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1 Introduction

Using 50-50 lotteries, Eeckhoudt and Schlesinger (2006) and Eeckhoudt et al. (2009) study

decision makers with a preference for risk apportionment, i.e., individuals who would rather

put two independent risk increases of various degrees in separate states than combine them

in a single state. They show that, under expected utility theory, the preference for risk

apportionment is implied by risk aversion of various degrees.1

The risk apportionment framework of Eeckhoudt and Schlesinger (2006) and Eeckhoudt

et al. (2009) helps deepen the understanding of higher-degree risk increases. For a long

time after Ekern (1980) defines the concept of an nth-degree risk increase, economists knew

little about it beyond the fact that the nth-degree risk increase is a special case of the nth-

degree stochastic dominance in which the first n− 1 moments of the two random variables

are kept the same. The risk apportionment framework makes it very simple to decompose

a higher-degree risk increase into lower-degree risk increases, thereby providing an intu-

itive interpretation of nth-degree risk increases in terms of the well-understood 1st-degree

risk increases (leftward shifts in the probability mass) and/or 2nd-degree risk increases

(mean-preserving spreads). In addition, the risk apportionment framework facilitates a

general treatment in a large category of models of decision making under risk regarding

the effects of exogenous changes in the risky environment (Nocetti 2016). The risk ap-

portionment framework has been extended to characterize preferences for disaggregating

two multiplicative risks (Wang and Li 2010 and Chiu et al. 2012), to study multiattribute

risk preferences (Tsetlin and Winkler 2009, Jokung 2011, Denuit and Rey 2013, and Gol-

lier 2018), to better understand the relationship between stochastic dominance and the

corresponding preferences (Courbage et al. 2018, Ebert et al. 2018, Huang et al. 2017,

1As the opposite of risk apportionment, Crainich et al. (2013) study preferences for combining two
independent risk increases of various degrees in a single state, as opposed to putting them in separate
states, and show that these preferences can be characterized by risk loving at all even degrees and risk
aversion at all odd degrees. See also Ebert (2013).
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Tsetlin and Winkler 2017), and to shed light on nth-degree risk aversion in non-EU models

(Eeckhoudt et al. 2017).

To the best of our knowledge, however, there exists almost no analysis on how to mea-

sure the strength of the preference for risk apportionment.2 As is well known, the research

on the measure of risk aversion since Arrow (1971) and Pratt (1964) has greatly enhanced

our understanding of decision making under risk, even though the notion of risk aversion

had already been mathematically formalized by Daniel Bernoulli more than two hundred

years earlier (Bernoulli 1954). The present paper sets out to quantify the strength of the

preference for risk apportionment, extending the literature on risk apportionment to include

an analysis of comparative risk apportionment. We adopt the generalized framework of

nth-degree risk apportionment based on mutual aggravation of mth- and (n−m)th-degree

risks, where n > m ≥ 1, by Eeckhoudt et al. (2009) and define a measure of preference for

nth-degree risk apportionment, called (n/m)th-degree probability premium or pn/m. We

find that, under expected utility representation of preferences, if decision makers are nth-

and mth-degree risk averse, the corresponding (n/m)th-degree probability premium will be

positive. Moreover, the (n/m)th-degree Ross more risk aversion of Liu and Meyer (2013)

is a sufficient condition for the interpersonal comparison of the (n/m)th-degree probability

premiums, whereas the corresponding (n/m)th-degree Arrow-Pratt more risk aversion is a

necessary condition.

Our findings on comparative risk apportionment can be applied to the more specialized,

yet more popular, nth-degree risk apportionment framework of Eeckhoudt and Schlesinger

(2006). Specifically, we can use our (n/2)th-degree probability premium, or pn/2, to mea-

sure nth-degree risk apportionment preference and to derive its relationship with (n/2)th-

degree Ross more risk aversion and (n/2)th-degree Arrow-Pratt more risk aversion. As an

2Jindapon (2010) and Watt (2011) broach the issue in their efforts to characterize comparative prudence
(i.e., downside risk aversion) using Eeckhoudt and Schlesinger’s (2006) representation of prudence with
choices among 50-50 lottery pairs.
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alternative, we propose a variation of the 50-50 lottery pairs considered in Eeckhoudt and

Schlesinger (2006) so that we can use the concept of (n/1)th-degree probability premium,

or pn/1, as a measure of nth-degree risk apportionment. As a special case when n = 3,

we can provide a unifying treatment of the issue of comparative prudence or downside

risk aversion using probability premiums previously studied by Jindapon (2010) and Watt

(2011).

The paper is organized as follows. Definitions and preliminary results related to nth-

degree risk aversion and nth-degree risk apportionment are given in Section 2. In Section

3, we introduce the concept of (n/m)th-degree probability premium pn/m and derive com-

parative results under expected utility theory using the generalized Ross and Arrow-Pratt

measures of higher-order risk aversion. Then in Section 4, we discuss simple cases where

m = 2 and m = 1 and show how these probability premiums are related to compara-

tive nth-degree risk apportionment. We discuss comparative prudence in Section 5 and

conclude in Section 6.

2 Definitions and Preliminary Results

Through out the paper, we let [L1, p1;L2, p2] denote a binary compound lottery which yields

lottery Li with probability pi for i = 1, 2. In this section, we first review a popular example

of a preference for 3rd-degree risk apportionment (i.e., prudence or downside risk aversion)

due to Eeckhoudt and Schlesinger (2006). Consider two lotteries, A3 = [−k+ ε̃, 1/2; 0, 1/2]

and B3 = [−k, 1/2; ε̃, 1/2], where k > 0 and ε̃ is a nondegenerate zero-mean risk. A

decision maker who prefers more to less and dislikes risk would regard both −k and ε̃ as

“bads.” According to Eeckhoudt and Schlesinger (2006), a decision maker who displays

(a preference for) risk apportionment—a preference for putting two independent bads in

separate states, as opposed to combining them in a single state—prefers lottery B3 to
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lottery A3, for all k and ε̃.

To put it differently, the only difference between lotteries A3 and B3 is that the zero-

mean risk ε̃ occurs in the high-wealth state of B3 and in the low-wealth state of A3.

According to Menezes et al. (1980), A3 has more downside risk than B3. Therefore, a

preference for risk apportionment in this example is the same as an aversion to downside

risk increases. See Figure 1.

B3

ε̃

1
2

−k
1
2

A3

0

1
2

−k + ε̃
1
2

�

Figure 1: Preference for 3rd-degree risk apportionment

The notion of a preference for 3rd-degree risk apportionment in this example does not

require the existence of expected-utility representation of a decision maker’s preferences.

If a decision maker has an initial wealth of w and his preferences are represented by utility

function u, however, both Menezes et al. (1980) and Eeckhoudt and Schlesinger (2006)

demonstrate that Eu(w + B3) > Eu(w + A3) for all w, k, and ε̃ if and only if u′′′ > 0.

For nth-degree risk apportionment, Eeckhoudt and Schlesinger (2006) use the following

definitions to represent (a preference for) nth-degree risk apportionment.

Definition 1. (Eeckhoudt and Schlesinger 2006) Let k be a strictly positive real number,

ε̃n, for n ≥ 2, be a zero-mean nondegenerate random variable, and all ε̃n be mutually

independent. Define lotteries B1 = B2 = 0, A1 = −k, and A2 = ε̃2. For n ≥ 3,

An = [An−2 + ε̃n, 1/2;Bn−2 + 0, 1/2]

Bn = [An−2 + 0, 1/2;Bn−2 + ε̃n, 1/2]
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Definition 2. (Eeckhoudt and Schlesinger 2006) Preferences are said to satisfy nth-degree

risk apportionment if Bn � An for all An and Bn.

Eeckhoudt and Schlesinger (2006) show that lottery An has more nth-degree risk than

lottery Bn using Ekern’s (1980) definition. Let F (x) and G(x) represent the cumulative

distribution functions (CDFs) of two random variables whose supports are contained in

a finite interval denoted [a, b] with no probability mass at point a. This implies that

F (a) = G(a) = 0 and F (b) = G(b) = 1. Let F [1](x) = F (x) and F [k](x) =
∫ x
a
F [k−1](y)dy

for any integer k ≥ 2. Similar notation applies to G(x). Ekern (1980) gives the following

definition.

Definition 3. (Ekern 1980) For any integer n ≥ 1, G(x) has more nth-degree risk than

F (x) if

(i) G[k](b) = F [k](b) for k = 1, 2, ..., n, and

(ii) G[n](x) ≥ F [n](x) for all x ∈ [a, b] with “>” holding for some x ∈ (a, b).

Condition (i) guarantees that the first n − 1 moments of F (x) and G(x) are held the

same across the two distributions, and conditions (i) and (ii) together imply that F (x)

dominates G(x) in nth-degree stochastic dominance. Thus, the nth-degree risk increase

is a special case of nth-degree stochastic dominance in which the first n − 1 moments

are kept the same. Also note that an increase in 1st-degree risk is equivalent to a first-

degree stochastically dominated shift, that an increase in 2nd-degree risk is equivalent to a

sequence of mean-preserving spreads of Rothschild and Stiglitz (1970), and that an increase

in 3rd-degree risk is equivalent to a downside risk increase of Menezes et al. (1980).

Recent experimental studies have demonstrated a salient aversion to risk increases of

3rd and even higher degrees.3 Formally, for a preference ordering denoted � over CDFs,

3For example, see Deck and Schlesinger (2010, 2014), Ebert and Wiesen (2011), Noussair et al. (2014),
Grossman and Eckel (2015), Heinrich and Mayrhofer (2018).
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the definition of (strict) nth-degree risk aversion, where n ≥ 2, is given below.

Definition 4. (Ekern 1980) Preferences are said to satisfy nth-degree risk aversion if

F (x) � G(x) for all F (x) and G(x) such that G(x) has more nth-degree risk than F (x).

Under expected utility theory, we assume throughout that u is n-times differentiable

and u′ is strictly positive. We use u(n) to denote nth derivative of u. Key findings in Ekern

(1980) and Eeckhoudt and Schlesinger (2006) can be summarized in the following theorem.

Theorem 1. (Ekern 1980; Eeckhoudt and Schlesinger 2006) In an expected-utility frame-

work with n-times differentiable u. All of these statements are equivalent:

(i) u displays nth-degree risk apportionment.

(ii) u exhibits nth-degree risk aversion.

(iii) (−1)n−1u(n)(x) > 0 for all x ∈ [a, b].

According to Theorem 1, nth-degree risk apportionment and nth-degree risk aversion

are equivalent when the preferences of a decision maker have an expected utility representa-

tion. Therefore, the comparative nth-degree risk apportionment analysis in this paper can

be reinterpreted as a comparative nth-degree risk aversion analysis, thereby complementing

Liu and Neilson’s (2018) analysis of the alternative approaches to comparative nth-degree

risk aversion. On the other hand, nth-degree risk apportionment being equivalent to nth-

degree risk aversion does not necessarily imply that the intensity measure for the former

must be the same as that for the latter. For example, both prudence (preferences displaying

a tendency for precautionary saving) and downside risk aversion (preferences preferring a

pure risk at a higher wealth level to the same amount of risk at a lower wealth level) are

characterized by a positive third derivative of the utility function in the expected-utility

framework. However, the measure for the strength of prudence (Kimball 1990) is quite
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different from the measure for downside risk aversion (Crainich and Eeckhoudt 2008; Mod-

ica and Scarsini 2005). This discrepancy between the “direction” and “intensity” of risk

preferences is emphasized by Eeckhoudt (2012).

3 General Results

A main advantage of the risk apportionment approach to describing risk preferences is that

the idea of a preference for disaggregating bads can be easily applied to risk increases of

any degrees, as shown in Eeckhoudt et al. (2009). In Definition 1, the difference between

lotteries An and Bn is the location of ε̃n which is either added to the better outcome Bn−2

in Bn or the worse outcome An−2 in An. In this section, we follow the general definition of

nth-degree risk apportionment proposed in Eeckhoudt et al. (2009).

3.1 General definition of nth-degree risk apportionment

Based on Eeckhoudt et al. (2009), we define lotteries A and B as follows.

Definition 5. For n > m ≥ 1,

A = [ỹn−m + ỹm, 1/2; x̃n−m + x̃m, 1/2]

B = [ỹn−m + x̃m, 1/2; x̃n−m + ỹm, 1/2]

are compound binary lotteries such that

(i) x̃n−m and ỹn−m are independent of x̃m and ỹm, and

(ii) ỹi has more ith-degree risk than x̃i for i = m,n−m.

If the preference ordering satisfies both mth- and (n − m)th-degree risk aversion, we
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have

x̃n−m + x̃m �

 ỹn−m + x̃m

x̃n−m + ỹm

 � ỹn−m + ỹm.

Note that the two inner risks in the above rankings (i.e., ỹn−m + x̃m and x̃n−m + ỹm)

cannot be ranked without further information. Eeckhoudt et al. (2009) point out that for

a decision maker to prefer B to A, he must prefer the 50-50 lottery of two “inner risks” to

the 50-50 lottery of two “outer risks.”4 They further prove the following important result.5

Theorem 2. (Eeckhoudt et al. 2009) Given Definition 5, A has more nth-degree risk than

B.

Using the lotteries A and B described in Definition 5, we now give a more general defi-

nition of nth-degree risk apportionment than Definition 2. See Figure 2 for an illustration.

Definition 6. For any integer n ≥ 2, preferences are said to satisfy nth-degree risk ap-

portionment if A � B for all A and B given in Definition 5 and for every positive integer

m < n.

B

x̃n−m + ỹm

1
2

ỹn−m + x̃m
1
2

A

x̃n−m + x̃m

1
2

ỹn−m + ỹm
1
2

�

Figure 2: Preference for nth-degree risk apportionment

The preference relation defining the nth-degree risk apportionment is depicted in Figure

2. Obviously, this preference relation does not hinge on the existence of expected-utility

4The terminology is due to Menezes and Wang (2005).
5Eeckhoudt et al. (2009) present theorems both for the case where the relatively bad is an nth-degree

risk increase from the relatively good, and for the case where the relatively bad is nth-degree stochastically
dominated by the relatively good. For the purpose of the present paper, we only need to consider the case
of risk increases.
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representation. Nevertheless, when the decision maker’s preferences satisfy the expected-

utility axioms and can be represented by a utility function u(x), the general notion of

nth-degree risk apportionment is also characterized by (−1)n−1u(n)(x) > 0 for all x ∈ [a, b].

Moreover, the preference relation B � A is equivalent to the following inequality:

Eu(ỹn−m + x̃m)− Eu(ỹn−m + ỹm) > Eu(x̃n−m + x̃m)− Eu(x̃n−m + ỹm). (1)

Both sides in the above inequality represent the utility loss from an mth-degree risk increase

(i.e., from x̃m to ỹm), with the LHS being associated with ỹn−m and the RHS with x̃n−m.

Therefore, the above inequality states that the pain from an mth-degree risk increase in

one asset component increases as the other asset component undergoes an (n−m)th-degree

risk increase (i.e., from x̃n−m to ỹn−m). See Denuit and Rey (2010) and Ebert et al. (2018).

Also note that, for n ≥ 3, we can obtain lotteries An and Bn in Definition 1 by letting

x̃m = 0, ỹm = ε̃n, x̃n−m = Bn−2, and ỹn−m = An−2. Thus, the lottery pair used to show

nth-degree risk apportionment in Eeckhoudt and Schlesinger (2006) is a special case of A

and B in Definition 5 with m = 2.

3.2 Probability premium measures for nth-degree risk appor-

tionment

Using the concept of nth-degree risk apportionment given in Definition 6, we are now ready

to define “(n/m)th-degree probability premium” to measure the intensity of preference

for nth-degree risk apportionment illustrated in Figure 2. Like Definition 6, the following

definition of pn/m, which is illustrated in Figure 3, does not rely on the existence of expected

utility representation of the preferences.
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Definition 7. Given

A′ = [ỹn−m + ỹm, 1/2− pn/m; x̃n−m + x̃m, 1/2 + pn/m]

B′ = [ỹn−m + x̃m, 1/2− pn/m; x̃n−m + ỹm, 1/2 + pn/m],

a decision maker’s (n/m)th-degree probability premium is pn/m such that A′ ∼ B′.

B′

x̃n−m + ỹm

1
2

+ pn/m

ỹn−m + x̃m
1
2
− pn/m

A′

x̃n−m + x̃m

1
2

+ pn/m

ỹn−m + ỹm
1
2
− pn/m

∼

Figure 3: Probability premium pn/m

Under expected utility theory, we can derive u’s probability premium given an initial

wealth w as follows.

(
1

2
− pn/m

)
Eu(w + ỹn−m + ỹm) +

(
1

2
+ pn/m

)
Eu(w + x̃n−m + x̃m)

=

(
1

2
− pn/m

)
Eu(w + ỹn−m + x̃m) +

(
1

2
+ pn/m

)
Eu(w + x̃n−m + ỹm) (2)

Let z̃m = ỹm − x̃m. We define utility premium of z̃m given random initial wealth w̃ as

∆z̃m(w̃) = Eu(w̃)− Eu(w̃ + z̃m). (3)

Using (2) and (3), we can write pn/m as

pn/m =
1

2

[
∆z̃m(w + ỹn−m + x̃m)−∆z̃m(w + x̃n−m + x̃m)

∆z̃m(w + ỹn−m + x̃m) + ∆z̃m(w + x̃n−m + x̃m)

]
(4)
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and find that it is positive for any decision maker who is nth- and mth-degree risk averse.

Theorem 3. If the decision maker is nth- and mth-degree risk averse, then 0 < pn/m < 1/2.

Proof. See Appendix A.

Consider mixed risk averters defined by Cabellé and Pomansky (1996) as our special

case. If the decision maker is mixed risk averse, then he is both mth- and nth-degree risk

averse, and hence 0 < pn/m < 1/2 for every pair of A and B satisfying Definition 5, for all

n and m such that n > m ≥ 1. It is also possible for mixed risk lovers defined by Crainich

et al. (2013) to have a positive pn/m since they are nth-degree risk averse for an odd n. So

if both m and n are odd, a mixed risk lover will be both mth- and nth-degree risk averse,

and his corresponding pn/m will be positive.

3.3 Comparative risk apportionment

In this section, we study the relationship between the interpersonal comparison of our

proposed strength measure of nth-degree risk apportionment, namely the (n/m)th-degree

probability premium, and two related concepts of comparative nth-degree risk aversion un-

der expected utility theory. First, we introduce the two generalized concepts of comparative

nth-degree risk aversion defined by Liu and Meyer (2013).

Definition 8. (Liu and Meyer 2013) For n > m ≥ 1, u is (n/m)th-degree Arrow-Pratt

more risk averse than v on [a, b] if

(−1)(n−1)u(n)(x)

(−1)(m−1)u(m)(x)
≥ (−1)(n−1)v(n)(x)

(−1)(m−1)v(m)(x)
(5)

for all x ∈ [a, b].
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Definition 9. (Liu and Meyer 2013) For n > m ≥ 1, u is (n/m)th-degree Ross more risk

averse than v on [a, b] if

(−1)(n−1)u(n)(x)

(−1)(m−1)u(m)(y)
≥ (−1)(n−1)v(n)(x)

(−1)(m−1)v(m)(y)
(6)

for all x, y ∈ [a, b].

By choosing y = x in Definition 9, it follows immediately that (n/m)th-degree Ross

more risk averse is a stronger condition than (n/m)th-degree Arrow-Pratt more risk averse.6

The theorem below states how the interpersonal comparison of our proposed measure of

the strength of nth-degree risk apportionment–the (n/m)th-degree probability premium–is

related to the above two notions of (n/m)th-degree more risk averse.

Theorem 4. Let pun/m and pvn/m be (n/m)th-degree probability premiums for decision mak-

ers u and v respectively. If both are mth- and nth-degree risk averse, then statements (i)

⇒ (ii) ⇒ (iii).

(i) u is (n/m)th-degree Ross more risk averse than v.

(ii) pun/m ≥ pvn/m for all w, x̃m, ỹm, x̃n−m, ỹn−m.

(iii) u is (n/m)th-degree Arrow-Pratt more risk averse than v.

Proof. See Appendix B.

6The notion of (n/m)th-degree Arrow-Pratt more risk averse given by Definition 8 includes many lower-
degree versions as special cases: Arrow (1971) and Pratt (1964) for n = 2 and m = 1, Kimball (1990) and
Chiu (2005) for n = 3 and m = 2, Crainich and Eeckhoudt (2008) for n = 3 and m = 1, and Crainich and
Eeckhoudt (2011) for n = 4 and m = 1, 2, 3. Similarly, the notion of (n/m)th-degree Ross more risk averse
given by Definition 9 also includes many lower-degree versions as special cases: Ross (1981) and Machina
and Neilson (1987) for n = 2 and m = 1, Modica and Scarsini (2005) for n = 3 and m = 1, and Jindapon
and Neilson (2007), Li (2009) and Denuit and Eeckhoudt (2010) for n ≥ 2 and m = 1.
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4 Special Cases of Comparative Risk Apportionment

The previous section presents our general results on comparing the strength of desire for

nth-degree risk apportionment between two individuals. In this section, we focus on two

specific cases. First, we consider Eeckhoudt and Schlesinger’s (2006) original concept of

nth-degree risk apportionment. Then, we propose an alternative lottery pair that also

represents nth-degree risk apportionment but can be used for comparing the strength of

desire for nth-degree risk apportionment given a larger class of utility functions.

4.1 Comparative nth-degree risk apportionment à la Eeckhoudt

and Schlesinger (2006)

Since the lottery pair in Eeckhoudt and Schlesinger (2006) is a special case of the lottery

pair in Definition (5) with m = 2, we can immediately use pn/2 to measure the strength

of desire for nth-degree risk apportionment. Specifically, by letting x̃m = 0, ỹm = ε̃n,

x̃n−m = Bn−2, and ỹn−m = An−2, we can obtain the lottery pair given in Definition (1)

and define the corresponding probability premium for nth-degree risk apportionment as

follows.

Definition 10. Given

A′n = [An−2 + ε̃n, 1/2− qn/2;Bn−2 + 0, 1/2 + qn/2]

B′n = [An−2 + 0, 1/2− qn/2;Bn−2 + ε̃n, 1/2 + qn/2]

for n ≥ 3, a decision maker’s probability premium for nth-degree risk apportionment is qn/2

such that A′n ∼ B′n.

Thus, the probability premium for nth-degree risk apportionment, qn/2, corresponding

to Eeckhoudt and Schlesinger’s definition, is a special case of our pn/2 given in Definition
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(10). See Figure 4. A decision maker with a larger qn/2 is said to demonstrate a greater

mutual aggravation from ε̃n in nth-degree risk apportionment (or a stronger desire to put

ε̃n in its proper place).

B′n

Bn−2 + ε̃n

1
2

+ qn/2

An−2 + 0
1
2
− qn/2

A′n

Bn−2 + 0

1
2

+ qn/2

An−2 + ε̃n
1
2
− qn/2

∼

Figure 4: Probability premium qn/2

Under expected utility theory, we have

qn/2 =
1

2

[
∆ε̃n(w + An−2)−∆ε̃n(w +Bn−2)

∆ε̃n(w + An−2) + ∆ε̃n(w +Bn−2)

]
. (7)

Based on Theorem (4), we can immediately state the following result.

Corollary 1. Suppose that u and v are risk averse decision makers who are also nth-degree

risk averse. Then, both qun/2 and qvn/2 are strictly positive and statements (i) ⇒ (ii) ⇒ (iii)

for n ≥ 3.

(i) (−1)nu(n)(x)
u′′(y)

≥ (−1)nv(n)(x)
v′′(y)

for all x, y ∈ [a, b].

(ii) qun/2 ≥ qvn/2 for any w, ε̃n, An−2, and Bn−2 defined in Definition 1.

(iii) (−1)nu(n)(x)
u′′(x)

≥ (−1)nv(n)(x)
v′′(x)

for all x ∈ [a, b].

4.2 An alternative form of nth-Degree risk apportionment

Using Eeckhoudt and Schlesinger’s (2006) lotteries, we can quantify the intensity of nth

degree risk apportionment from the probability premium qn/2. This measure represents the
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desire to mix ε̃ which is bad with a good lottery Bn−2 instead of a bad lottery An−2. This

concept relies on the fact that decision makers are risk averse so that ε̃ is not desirable

and the corresponding probability premium will be positive. In this section, we construct

another lottery pair so we can analyze the desire for mixing bad with good without the

assumption of risk aversion by letting x̃m = 0 and ỹm = −k. Since we consider mutual

aggravation from −k instead of ε̃ as in the Eeckhoudt and Schlesinger’s environment,

our comparison of probability premiums can be applied to any increasing utility functions.

Therefore, we are allowed to compare the desire for nth degree risk apportionment between

two decision makers even when they are not risk averse.

Definition 11. Let k1, ..., kn be strictly positive real numbers and ε̃ be a zero-mean nonde-

generate random variable. We define B̂1 = B̂2 = 0, Â1 = −k1, and Â2 = ε̃. For n ≥ 3, we

define

Ân = [Ân−1 − kn, 1/2; B̂n−1 + 0, 1/2]

B̂n = [Ân−1 + 0, 1/2; B̂n−1 − kn, 1/2]

Based on the above definition, if the decision maker is nth-degree risk averse, then

B̂n � Ân. We provide another definition of nth-degree probability premium based on this

alternative lottery pair. See Figure 5.

Definition 12. Given

A′′n = [Ân−1 − kn, 1/2− qn/1; B̂n−1 + 0, 1/2 + qn/1]

B′′n = [Ân−1 + 0, 1/2− qn/1; B̂n−1 − kn, 1/2 + qn/1]

for n ≥ 3, a decision maker’s probability premium for nth-degree risk apportionment is qn/1

such that A′′n ∼ B′′n.
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B′′n

B̂n−1 − kn
1
2

+ qn/1

Ân−1 + 0
1
2
− qn/1

A′′n

B̂n−1 + 0

1
2

+ qn/1

Ân−1 − kn
1
2
− qn/1

∼

Figure 5: Probability premium qn/1

Under expected utility theory, we have

qn/1 =
1

2

[
∆−kn(w + Ân−1)−∆−kn(w + B̂n−1)

∆−kn(w + Ân−1) + ∆−kn(w + B̂n−1)

]
. (8)

Based on Theorem (4), we can immediately state the following result.

Corollary 2. Suppose that u and v are nth-degree risk averse. Then, both qun/1 and qvn/1

are strictly positive and statements (i) ⇒ (ii) ⇒ (iii) for n ≥ 3.

(i) (−1)n−1u(n)(x)
u′(y)

≥ (−1)n−1v(n)(x)
v′(y)

for all x, y ∈ [a, b].

(ii) qun/1 ≥ qvn/1 for any w, kn, Ân−1, and B̂n−1 defined in Definition 11.

(iii) (−1)n−1u(n)(x)
u′(x)

≥ (−1)n−1v(n)(x)
v′(x)

for all x ∈ [a, b].

Jindapon and Neilson (2007) call the sufficient condition in part (i) of Corollary (2) u

being nth-degree Ross more risk averse than v and use it to compare optimal choices of

costly nth-degree risk reduction between two decision makers.

5 Prudence Probability Premiums

The focus of this section is a preference for 3rd-degree risk apportionment which is also

known as prudence and downside risk aversion. A prudent decision maker prefers B3 =
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[−k, 1/2; ε̃, 1/2] to A3 = [−k + ε̃, 1/2; 0, 1/2] as illustrated in Figure 1 and previously

discussed in Section 2. Using Definitions 12 and 10, we obtain two prudence probability

premiums q3/1 and q3/2 which can be illustrated in Figures 6 (a) and (b), and expressed

under expected utility theory as

q3/1 =
1

2

[
∆−k(w + ε̃)−∆−k(w)

∆−k(w + ε̃) + ∆−k(w)

]
(9)

q3/2 =
1

2

[
∆ε̃(w − k)−∆ε̃(w)

∆ε̃(w − k) + ∆ε̃(w)

]
(10)

respectively.

In the literature, two studies have previously used a probability premium to measure

the strength of prudence or downside risk aversion; Watt (2011) proposed a probability

premium concept similar to q3/2 while Jindapon’s (2010) probability premium is defined

slightly different. Specifically, Jindapon’s prudence probability premium is r3 such that

A∗3 ∼ B3 where

A∗3 = [−k + ε̃, 1/2− r3; 0, 1/2 + r3].

See Figure 6 (c) for an illustration of r3. The key difference between r3 and the first two

probability premiums is that the probability of each state in B3 that we use to derive r3

is unchanged. To compare prudence probability premiums between two expected-utility

maximizers, Jindapon (2010) identifies a sufficient condition for ru3 > rv3 . However, its

application is quite limited, because his sufficient condition depends not only on the utility

functions, but also on ε̃. Watt’s (2011) sufficient condition for qu3/2 > qv3/2 is considered

incomplete for the same reason. Based on our results from the previous section, we can

provide a sufficient condition for comparing each probability premium concept without a

restriction on ε̃.
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B′′3

−k
1
2

+ q3/1

ε̃
1
2
− q3/1

A′′3

0

1
2

+ q3/1

ε̃ − k
1
2
− q3/1

∼

(a) Prudence probability premium q3/1

B′3

ε̃

1
2

+ q3/2

−k
1
2
− q3/2

A′3

0

1
2

+ q3/2

−k + ε̃
1
2
− q3/2

∼

(b) Prudence probability premium q3/2

B3

ε̃

1
2

−k
1
2

A∗3

0

1
2

+ r3

−k + ε̃
1
2
− r3

∼

(c) Prudence probability premium r3

Figure 6: Various concepts of prudence probability premium
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Under expected utility theory, we have

r3 =
1

2

[
∆ε̃(w − k)−∆ε̃(w)

u(w)− Eu(w − k + ε̃)

]
=

1

2

[
∆ε̃(w − k)−∆ε̃(w)

∆−k(w) + ∆ε̃(w − k)

]
. (11)

Consider the ratio inside the last brackets. Each of these conditions, u′(x) > 0, u′′(x) < 0,

and u′′′(x) > 0, implies ∆−k(w) > 0, ∆ε̃(w−k) > 0, and ∆ε̃(w−k)−∆ε̃(w) > 0, respectively.

Thus, r3 is positive for any prudent risk averter. Following the proof of Theorem 4, we can

derive a sufficient condition for ru3 ≥ rv3 given any ε̃. We summarize sufficient conditions

for comparing prudence probability premiums between two decision makers as follows.

Corollary 3. Suppose that u and v are prudent. Then, qi3/1, q
i
3/2, r

i
3 > 0 for i = u, v and

any given w, k, and ε̃.

(i) If u′′′(x)
u′(y)

≥ v′′′(x)
v′(y)

for all x, y ∈ [a, b], then qu3/1 ≥ qv3/1 for all w, k, and ε̃.

(ii) If both u and v are risk averse and −u′′′(x)
u′′(y)

≥ −v′′′(x)
v′′(y)

for all x, y ∈ [a, b], then qu3/2 ≥

qv3/2 for all w, k, and ε̃.

(iii) If both u and v are risk averse, u′′′(x)
u′(y)

≥ v′′′(x)
v′(y)

, and −u′′′(x)
u′′(y)

≥ −v′′′(x)
v′′(y)

for all x, y ∈ [a, b],

then ru3 ≥ rv3 for all w, k, and ε̃.

As discussed in the previous section, the comparison between qu3/1 and qv3/1 does not

need both agents to be risk averse. The sufficient condition in Corollary 3 (i), i.e., more

(3/1)th-degree Ross more risk averse, is actually equivalent to more strongly downside

risk averse defined by Modica and Scarsini (2005). Parts (ii) and (iii) provide sufficient

conditions for comparing Watt’s and Jindapon’s probability premiums respectively. Based

on the derivation of each probability premium concept in (9), (10), and (11), we can see

how we obtain such sufficient conditions. Specifically, q3/1 is 1
2

times the ratio of the utility

premium of a third-degree risk increase to the utility premium of a first-degree risk increase;

q3/2 is 1
2

times the ratio of the utility premium of a third-degree risk increase to the utility
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premium of a second-degree risk increase; and r3 is 1
2

times the ratio of the utility premium

of a third-degree risk increase to the utility premium of a second-degree stochastically

dominated change (of which both the first-degree risk increase and the second-degree risk

increase are special cases).7

6 Conclusion and Discussion

In this paper, we propose a concept of probability premium that can be used to com-

pare the strength of preference for nth-degree risk apportionment between two individuals.

Specifically, we define (n/m)th-degree probability premium, denoted by pn/m, and prove

that, under expected utility theory, the (n/m)th-degree Ross more risk aversion of Liu

and Meyer (2013) is a sufficient condition for comparative nth-degree risk apportionment,

whereas the corresponding (n/m)th-degree Arrow-Pratt more risk aversion is a necessary

condition.

While there are n − 1 ways to measure the strength of nth-degree risk apportionment

by using probability premiums pn/m where m = 1, 2, ..., n − 1, we can find a measure for

nth-degree risk apportionment according to Eeckhoudt and Schlesinger (2006) by choosing

m = 2. Specifically for Eeckhoudt and Schlesinger’s framework, we define qn/2 as a measure

of preference for nth-degree risk apportionment, for example, we can use q3/2 as a measure of

prudence and q4/2 as a measure of temperance. As Eeckhoudt and Schlesinger (2006) point

out, the preference relation between two 50-50 lotteries—which involve two independent

risks—that they use to define temperance can also be used to define proper risk aversion

(Pratt and Zeckhauser 1987), risk vulnerability (Gollier and Pratt 1996) and standard risk

aversion (Kimball 1993), as long as the risks in the 50-50 lotteries are given appropriate

7In general, the utility premium refers to the reduction in expected utility caused by a change in the
random wealth variable. While it has been long-recognized that the utility premium is not interpersonally
comparable, the ratio of two utility premiums is. See, for example, Crainich and Eeckhoudt (2008),
Eeckhoudt and Schlesinger (2009), Denuit and Rey (2010), Menegatti (2011), and Li and Liu (2014).
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reinterpretations. Therefore, the way we define the q4/2 measure for temperance can be

used to formulate measures of proper risk aversion, risk vulnerability, and standard risk

aversion. Such extensions/applications of our comparative risk apportionment approach

are left for future research.
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Appendix A: Proof of Theorem 3

Since u is mth-degree risk averse and x̃ has more mth-degree risk than ỹ, then,

∆u
z̃m(w + x̃m + x̃n−m) = Eu(w + x̃m + x̃n−m)− Eu(w + ỹm + x̃n−m) > 0 (12)

and

∆u
z̃m(w + x̃m + ỹn−m) = Eu(w + x̃m + ỹn−m)− Eu(w + ỹm + ỹn−m) > 0. (13)

Since u is nth-degree risk averse and A has more nth-degree risk than B, then B � A.

Under expected utility theory, we can write

1

2
[Eu(w+ x̃m+ ỹn−m)+Eu(w+ ỹm+ x̃n−m)] >

1

2
[Eu(w+ ỹm+ ỹn−m)+Eu(w+ x̃m+ x̃n−m)]

(14)

which is equivalent to

∆u
z̃m(w + x̃m + ỹn−m)−∆u

z̃m(w + x̃m + x̃n−m) > 0. (15)

Given pn/m in (4), we find that (12), (13), and (15) jointly imply 0 < pun/m < 1/2.

Appendix B: Proof of Theorem 4

Part 1. (i) ⇒ (ii)

Given pn/m in (4), we can write

pvn/m =
s

2t
(16)

where

s = ∆v
z̃m(w + x̃m + ỹn−m)−∆v

z̃m(w + x̃m + x̃n−m) (17)
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and

t = ∆v
z̃m(w + x̃m + ỹn−m) + ∆v

z̃m(w + x̃m + x̃n−m). (18)

Since v is nth- and mth-degree risk averse, both s and t are positive (see the proof of

Theorem 3). Given that u is Ross more risk averse than v, we can write

u(n)(x)

v(n)(x)
≥ λ ≥ u(m)(y)

v(m)(y)
(19)

for all x, y ∈ [a, b] and some λ > 0. Liu and Meyer (2013) show that this condition is

equivalent to

u(x) = λv(x) + φ(x) (20)

where (−1)m−1φ(m)(x) ≤ 0 and (−1)n−1φ(n)(x) ≥ 0 for all x ∈ [a, b]. By substituting (20)

into (4), we can write

pun/m =
1

2

[
λs+ ∆φ

z̃m
(w + x̃m + ỹn−m)−∆φ

z̃m
(w + x̃m + x̃n−m)

λt+ ∆φ
z̃m

(w + x̃m + ỹn−m) + ∆φ
z̃m

(w + x̃m + x̃n−m)

]
. (21)

It follows from (16) and (21) that pun/m ≥ pvn/m if and only if

t[∆φ
z̃m

(w + x̃m + ỹn−m)−∆φ
z̃m

(w + x̃m + x̃n−m)] ≥

s[∆φ
z̃m

(w + x̃m + ỹn−m) + ∆φ
z̃m

(w + x̃m + x̃n−m)]. (22)

Since (−1)m−1φ(m)(x) ≤ 0 and (−1)n−1φ(n)(x) ≥ 0 for all x ∈ [a, b], then

∆φ
z̃m

(w + x̃m + ỹn−m) ≤ 0, (23)

∆φ
z̃m

(w + x̃m + x̃n−m) ≤ 0, (24)

∆φ
z̃m

(w + x̃m + ỹn−m)−∆φ
z̃m

(w + x̃m + x̃n−m) ≥ 0. (25)
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As a result, the inequality in (22) always holds and, therefore, pun/m ≥ pvn/m.

Part 2. (ii) ⇒ (iii)

Suppose that (iii) is false, i.e., u(x) is not (n/m)th-degree Arrow-Pratt more risk averse

than v(x). Then, there exists x ∈ [a, b] such that

(−1)n−1un(x)

(−1)m−1um(x)
<

(−1)n−1vn(x)

(−1)m−1vm(x)
. (26)

Since both u and v are mth- and nth-degree risk averse, the above inequality implies

u(n)(x)

v(n)(x)
<
u(m)(x)

v(m)(x)
. (27)

Due to continuity, there exists µ > 0 and [c, d] ⊂ [a, b] such that

u(n)(y)

v(n)(y)
< µ <

u(m)(z)

v(m)(z)
(28)

for all y, z ∈ [c, d]. Define ψ(x) = u(x)− µv(x). Differentiating yields

(−1)m−1ψm(x) = (−1)m−1um(x)− µ(−1)m−1vm(x) > 0 (29)

and

(−1)n−1ψn(x) = (−1)n−1un(x)− µ(−1)n−1vn(x) < 0 (30)
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for all x ∈ [c, d]. If we pick w, k, and ε̃ so that the support of all possible levels of final

wealth is a subset of [c, d], then we have

∆ψ
z̃m

(w + x̃m + ỹn−m) > 0, (31)

∆ψ
z̃m

(w + x̃m + x̃n−m) > 0, (32)

∆ψ
z̃m

(w + x̃m + ỹn−m)−∆φ
z̃m

(w + x̃m + x̃n−m) < 0. (33)

It follows that the inequality in 22 is reversed so that pun/m < pvn/m. Therefore, (ii) is false.
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