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Agenda

® Scale elasticity and RTS
® DEA context: Existing difficulties and inconsistencies
® Theory and generalizations

® Application to EU agriculture
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Assumption

We are concerned only with the technical (geometrical)
characterization of efficient frontiers — no price information
is assumed or used.
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Scale elasticity and RTS

The standard RTS classificationis
based on scale elasticity «. Y d(X,Y) =0

In the smooth case,
e>1<IRS
e=1< CRS

<1< DRS

v
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The easy smooth case

< X(), VXCD(XOJ YO) >
£(Xo, Yp) =

- < YO, VY(I)(XOJ YO) >
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Difficulties in DEA

d(X,Y) isnot available

e
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Difficulties in DEA

d(X,Y) isnot available
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Difficulties in DEA

d(X,Y) isnot available

U

C D . Do we need an
efficient DMU?

d(X,Y) isnot smooth

X
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Difficulties in DEA

d(X,Y) isnot available

U

C D Do we need an
efficient DMU?

d(X,Y) isnot smooth

X

D

Can’'t change X in some
directions
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Generalized setting

Input set I, output set O
Set A # @ —inputs and outputs that we want to change
Set B # @ — outputs that respond to changes

© ©®©@ ® @®

Set C—inputs and outputs kept constant

[UO=AUBUC

What is the response of outputs in set B with respect to marginal changes in
the set A, provided the I/Os in C are kept constant?

Examples:
Scale elasticity: A =1,B = 0.
Short-run scale elasticity: A c [, B = 0.
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(Partial) elasticity measures

et (X,.Y,)=(X/,X,,Y,".Y, .Y )

2= 2

For the given A, B, C, define the output response function

E(a)zmaX{ﬁ|(aX(f,XE,QYOAHBYUB,YOC)eT }
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(Partial) elasticity measures

Let (XU’YYO):(XA XC YA YOB,YYO(‘)

0?2 2= 2

For the given A, B, C, define the output response function

B(a)=max {f |(a X X] a¥, pY} ¥ )eT |

Let B(1)=1 . (The unit (X,,Yy) is efficient in the production of subset B.)
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(Partial) elasticity measures

Let (X, ¥,) = (X, Xy, Y1, Yy)
For the given A, B, C, define the output response function
E(a):max{ﬁ|(aX(;IﬂX(?aaY(;Ji:/BY(}BsYOC)GT }

Let A(1)=1.(The unit (X, Yy) is efficient in the production of subset B.)

The elasticity of response of subvector YOB with respect to marginal changes
of the I/O bundle (X;,Y,") is defined as

£,5(X0,Y) =B

provided the above derivative exists.
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The easy smooth case

If ®(X,Y) were known, then by the implicit function theorem,

(X, Vi0(X,, 1)) +(Y,', ViD(X,, X))

£, X Tp) =B =- (Y2 VIO(X,.,))
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The easy smooth case

If ®(X,Y) were known, then by the implicit function theorem,

o (X Ve 5) +(BL Ve, 1)
gA,B(XwYO)_ﬁ(l)__ <YB VB(D(XO,YO)>

(U

In particular, for the scale elasticity,

_ (XOJ VXCD(XOJ YO))
(Yo, Py P (X0, ¥5))

€1,0 (X0, Yo) =
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The easy smooth case

If ®(X,Y) were known, then by the implicit function theorem,

(X, Vio(X,, 1))+ (1 Vi®(X,, 1))

&, ,( X, Y)=B(1)=— (Y2 Vio(x,.Y,))

In particular, for the scale elasticity,

(XOJ VXCD(XOJ YO))
(Yo, Py P (X0, ¥5))

8I,O(XO» Yo) = —
If Xand Y are scalars, we have

ay
eL0(Xo, Vo) = ﬁ/(Y/X)
(X0,Yo)
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The difficult DEA case

We do not know

® the functional form ®(X,Y) of the production frontier

® whether we can change (even marginally) the bundle (X, ,Y,")
by multiplier a

® whether §(a) is differentiable at « = 1 (probably not)
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Response function as the optimal value of LP

To be specific, assume VRS. Then

ﬂ_(a):max{ﬁ |(0:X(34,X0C,aYA

0 2

ﬂYOB’YOC)e TL'RS}

is simply:
fa@)=max p
subject to X'A<aX]
Ta<xC
¥4 < —aYOA

YA+ pY) <0
74 <-¥C

ed =1

A >0, fsign free
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Response function as the optimal value of LP

To be specific, assume VRS. Then

B(a)=max{B |(aX,, X ,aY,, BY, Y ) €Ty}

is simply:
B(a)=max B
subject to XA okl =X (1)
XaA<XxS

YA+ By’ <0
Y A<= Perturbation
ol =1 vector A

A =0, Bsign free
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Sensitivity analysis comes to help

Let T be the domain of B(a).

Theorem 1. (a) I' is a closed interval.

(b) The optimal value (response) function S(a) is continuous,
concave and piecewise linear on its domain I'.

Reference: Roos C, Terlaky T, Vial JP (2005) Interior point methods for
linear optimization, Springer
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Sensitivity analysis comes to help

Theorem 2. Let D" be the set of optimal solutions to LP (1).

® If a = 1is not the right extreme point of I', then the right
derivative 1 (1) exists and

BL(1) = Min{A, w), st.w € D*

® If a = 1is not the left extreme point of I, then the left
derivative £2(1) exists and

BL(1) = Max(A,w), s.t.w € D*

® If a = 1isthe right (left) extreme point of I', the corresponding
min (max) is unbounded.

Reference: Roos C, Terlaky T, Vial JP (2005) Interior point methods for linear
optimization, Springer
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The main DEA result

Theorem 3

(a) If @ = 1 is not the right extreme point of I', then the right
elasticity ¢ ,(X,,Y,) = B.(1) exists, is finite and can be calculated
as follows:

g;,B(X()aYO) = min VAXOA _ ”AYOA
(2)
- vAXG VO - Y - Y+ gy =1
vX - u¥ +1p,20
ByrB
prys =1
V=(VA,VC)5 u=(u’4)ﬂ8,uc)20, ‘u() Slgn free

(b) If &« = 1 is not the left extreme point of I', then the left
elasticity ¢ ,(X,,Y,)=pB'(1) exists, is finite and can be calculated
by program (2) in which Min is changed to Max
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The main DEA result

Theorem 3 (continued)

(c) If & = 1 is theright (left) extreme point of I, the
corresponding min (max) is unbounded.

(d) If the “selective efficiency” condition (1) =1 is not true,
both of the above programs are infeasible.
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A practical procedure

For each observed DMU j we solve the min and max programs (2), in one
uninterrupted batch.

Note, there is no need to sort DMUs into efficient and inefficient ones.
(This is irrelevant. The required condition (1) =1 is tested automatically
by the solver diagnostics.)

Three outcomes are possible.
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Three outcomes

To be specific, consider the “Min” program (2) for the right elasticity &, ,(X,.%).

1) If the Min program (2) has a finite optimal value, this is ¢ ;(X,.Y,).
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Three outcomes

To be specific, consider the “Min” program (2) for the right elasticity &, ,(X,.%).
1) If the Min program (2) has a finite optimal value, this is ¢ ;(X,.Y,).

2) If program (2) is unbounded (optimal value is “—o0”), then & = 1 is the
right extreme point of I' and ¢ ,(X,.Y,) is undefined. (The VRS technology
does not have points to allow the required perturbation of the set A.
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Three outcomes

To be specific, consider the “Min” program (2) for the right elasticity &, ,(X,.%).
1) If the Min program (2) has a finite optimal value, this is ¢ ;(X,.Y,).

2) If program (2) is unbounded (optimal value is “—”), then & = 1 is the
right extreme point of I' and ¢ ,(X,.Y,) is undefined. (The VRS technology
does not have points to allow the required perturbation of the set A.

3) If program (2) is infeasible, then the unit (X, Yy) does not satisfy

condition (1) = 1. (This unit is not selectively efficient in the production
of output bundle B.)
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Example

A
Output 2 U 2
A = {Input}, B = {Output 2}, C = {Output 1} o w ,,; 2.
| Input
4r :
g, z(F)=min 4v, Sz |
3T L Aq :
subject to v, =2u +p, =1 ’ / 4 K ¢
2 F : y/
— K ! - Q
3,1'[2 _1 L » ] -: ,’/, G/
I o
v —1p, —2;42 tHy 2 0 H .~ P
’ 1 2 3 4 Output 1'

dv, —2p, =3, + 1, =20

Iy, 4 =14ty + 40 | Left | Right

Vi, My, i, 20, p, sign free E 1 0.5
F 0.7619 0
inf 0
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Example

A
Output 2 U 2
Let A = {Input, Output 1}, B ={Output 2}, C= o M ,; ~s
I Input
s :
& ,(F)=min 4v, -2y, £S5 !
3r L Aq :
subject to v, =2u, +p, =1 ’ /i 4 ¥ "
2F : 2
K ! 4 o
3/,[2 =1 > el G/
2vy =1, —24, + g, =0 l m —r
0 ] 2 3 4 Output 1

4V1_2ﬂ1_3y2+ﬂ020

by~ 4, =14ty 20 | Left | Right

Vi, My, i, 20, 1, sign free E 1 0.5
F 0.6667 -0.6667
inf inf
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Example CRS

{Input}

{Output 2}, B = {Outputl}, C=
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4 Output 2
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4 Output 2

Example CRS

Output i

- B(1) Solver for Max |Solver for Min| Left elasticity | Right elasticity

Unbounded Undefined
F 1 -0.55 -1.66 -0.55 -1.66
G 1 0 -0.16 0 -0.16
H 2 Infeasible Infeasible Undefined Undefined
J 1.6 Infeasible Infeasible Undefined Undefined
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Summary of what we know

® We can define one-sided elasticities e~ and €™ of response of any
output set B with respect to marginal changes of the 1/0 set A, keeping
|/O set C constant.

® IfDMU (X,,Y,) is not radially efficient in the production of the output
bundle B, neither £~ nor €™ exists.

® If a marginal proportional increase of the I/O bundle A is infeasible in

the technology, the right elasticity €™ does not exist. Similarly, if the
decrease of A is infeasible, £~ does not exist.

® All of this is diagnosed by solving two LPs for each DMU.
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RTS classification for the given A, B and C

Assuming both right and left elasticities be positive, we define

les, 6] > 1 <= IRS
1€ e, e_] <= CRS

ey, 6] <1< DRS
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Application to agriculture

® EU FADN database

® 100-3,000 farms in a region

Inputs:

Land, capital, costs, labour

Outputs:

Wheat, barley, oats, rye, potatoes, sugar beet,

other crops (price aggregated), livestock, farm net income
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Elasticity measures and RTS

Long-run policy scenario

If we increase all inputs (land, assets, cost, labour) by 1%, how will the farm
outputs respond?

Short-run policy scenario

If we increase only cost and labour by 1%, how will the farm outputs respond?

Family net income

If we increase the size of the farm by 1% (or only cost and labour by 1%) how
will the farm net income respond?
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Results

® There are different RTS types for the short and long-run policy scenarios
in different EU regions.

For example, in some EU regions (e.g. Austria, Ireland) farms
predominantly exhibit IRS in the long-run scenario and DRS in the short
run. (Over-farmed?)

® The elasticity of farm net income with respect to farm size (vector of
farm inputs) is predominantly > 1. This implies IRS.
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Thank you!
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