
v = 0.55k, 0.65k, 0.75k, 0.85k, 0.95k, k, 1.2k and 1.5k, respectively. The notations for
Sol1-Sol6 are the same as for the aggregate input-oriented efficiency. These figures show
that the level of v = k seems to yield better performance for the aggregate output-oriented

technical efficiency.
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Figure B.1: Empirical Coverages for the Aggregate Output-Oriented Efficiency when vy =

0.55k
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Figure B.2: Empirical Coverages for the Aggregate Output-Oriented Efficiency when v =

0.65K
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Figure B.3: Empirical Coverages for the Aggregate Output-Oriented Efficiency when v =
0.75k
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Figure B.4: Empirical Coverages for the Aggregate Output-Oriented Efficiency when v =

0.85k
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Figure B.5: Empirical Coverages for the Aggregate Output-Oriented Efficiency when vy =

0.95k
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Figure B.6: Empirical Coverages for the Aggregate Output-Oriented Efficiency when v = k
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Figure B.7: Empirical Coverages for the Aggregate Output-Oriented Efficiency when v =
1.2k
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Figure B.8: Empirical Coverages for the Aggregate Output-Oriented Efficiency when vy =

1.5
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Appendix C More Details on the Empirical Illustra-
tion with Penn World Table

In this appendix, we present the additional results not shown in the paper for the empirical
illustration with Penn World Table.

Same as those in Badunenko et al. (2008), the countries included in our sample are: Al-
bania, Argentina, Armenia, Australia, Austria, Azerbaijan, Belarus, Belgium Bolivia (Pluri-
national State of), Brazil, Bulgaria, Canada, Chile, China, Colombia, Costa Rica, Croa-
tia, Czech Republic, Denmark, Dominican Republic, Ecuador, Estonia, Finland, France,
Germany, Greece, Guatemala, Honduras, Hong Kong, Hungary, Iceland, India, Indonesia,
Ireland, Israel, Italy, Jamaica, Japan, Kazakhstan, Kenya, Republic of Korea, Kyrgyzs-
tan, Latvia, Lithuania, North Macedonia, Madagascar, Malawi, Malaysia, Mauritius, Mex-
ico, Republic of Moldova, Morocco, Netherlands, New Zealand, Nigeria, Norway, Panama,
Paraguay, Peru, Philippines, Poland, Portugal, Romania, Russian, Federation, Sierra Leone,
Singapore, Slovakia, Slovenia, Spain, Sri Lanka, Sweden, Switzerland ,Syrian Arab Republic,
Taiwan, Tajikistan, Thailand, Turkey, Ukraine, United Kingdom, Uruguay, United States,

Venezuela (Bolivarian Republic of), Zambia, and Zimbabwe.

C.1 Estimation Results When v =«

Tables C.1 and C.2 summarize the estimation results for the CRS-DEA estimates of aggregate

and simple mean output-oriented inefficiency, respectively, when v = k.
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C.2 Estimation Results When v = 0.75x

In this subsection, we present the corresponding results for the case when v = 0.95k.

Figures C.1a and C.1b present the dynamic changes of aggregate and simple mean inef-
ficiency, respectively, over 1990-2019. Figures C.2a and C.2b present the estimates of the
standard deviations for aggregate and simple mean inefficiency, respectively, for Sol1-Sol6
over 1990-2019. Figures C.3a and C.3b present the dynamics of Cls constructed using Sol3
and Sol6 for aggregate and simple mean inefficiency, respectively, over 1990-2019.

Tables C.3 and C.4 summarize the estimation results of the CRS-DEA estimates of
aggregate and simple mean output-oriented inefficiency, respectively, when v = 0.75x.

From these figures, we can see that the results for v = 0.75x are similar to those for

v =K.
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Figure C.1: The Estimated Aggregate/Simple Mean Output-Oriented Inefficiency for
Countries/Regions from 1990 to 2019 when v = 0.75x
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Figure C.2: The Estimated Standard Deviations for Aggregate/Simple Mean Output-
Oriented Inefficiency for Countries/Regions from 1990 to 2019 when v = 0.75x
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Figure C.3: CRS-DEA Estimates of Aggregate/Simple Mean Output-Oriented Inefficiency
and their 95% Confidence Intervals for Countries/Regions from 1990 to 2019 when v = 0.75x
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