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Abstract

A simple yet easy to implement method is proposed to further improve the finite
sample approximation of the recently developed central limit theorems for aggregates
of envelopment estimators. Focusing on the simple mean efficiency, we propose using
the bias-corrected individual efficiency estimate to improve the variance estimator.
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1 Introduction

Nonparametric efficiency estimators are widely used to examine the efficiency and produc-

tivity of decision making units (banks, schools, hospitals, countries, etc.). Among the most

popular of these are the data envelopment analysis (DEA) estimators that assume constant

returns to scale (CRS-DEA), variable returns to scale (VRS-DEA) and those that relax

the assumption of convexity, such as the free disposal hull (FDH) estimator (Farrell, 1957;

Charnes et al., 1978; Banker et al., 1984; Deprins et al., 1984).

The theoretical and statistical properties for these estimators are now well known in the

literature (for a guided tour, see Simar and Wilson, 2015). Specifically, Kneip et al. (2015)

have established the new CLT results for the mean of DEA–estimated technical efficiency.

This discovery has paved the way for the development of CLT results for other related effi-

ciency and productivity measures, such as aggregate efficiency (Simar and Zelenyuk, 2018),

Malmquist indices (Kneip et al., 2021), etc.

Extensive Monte Carlo (MC) experiments in both Kneip et al. (2015) and Simar and

Zelenyuk (2018) find that when the sample sizes increase, the empirical coverage of the

true values by estimated confidence intervals based on the CLT, approximate the nominal

coverage, supporting the CLT results. However, they also showed that the CLT does not

perform that well for relatively small sample sizes, especially for high dimensions (measured

by the number of inputs and outputs). In particular, the estimated confidence intervals

based on the CLT tend to under-cover the true values, especially for relatively small sample

sizes and high dimensions.

Simar and Zelenyuk (2020) propose a variance correction method by adding the squared

bias of mean efficiency into the variance estimator, thus making the variance estimate slightly

larger than the case without adding the squared bias (i.e., the original method in Kneip

et al., 2015 and Simar and Zelenyuk, 2018). The extensive MC experiments in Simar and

Zelenyuk (2020) suggest a better performance of the proposed variance correction method

over the original method in Kneip et al. (2015) and Simar and Zelenyuk (2018); however, they

also suggest that the coverage of this variance correction method can still be substantially

smaller than the nominal coverage. Nguyen et al. (2022) then suggest an alternative way, a

variant of “data sharpening”, made through smoothing out the so-called “spurious ones” and
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values within its neighborhood (determined based on the convergence rate) of the efficiency

estimates. Nguyen et al. (2022) find that combining the data sharpening method and the

variance correction method results in a better performance than all the current methods in

the literature. In their concluding section, Nguyen et al. (2022) also state that “It is also

worth mentioning here that even with the proposed improvements, the empirical coverages

of the CLTs for small samples, with a relatively large dimension of inputs and outputs are far

from the nominal coverages”. This indicates that there is still some room for improvement.

In this paper, we propose an alternative method for the variance estimator, by using

the bias-corrected individual efficiency estimate instead of the individual efficiency estimate.

Our proposed method does not involve any additional computational cost and retains the

original CLT results. Furthermore, we provide theoretical justification for our method. We

also provide simulations to illustrate the effectiveness of our method on improving the finite

sample approximation of CLT for efficiency estimates based on DEA.

2 Improving the Approximation

Let λi = λ(Xi, Yi) be the true technical efficiency at a random point (Xi, Yi) ∈ Ψ, where Ψ

is the attainable set in the input-output space, with a data generating process that satisfies

regularity conditions in Kneip et al. (2015). Suppose we have already obtained the efficiency

estimate λ̂i for each observation using either FDH or VRS-DEA or CRS-DEA estimator,

which is consistent and its convergence rate is nκ, meaning that the order of the error of

estimation is O(n−κ), where κ depends on the estimator used and the dimensions of the

problem. In particular, κ = 1/(p + q) for the FDH estimator, κ = 2/(p + q + 1) for the

VRS-DEA estimator and κ = 2/(p+ q) for the CRS-DEA estimator, where p is the number

of inputs and q is the number of outputs. Suppose we also obtain its bias B̂i, estimated

using the generalized jackknife bootstrap method of Kneip et al. (2015), where more details

can be found.

Let µ = E(λ(Xi, Yi)) and so its sample counterpart is λ = n−1
∑n

i=1 λi. Both of these

are unavailable but can be estimated, e.g., with the FDH/DEA-based estimator, which we

denote by µ̂ = n−1
∑n

i=1 λ̂i. This estimator is biased and, as shown in Kneip et al. (2015),

B̂ = n−1
∑n

i=1 B̂i is a consistent estimate of the bias of µ̂.
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Furthermore, let σ2 = Var(λ(Xi, Yi)), then its sample counterpart is given by

σ2 = V̂ar(λi) = n−1

n∑
i=1

(λi − n−1

n∑
i=1

λi)
2. (2.1)

To perform statistical inference, it would be desirable to know σ2 or at least σ2, yet both of

them are unavailable. Kneip et al. (2015) propose the following method to estimate σ2,

σ̂2 = V̂ar(λ̂i) = n−1

n∑
i=1

(λ̂i − n−1

n∑
i=1

λ̂i)
2, (2.2)

i.e., it implies replacing λi by λ̂i at every place in (2.1). By noting that n−1
∑n

i=1 λ̂i − B̂ =

n−1
∑n

i=1(λ̂i − B̂i) is a bias-corrected estimator of µ , Simar and Zelenyuk (2020) propose

the following method,

σ̃2 = n−1

n∑
i=1

[
λ̂i − (n−1

n∑
i=1

λ̂i − B̂)

]2

= σ̂2 + B̂2. (2.3)

In this paper, we consider the question of using the bias-corrected individual efficiency

estimate, λ̂i − B̂i, to replace λi at every place in (2.1). We explain the resulting theoretical

properties of this approach as well as possible practical benefits, as evidenced from its Monte

Carlo performance relative to other approaches. That is, instead of σ̂2 or σ̃2, we propose

using

̂̂σ2
= V̂ar(λ̂i − B̂i) = n−1

n∑
i=1

[
(λ̂i − B̂i)− n−1

n∑
i=1

(λ̂i − B̂i)

]2

. (2.4)

Compared with (2.2) and (2.3), (2.4) has potential to improve, as (2.4) replaces the λ̂i in

(2.1) by its bias-corrected estimate λ̂i − B̂i. To see this, recall that σ2 = µ2 − µ2, where

µ2 = E(λ2
i ) and so we may view σ2 as a function of the first two raw moments (µ, µ2), and

hence the Taylor expansion of σ̂2 around σ2 is

σ̂2 = σ2 + A1(µ̂− µ) + A2(µ̂2 − µ2) +Rn, (2.5)

while the Taylor expansion of ̂̂σ2
around σ2 is

̂̂σ2
= σ2 + A1(̂̂µ− µ) + A2(̂̂µ2 − µ2) +Rn, (2.6)

where A1 = −2µ, A2 = 1, µ̂2 = n−1
∑n

i=1 λ̂
2
i ,

̂̂µ = µ̂− B̂ and ̂̂µ2 = n−1
∑n

i=1(λ̂i − B̂i)
2, while

Rn is the remainder of a smaller order, i.e. o(n−κ), and can be ignored for our purposes.
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According to equation (4.2) in Kneip et al. (2015), the first order error (i.e., the dominat-

ing part of the error) is given by A2(µ̂2−µ2) = o(n−κ/2) in (2.5) or A2(̂̂µ2−µ2) = o(n−κ/2) in

(2.6). Thus, while using the bias-corrected individual efficiency estimate does not improve

the first order error (keeping it as o(n−κ/2)), we still are able to improve the second order

term. Indeed, the error multiplying A1 will be reduced from A1(µ̂− µ) = O(n−κ) in (2.5) to

A1(̂̂µ− µ) = o(n−κ) in (2.6), which is an improvement.

Importantly, note that by using the bias-corrected individual efficiency estimate, we are

able to keep the asymptotic properties established by Kneip et al. (2015), including their

central limit theorems. This means that for relatively large samples the new method should

give very similar results (due to their asymptotic equivalence).

How substantial is this improvement in practice? While asymptotically equivalent, the

proposed improvement can be substantial in finite samples, as it is possible that the second

order error is larger than the first order error. In other words, for relatively small samples

it is possible that the O(n−κ) term is much bigger than the o(n−κ/2) term, and the o(n−κ)

term is much smaller than o(n−κ/2) term. The improvement is largely confirmed by our

simulations presented in the next Section, although, as in general, it might still be possible

to find some peculiar scenarios and/or samples where it is different.

We name the method in (2.4) as the ‘full variance correction’ approach to distinguish it

from the (partial) variance correction method in Simar and Zelenyuk (2020). Furthermore,

as for Simar and Zelenyuk (2020), our method can also be deployed in a combination with

the data sharpening approach proposed by Nguyen et al. (2022), where more details of how

the sharpening can be done are provided.

The discussion above also helps to shed more light onto potential further improvements.

In particular, one would wish to reduce the first order term, yet at this stage we have not

discovered a way to do so and hope this paper will encourage more research in this direction.

3 Monte-Carlo Evidence

We conducted extensive Monte-Carlo experiments to compare the performance of our pro-

posed method with those in Kneip et al. (2015), Simar and Zelenyuk (2020) and Nguyen

et al. (2022). Following Simar and Zelenyuk (2020), we choose the Cobb-Douglas production
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function to simulate the data.1 To simplify the notation, we denote

• Sol1: the original method in Kneip et al. (2015), i.e., the method in (2.2).

• Sol2: the partial variance correction method in Simar and Zelenyuk (2020), i.e., the

method in (2.3).

• Sol3: our full variance correction method, i.e., the method in (2.4).

• Sol4: Sol1 combined with the data sharpening in Nguyen et al. (2022).2

• Sol5: Sol2 combined with the data sharpening in Nguyen et al. (2022).

• Sol6: Sol3 combined with the data sharpening in Nguyen et al. (2022).

The Monte Carlo simulations from Figure 1 confirm the results from Simar and Zelenyuk

(2020) and Nguyen et al. (2022) that, for small sample sizes and large dimensions, in in-

creasing order of performance lie Sol1, Sol2, Sol4 and Sol5.3 For instance, when n = 100,

p = 3, q = 1, the empirical coverage under Sol1, Sol2, Sol4 and Sol5 is 0.691, 0.771, 0.836,

and 0.898, respectively; however, they are still significantly far from the nominal coverage of

0.95. Regarding our full variance correction method, Sol3 provides significant and persistent

improvement compared to Sol1, Sol2 and Sol4. Further, note that the performance of Sol3

and Sol5 is nearly identical. For instance, for n = 100, p = 3, q = 1, the empirical coverage

of Sol3 is 0.881, higher than that for Sol1, Sol2 and Sol4, and is very close to that for Sol5.

When adapting the data sharpening method to our full variance correction approach, the

improvements of Sol6 are even more significant and persistent relative to all the other five

methods, especially when the sample size is smaller than 200. For instance, for n = 100,

p = 3, q = 1, the empirical coverage under Sol6 is 0.957, higher than all the other five

1 For more details about the simulation process, see the Appendix A.
2 The data sharpening method works by smoothing-out the estimated efficiency scores that are close to

1, i.e., those smaller than 1+ τ , where τ = n−γ and γ is in the range of [κ/2, κ]. The idea is to use a uniform
density with the range [1, 1+ τ ] to approximate the density of the efficiency locally in the τ neighborhood of
the frontier. Further, the results from simulations in Nguyen et al. (2022) indicate the level of γ near 0.75κ
seems to perform best.

3 For the values of the empirical coverages, see Table A.2 in the separate Appendix A. Further, when
κ = 2/5 for VRS-DEA, Kneip et al. (2015) finds that both Theorem 4.3 and Theorem 4.4 in Kneip et al.
(2015) are applicable, while Theorem 4.4 is preferred. Thus, for p = 3 and q = 1, we only include the results
from the preferred method.
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methods and very close to the nominal coverage of 0.95. When the sample size increases,

the magnitudes of improvements of Sol6 and Sol3 diminish. However, from Figure 1 we see

that Sol6 slightly overshoots sometimes, especially when the dimensions are high and the

sample size is relatively large. For instance, when n = 200, p = 5 and q = 1, the empirical

coverage under Sol6 is 1.000 when the nominal coverage is 0.95. Note that we also observe

some overshooting phenomenon for the other methods. It is also worth noting that the

error due to such overshooting can be often considered as more preferable than that due to

undershooting, if the confidence intervals are of similar lengths (as they are). Indeed, the

overshooting implies not rejecting the correct null hypothesis more often than it should be,

i.e., a more conservative approach. Meanwhile, the undershooting or under-covering implies

rejecting the correct null hypothesis more often than should be.

To summarize, our general conclusion is that, when the dimensions are not high (≤ 3), our

full variance correction method combined with the data sharpening method (Sol6) provides

a better performance for sample sizes (≤ 1000); when the dimensions are high (≥ 4), Sol6

still provides a better performance when the sample size is not large (≤ 100) while the Sol5

remains a good competitor when the sample size is larger. Finally, they give almost identical

performances for large samples (e.g., n = 1000), as expected due to asymptotic equivalence.

4 Conclusions

The new CLTs for the mean technical efficiency estimated via DEA and FDH developed by

Kneip et al. (2015) are useful recent advancements of the statistical theory for efficiency and

productivity measurements. While confirmed for large samples, for relatively small sam-

ples they performed somewhat disappointingly and so further improvements for such small

samples are clearly desired. Some of such improvements were made through Simar and

Zelenyuk (2020) and Nguyen et al. (2022), yet still for relatively small samples the approx-

imation remained somewhat disappointing (although better). Hence, further improvements

are desired and here we propose such an improvement, which can also be combined with the

data-sharpening approach of Nguyen et al. (2022).

Specifically, we propose using the bias-corrected individual efficiency estimate to ob-

tain the variance estimator. This newly proposed method involves no additional cost and

preserves the CLT results in Kneip et al. (2015). Furthermore, we provide a theoretical
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justification for the proposed improvement: We show that the improvement corrects the

second order of the error in the variance estimate while keeping the first order of the error

as in Kneip et al. (2015). While theoretically modest, this improvement can be substantial

in finite samples, i.e., in practice, as is evident from our extensive Monte-Carlo experiments.

Indeed, for low dimensions or for high dimensions with small sample sizes (≤ 100), our

method combined with the data sharpening method in Nguyen et al. (2022) provided better

(larger) coverages of the true values by the confidence intervals than the original method in

Kneip et al. (2015), the variance correction method in Simar and Zelenyuk (2020) and the

data sharpening method in Nguyen et al. (2022).

Therefore, the proposed improvement appears to be a useful approach (although of course

not a panacea) in the toolbox along with other approaches in the literature. This paper also

shows that there is still room for improvement, e.g., to reduce the first order term, which

at this stage we have not discovered a way to do and so we hope this paper will encourage

further research that hopefully brings more light and insights on this challenging topic.

Finally, all what is developed in this short note can be adapted to other contexts, includ-

ing the context of aggregate efficiency measures analyzed in Simar and Zelenyuk (2018) and

combined together with the data sharpening ideas from Nguyen et al. (2022).
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Figure 1: Empirical Coverages for the Mean Efficiency
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Appendix A Details and Additional Results from Sim-

ulations

We conduct extensive Monte-Carlo experiments to compare the performance of our proposed

method with those in Kneip et al. (2015), Simar and Zelenyuk (2020) and Nguyen et al.

(2022). Following Simar and Zelenyuk (2020), we choose the Cobb-Douglas production

function (VRS) to simulate the data. Formally,

y∂i (xi) =

p∏
j=1

x
βj

ji , (A.1)

where 1 × p vector xi = (x1i, x2i, . . . , xpi) and xji
iid∼ Unif(0, 1), ∀ j ∈ 1, . . . , p. In addition,

we generate the true inefficiency scores from λi ∼ |N(0, 1)| + 1 (i.e., we generate the true

inefficiency from the half normal distribution and then shift it up by 1). The observed output

is yi = y∂(xi)/λi, i.e., by projecting y∂(xi) from the frontier into the production set. Thus a

simulated sample Sn = {xi, yi}ni=1 is created. The values of βj’s are set the same as Simar

and Zelenyuk (2020) so that we can directly compare our method with the correction method

in Simar and Zelenyuk (2020).

Tables A.1–A.4 present additional results not shown in the paper. Table A.1 lists the

values of βj’s used by Simar and Zelenyuk (2020) for each dimension p. Table A.2 presents

the coverages of estimated confidence intervals using VRS-DEA estimator across different

sample sizes and dimensions. Table A.3 presents mean efficiency and bias using VRS-DEA

estimator, while Table A.4 presents mean standard deviation of estimated efficiency using

VRS-DEA estimator.
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Table A.1: The Values of βj

p 1 2 3 4 5 7

β1 0.4 0.4 0.4 0.4 0.4 0.05
β2 0.2 0.2 0.2 0.2 0.1
β3 0.1 0.1 0.1 0.15
β4 0.15 0.15 0.2
β5 0.05 0.125
β6 0.075
β7 0.025

2
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